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Preface 


The theory of ill-posed problems is a direction of mathematics which has de- 
veloped intensively in the last two decades and is connected with the most var- 
ied applied problems: interpretation of readings of many physical instruments 
and of geophysical, geological, and astronomical observations, optimization of 
control, management and planning, synthesis of automatic systems, etc. De- 
velopment of the theory of ill-posed problems was occasioned by the advent 
of modern computing technology. 

Various areas of the theory of ill-posed problems can be included in tra- 
ditional areas of mathematics such as function theory, functional analysis, 
differential equations, and linear algebra. 

The concept of a well-posed problem is connected with investigations by the 
famous French mathematician Hadamard of various boundary value problems 
for the equations of mathematical physics. Hadamard expressed the opinion 
that boundary value problems whose solutions do not satisfy certain continuity 
conditions are not physically meaningful, and he presented examples of such 
problems. 

It was subsequently found that Hadamard's opinion was erroneous. It 
turned out that many problems of mathematical physics which are ill-posed 
in the sense of Hadamard and, in particular, problems noted by Hadamard 
himself have real physical content. It also turned out that ill-posed problems 
arise in many other areas of mathematics which are connected with applica- 
tions. Such a classical problem of mathematical analysis as the problem of 
differentiation is ill-posed if it is connected with processing experimental data. 

In our country several monographs have been published which are devoted 
to the theory of ill-posed problems and their applications (see [113], [145], 
[152], [164], [184] and [266]). The present state of the theory of ill-posed 
problems is reflected most completely in the monograph of A. N. Tikhonov 
and V. Ya. Arsenin [266] and in the recently published monograph of V. K. 
Ivanov, V. V. Vasin and V. P. Tanana |113]. However, a number of important 
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areas of the theory of ill-posed problems are absent or little reflected in the 
monograph literature noted. This refers, for example, to ill-posed problems 
for concrete types of differential equations, problems of analytic continuation, 
inverse problems for differential equations, and problems of integral geometry. 

In the present monograph the authors have attempted to fill these gaps in 
the monograph literature on the theory of ill-posed problems, and also to give 
a new treatment of some of its areas. 

The authors express their profound gratitude to A. L. Bukhgeim, who 
familiarized himself with the manuscript in detail and made a number of 
useful remarks. 


Introduction 


1. The concept of a well-posed (correct) problem of mathematical physics 
was formulated at the beginning of this century by the famous French math- 
ematician Hadamard (see [306] and [307]). At the present time this concept 
is widely presented in textbooks on the equations of mathematical physics or 
partial differential equations. 

A problem of mathematical physics or a boundary value problem for a 
partial differential equation is called well-posed if the following conditions are 
satisfied: 1) a solution of the problem exists; 2) the solution of the problem is 
unique; and 3) the solution of the problem depends continuously on the data 
of the problem (see, for example, [139]). 

The conditions just formulated require refinement. Namely, both the solu- 
tion and the data of the problem are considered as elements of some function 
space, and the conditions for a problem to be well-posed are formulated as 
follows. 

A. A solution of the problem exists for all data belonging to some closed 
subspace in a normed linear space of the type C*, Ly, HW], and belongs 
to a space of the same type. The subspace is most often either the entire 
space or a part of the space on which a finite collection of linear functionals 
vanishes. 

B. The solution of the problem is unique in some analogous space. 

C. To infinitesimal variations of the data of the problem in the data space 
there correspond infinitesimal variations of the solution in the solution space 
(see [75], [199], and [248] ). 

Having formulated the concept of a well-posed problem, Hadamard pre- 
sented an example of an ill-posed problem for a differential equation which in 
his opinion did not correspond to any real physical formulation. This example 
was the Cauchy problem for the Laplace equation. 

It can be shown that the solution of the Cauchy problem for the Laplace 
equation is unique, i.e., this problem satisfies the second condition for being 
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well-posed. Without dwelling on the question of existence, we shall show that 
in the Cauchy problem for the Laplace equation continuous dependence of the 
solution on the data does not hold for any pair of the spaces mentioned. 

We restrict ourselves to the simplest version of the problem. Let 


u = u(z, y), Au=0, y»0, (1) 
u(z,0) = 0, Sul 0)=asinnz, z€ (0,7). (2) 
The Cauchy problem (1), (2) has the solution 
Qa. l 
u(z,y) = = sinh ny - sin nz. 


We consider the problem of finding the solution u for some fixed y > 0 on 
the basis of the Cauchy data at y — 0. It is obvious that for any pair of 
the function spaces mentioned above and any € > 0, c > 0, and y > Q, it is 
possible to choose o and n such that 


a. ; 
lla sin nz|| <e, |< sinh ny - sinnz| » c. 


This example, just as the concept of a well-posed problem itself, is well known. 
An analogous situation with continuous dependence of the solution on the 
data occurs also in the Cauchy problem for the heat equation with reverse 


time: 9 32 
u = u(z, y), A ei t > 0, (1’) 
u(z,0) = f(z). (2) 


The opinion was expressed that the Cauchy problem for the Laplace equa- 
tion and for elliptic equations in general is ill-posed, since the Cauchy problem 
is natural for the description of processes developing in time, while elliptic 
equations describe steady-state processes and physical fields. The fact that 
the Cauchy problem for the heat equation with reverse time is ill-posed was 
associated with the second law of thermodynamics. 

2. It turned out that the opinion of Hadamard regarding the Cauchy 
problem for the Laplace equation and a number of other problems of this same 
type was erroneous. Problems ill-posed in the classical sense were encountered 
long ago in the mathematical description of physical phenomena. À number 
of classical results in mathematical analysis and differential equations of the 
last century and the beginning of this one can be attributed to the theory of 
ill-posed problems. However, the systematic study of questions in the theory 
of ill-posed problems began comparatively recently. 

In discussing ill-posed problems with representatives of the natural sciences, 
mathematicians repeatedly asserted that consideration of ill-posed problems 
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is devoid of meaning, referring here to the opinion and example of Hadamard. 
In the thirties and forties, geophysicists discovered a connection between a 
problem equivalent to the Cauchy problem for the Laplace equation and cer- 
tain questions of the interpretation of gravitational and magnetic anomalies. 
Expert mathematicians evaded discussing these problems, and attempts to 
carry out calculations without a theoretical foundation were ineffectual. A 
trial-and-error method widely used by practicing geophysicists also remained 
without theoretical basis. 

In recent years it was established that the set of phenomena in physics 
whose mathematical description is connected with ill-posed problems is not 
of the same type as the set of phenomena associated with problems which are 
well-posed in the classical sense. In the first chapter of this book we present 
a series of examples of such phenomena and problems: a number of other 
examples are given in the monographs [93], [164], and [266]. However, all these 
examples comprise only a small part of the various published formulations. 

3. The method of integral equations is one of the main methods of inves- 
tigating boundary value problems for the equations of mathematical physics. 
Problems well-posed in the classical sense reduce to Fredholm integral equa- 
tions of the second kind or to singular integral equations. The latter, after 
some transformations, usually also reduce to equations of the second kind. 
Ill-posed problems frequently reduce relatively simply to integral equations of 
the first kind. In particular, this goes for the two ill-posed problems men- 
tioned above. The integral equations to which the Cauchy problem for the 
Laplace equation and the Cauchy problem for the heat equation with reverse 
time reduce have the respective forms 


y [^ — w(& — tle 
Jr ERE " 


T 


zia [oe |-G | etat = r0 (v) 


The concept of an operator equation of the first kind is a natural general- 
ization of the concept of an integral equation of the first kind. An operator 
equation of the first kind is defined to be an equation of the form 


Az =f, (4) 


where z and f are elements of some spaces X and F; A is a compact (linear) 
operator acting from X to F. 

It is known that the operator inverse to a compact operator (in an infinite- 
dimensional space), if it exists, is not continuous, and the problem of solving 
equation (4) is thus ill-posed. It is obvious that the problem of solving (4) 
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may be well-posed if it is considered for some other pair of spaces X1, Fi. 
Here if X, — X, then in order that the problem of solving (4) be well-posed it 
is necessary that F} be a subspace of F, while if F, = F, then it is necessary 
that X, be an extension of X. 

In discussing questions related to ill-posed problems the opinion was ex- 
pressed that in problems of the type of the Cauchy problem for the Laplace 
equation it suffices to choose an appropriate pair of function spaces, and the 
problem for this pair will be well-posed. Indeed, in the Cauchy problem for 
the Laplace equation, in the Cauchy problem for the heat equation with re- 
verse time, and also in many other problems of similar type, it actually is 
comparatively easy to choose pairs of spaces in which the problems become 
well-posed. 

However, this approach to ill-posed problems leaves aside an aspect which 
is very important from the point of view of applications. The fact of the 
matter is that if an equation of the type (4) is considered in connection with 
the mathematical modelling of a real physical phenomenon, then the right 
side of the equation is often obtained on the basis of readings of physical 
instruments. Since the instruments possess errors, in such cases we cannot 
assume that the right side of (4) is given with absolute accuracy. We may 
suppose only that we are given an element fe satisfying the inequality 


If — fel =e, (5) 


where the number € is determined by the accuracy of the instruments. Here 
the norm of the space in which we know an estimate of the error of the right 
side cannot be prescribed arbitrarily: it is dictated by the organization of the 
system of measurements. As a rule, this is either the norm in the space C (we 
know an estimate of the maximal error of the measurements) or the norm in 
Lo (we know the mean square error). 

Although it presents additional technical difficulties, an organization of 
the system of measurements is possible where the error is small together with 
its derivative—the norm in the space C! or ws D. An organization of mea- 
surements where the error is small together with its second derivative (the 
spaces C? and Wf?) either cannot be accomplished or presents considerable 
technical difficulties. 

Let us consider the integral equations (3) and (3'). It is obvious that if 
solutions of these equations exist, then the right sides of the equations have 
derivatives of all orders. Moreover, the right sides are analytic functions in 
some complex neighborhood of the real axis, which imposes a limitation on 
the order of growth of the norms of the derivatives. 
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Let F be à normed function space such that the problem of solving (3) is 
well-posed for a pair of spaces consisting of any ordinary space of solutions, 
for example, C or L2, and the space F of right sides. From what has been said 
above it follows that derivatives of all orders must participate in the definition 
of the norm in F, and this is unacceptable from the viewpoint of real systems 
of measurement. 


An analogous situation occurs also in problems not connected with physical 
measurements, for example, in problems of synthesis and control [266]. 


Let us consider a classical problem of mathematical analysis—the problem 
of differentiaton. If a function is given in the form of a formula, a composition 
of elementary functions, or integrals depending on a parameter, then the 
derivative is found by the classical rules for differentiation also in the form of 
a formula. If, however, the function is obtained on the basis of experimental 
data in the form of a table or graph, the problem of finding derivatives becomes 
more complicated. As already noted, the error can most often be considered 
small in the spaces C or Lg, and it is desirable to obtain a derivative with an 
error small in these same spaces. In this case the problem of differentiation is 
a problem which is ill-posed in the classical sense. 


4. Principles for approaching formulations of ill-posed problems which are 
natural from the viewpoint of applications were first stated in the work of A. N. 
Tikhonov in 1943 [257] which was related to the justification of the trial-and- 
error method in the interpretation of data of geophysical measurements, and 
attracted the attention of many researchers, especially geophysicists. In many 
works, monographs, and even textbooks on geophysics the authors refer to this 
work in presenting certain techniques of interpretation. Intensive development 
of the theory of ill-posed problems began in the mid-fifties of our century. It 
was connected with the advent of computers and the start of their broad 
application (see [134], [135], [140]- [146], [160], [161], [249], [277], [298], [301], 
[302], [305], [311]- [315], [319], and [322]-[324]). The concept of regularization 
introduced by A. N. Tikhonov in a series of works in the sixties ([258]-[268]) 
played a significant role in the development of the theory of ill-posed problems. 


5. The theory of ill-posed problems received further substantial devel- 
opment in the works of a number of authors (see [24]-[28], [30]-|33], [62], 
169]- [72], [90]-[94], [97], [98], [104], [105]- [114], [132], [150]-[155], [164], [166], 
[167], [174], [178]-[186], [203], [204], [252]- [255], [276], [279], [282], [283], [297], 
and [327]). 


À number of directions can be distinguished in the work on ill-posed prob- 
lems. In the present book the authors have attempted to present achievements 
in some of these directions. 
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The first chapter is devoted to an exposition of applied problems leading 
to ill-posed problems. As already noted, the range of such problems is very 
wide. The authors have limited themselves to presenting a number of ex- 
amples connected with the processing and interpretation of data of physical 
measurements. 

The basic postulates and some results in the general theory of ill-posed 
problems are presented in the second chapter. This direction can also be 
considered to be an area of functional analysis. 

Problems of analytic continuation are considered in the third chapter. This 
direction actually starts from classical uniqueness theorems obtained in the 
last century. Estimates of conditional stability for problems of analytic contin- 
uation were first obtained by Carleman [299]. Full consideration of a problem 
of analytic continuation as an ill-posed problem was first given in [143]. 

The main results known at the present time on the theory of ill-posed 
boundary value problems for differential equations are presented in the fourth 
chapter. 

Results on Volterra integral equations of the first kind and on Volterra 
operator equations are presented in the fifth chapter. Since the beginning of 
our century, Volterra equations and operators have attracted the attention 
of many researchers. However, consideration of problems of solving Volterra 
equations as ill-posed problems began not long ago, in [59], [66], and [150]. 

Results on a number of formulations of ill-posed problems of integral ge- 
ometry are presented in the sixth chapter. 

The seventh chapter contains some results from a vast area of mathematical 
physics—the theory of inverse problems for differential equations. 


CHAPTER I 


Physical Formulations Leading to Ill-posed Problems 


91. Continuation of static fields 


1. As already noted in the Introduction, some problems of interpretation 
of gravitational and magnetic fields connected with the search for mineral 
resources lead to ill-posed problems equivalent to the Cauchy problem for the 
Laplace equation. 


If the earth were a spherically homogeneous ball, the intensity of the gravi- 
tational field at the surface would be constant. Inhomogeneities of the terrain 
and of the distribution of the density of matter cause the intensity of the 
gravitational field on the surface of the earth to deviate from the mean value. 
Percentagewise these derivations are small but can be well recorded by phys- 
ical instruments—gravimeters.(!) Data from gravitational observations are 
used in prospecting for deposits of mineral resources. 


Figures 1 and 2 show in cross section typical geologic structures of por- 
tions of the earth's crust and the data of gravitational measurements—the 
vertical components of anomalies of the intensity of the gravitational field. 
These anomalies are caused by the fact that the density of the base and of 
intrusions(?) are usually notably higher than the density of sediments.(?^) The 
problem of interpreting gravitational data is to draw conclusions on the basis 
of the gravitational measurements regarding the topography of the base and 
the distribution and form of intrusions. Deposits of mineral resources are 
often associated with characteristic forms of the topography of the base and 


(1)The average intensity of the gravitational field of the earth is 1 kg=980 gal. Typical 
anomalies have an intensity of 0.5-10 mgal. The accuracy of readings of gravimeters is 
0.02-0.05 mgal. 


(2)Geological bodies formed after introduction of molten magma into the surrounding 
rock. 


(3)The density of sediments is 2-4 g/cm?. The density of the base and of intrusions is 
4-6 g/cm?. 
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Intensity of the gravitational field 


Surface of the earth 


Intensity of the gravitational field 
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Figure 2 


intrusions; for example, in oil-bearing regions oil deposits are frequently asso- 
ciated with uplifts of the topography of the base—domes, while ore deposits 
are associated with intrusions. 


We shall consider in more detail the problem of determining the site of 
intrusions from the data of gravitational measurements. In the case where 
the distance between geological bodies—intrusions—is greater than the dis- 
tance from the bodies to the surface of the earth the positions of the bodies 
correspond to local maxima of the anomalies (see the left part of Figure 2). In 
the case where the distance between the bodies is less than the distance from 
the bodies to the surface, one local maximum corresponds to two bodies (see 
the right part of Figure 2). In prospecting for mineral resources, geophysi- 
cal measurements and their interpretation are a preparatory step. The main 
step in finding deposits hidden by sediments is drilling prospecting wells and 
analyzing the drilling data. 

If we decide on the basis of the form of the anomaly shown on the right 
side of Figure 2 that it is caused by a single body, then we naturally choose a 
site for drilling in the center of the anomaly, and the hole then passes between 
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the bodies of interest to us. This situation was repeatedly encountered in the 
practice of geological prospecting. 


Geophysicists suggested the following: on the basis of data of gravitational 
measurements on the surface of the earth, calculate the anomalous gravita- 
tional field at some depth below the surface. In the case where at that depth 
the anomaly preserves the form of a single local maximum, it is possible with 
greater reliability to draw the conclusion that the anomaly is caused by a 
single body. In the case where, after recalculation, two local maxima appear, 
it is possible to conclude that there are two bodies and to choose the drilling 
site accordingly. 


We now consider the mathematical formulation corresponding to the prob- 
lem stated above of recalculating the gravitational field. For simplicity we 
restrict ourselves to the case of two variables. We note that this restriction 
frequently corresponds to real geophysical situations, i.e., there are geological 
structures extended in a particular direction, while geophysical measurements 
are carried out on a course perpendicular to this direction. 


As is known, away from masses generating the gravitational field, the po- 
tential of the field and the intensity components satisfy the Laplace equation. 
Thus, suppose that a line on the surface of the earth coincides with the z-axis; 
let u(z, y) be the vertical component of the intensity of the gravitational field 
generated by several bodies lying below the level y = —H, H > 0. Then the 
function u(z, y) is a solution of the Laplace equation Au = 0 which is regu- 
lar in the half-plane y > —H. The values of u(z, y) are given on the z-axis, 
i.e., there is given a function f(z) such that f(z) = u(z,0). It is required to 
determine the values of the function 


y(t) =u(z,—-h), 0<h<H. 


Solving this problem by means of Poisson’s formula reduces to the integral 
equation of the first kind 


?  he(£) _ 
cos Ji E a dcm ite 


The problem we have formulated is equivalent to a Cauchy problem for the 
Laplace equation. For this problem the example of Hadamard has the form: 
if 

f(z) = asinnz, 
then 


nh 


p(z) = ae” sin nz. 


bd 
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Figure 3 


An entirely analogous formulation arises in interpreting anomalies of a 
constant magnetic field, since the potential and the intensity components of 
this field away from magnetic masses also satisfy the Laplace equation. 

2. Geophysical prospecting by electrical means is one of the important 
methods of searching for mineral resources. In electrical prospecting with a 
constant current, electrodes are applied at two points on the earth's surface 
(Figure 3), and a constant current is started. The difference of potentials is 
measured on the surface. As in any geophysical prospecting, it is required to 
draw conclusions regarding the internal structure of the region on the basis of 
the measurements. In the case where the layer of sediments is a homogeneous 
conducting medium and the resistance of the base is much higher, the current 
lines will low about the contour of the base. Hence, to determine the contour 
of the base it suffices to find the current lines in the layer of sediments. In a 
homogeneous medium the potential of a constant current satisfies the Laplace 
equation. The normal derivative of the potential on the earth's surface is 
equal to zero, and the potential itself is measured. We thus arrive at a Cauchy 
problem for the Laplace equation. 


92. Problems for the diffusion equation 


We consider the equation 
du/dt = 0^u/Oz^, 2x € [0,1], t € [0, T], (1.2) 
describing the process of variation of temperature in a homogeneous rod and 
the process of diffusion— variations in the concentration of a substance in a 
solution. The classical problem for equation (1.2) is the mixed problem 
u(r,0)— f(z),  u(0,t) = u(l,t) — 0. (1.3) 


The physical meaning of problem (1.2), (1.3) consists in the following: at some 
initial time we know the temperature distribution in the rod or the concen- 
tration of a substance in a cylindrical vessel. It is required to determine the 
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temperature distribution or the concentration of the substance at later times. 
The boundary conditions mean that a constant temperature or concentration 
is maintained at the end points in our process. 

We now consider an ill-posed problem for (1.2): 


ulz, T) = f(T), u(0,t) = u(l,t) = 0. (1.3) 


It is obvious that problem (1.3’) for equation (1.2) is equivalent to problem 
(1.3) for the equation 
0u/0t = —0?u/8z?. (1.2/) 
This problem also has an altogether definite physical meaning. We know (on 
the basis of physical measurements) the temperature distribution or concen- 
tration at some time. We are interested in the history of the process: what 
was the temperature distribution or concentration at previous times. 
The following ill-posed problem for equation (1.2) also has a physical mean- 


ing: 
u(0,¢) = fi(t), uz(0,t) = fo(t). (1.4) 
We suppose that we are unable to measure the concentration of substance 
in the entire cylinder but can only measure the concentration and flow of 


substance at one of the ends. The following example shows that problem 
(1.4) is ill-posed: 


fit) = \/2/nsin nt, falt) = cosnt + sin nt, 
z,t) = \/2/nsin(nt + \/n/2z) exp \/n/2z. 


ul 


§3. Continuation of fields from discrete sets 


1. In the problem of interpreting data of gravitational measurements dis- 
cussed in $1, geophysicists actually have at their disposal the values of the 
component of the gravitational field not on the entire surface of the earth nor 
on a segment but only at some finite set of points. The following problem 
thus arises: it is required to determine the function p(z) in (1.1) if the values 
of the right side of (1.1) are known at a finite set of points, i.e., we know 
fe = f(zk), k =1,...,n. A solution of this problem is not unique, but it is 
obvious that if the points {zx} fill some segment fa, b] with sufficient density, it 
is possible to extend the function f(z) to the entire segment by interpolation. 
There thus arises an additional error on the right side of (1.1). 

In applied problems, in particular in the problem of interpreting gravimet- 
ric data, measurement of the value of a function at a point requires certain 
expenditures. In connection with this there arises the problem of rational 
choice of the system of points of measurement. It is clearly not expedient to 
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choose too fine a grid for which the errors of the simplest interpolation are 
considerably less than the errors of the measuring instruments. Resolution of 
the following question is of practical interest: to what accuracy is it possible 
to determine a solution of (1.1) if we know the numbers 


{feb fe -f(m)se k=1,...,n. 


An analogous formulation is meaningful also in the case where the set of 
points {z+} is infinite. If the set {z4} has a limit point, a solution of (1.1) is 
uniquely determined by the sequence of numbers fk = f (zk), k — 1,...,00. 

Uniqueness of the solution of equation (1.1) on the basis of the data {fk} 
follows from a familiar theorem in the theory of analytic functions: if an 
analytic function vanishes on a set having a limit point in the interior of the 
domain of regularity, then it is identically equal to zero. 

2. We note that many physical fields are described by analytic functions 
of the spatial variables. 

The intensity components of a variable electromagnetic field in a medium 
with constant properties satisfy the Helmholtz equation 


Au t k?u — 0. (1.5) 


Solutions of (1.5) with a constant coefficient k are analytic functions, and 
the problem of determining the structure of the electromagnetic field from 
the data of measurements on a discrete set thus reduces to the problem of 
recovering an analytic function (of one or several variables) from its values on 
this set. 

3. In short-term (up to three days) weather forecasting, the system of 
equations of gas dynamics is solved. The initial conditions are given mainly 
from the data of measurements made at meteorological stations. The network 
of meteorological stations is very nonuniform, and the location of the stations 
depends on the region, its closeness to population centers, and communica- 
tions. 

The system of equations of gas dynamics is presently solved with consid- 
erable simplifications. Under certain simplifications, equations of parabolic 
type are obtained from the system. The following mathematical formulation 
is thus related to a problem of weather forecasting which is very important in 
practice. 

Let u(z, y, t) be a solution of the diffusion equation 


Ou/Ot = Au. (1.6) 
It is required to determine the function v for t > 0 from the data 


felt) = u(ze,ye,t), k=1,...,n; t>0. 
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Figure 4 


94. Processing readings of physical instruments 


1. The actions of many instruments recording time-dependent physical 
fields are described by the following scheme (Figure 4). A signal y(t) arrives 
at the input of the instrument, and a function f(t) is recorded at the output. 
In the simplest case the functions y(t), f(t) are connected by the relation 


Í qt - ye(r)dr = f(0). (1.7) 


The function g(t) in this case is called the impulse transition function of the 
instrument. Theoretically g(t) is the function registered by the instrument in 
the case where the generalized function (t) (the Dirac delta function) arrives 
at the input of the instrument. In practice, a sufficiently short impulse is fed 
to the input to obtain the function g(t) characterizing the operation of the 
instrument. 

Thus, the problem of interpreting readings of an instrument, i.e., deter- 
mining the form of the arriving signal, reduces to the solution of the integral 
equation of the first kind (1.7). 

The connection between the signal p(t) arriving at the input of the instru- 
ment and the function f(t) recorded at the output may also be more complex. 
In the case of a “linear” instrument this connection has the form 


J Reo ra: (1.8) 


A nonlinear connection between the functions y(t) and f(t) is also possible, 
for example, 


[ K(t,7, o(7)) dr = f(t). (1.9) 


In particular, instruments recording variable electromagnetic fields, regimes 
of pressures and stresses in a continuous medium, and seismographs recording 
oscillation of the surface of the earth function according to this scheme. 
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The Fourier and Laplace transforms can be used to solve the simplest 
equation (1.7). Let g(A),@(A), and f(A) be the Fourier transforms of the 
functions g(t), p(t), and f(t) of (1.7): 


i0) = | ” g(t) dt, (A) = J "éMo()d, FQ) = | - AM F(t) dt 


Then by the convolution theorem we have g(A)gg(4) = 


F(A), whence, inverting 
the Fourier transform, we obtain for the solution of (1.7) 


the formula 
"NE MAI S "T No x F(A) 
e(t) = + / - €? 60) di = g- J Ex (1.10) 


Formula (1.10) is unstable, since the function g(X) (the Fourier transform of 
the impulse transition function of the instrument for real instruments) tends 
to zero as À — oo, and thus arbitrarily small noise in the determination of 
f (A) for sufficiently large À may lead to large variations in the solution y(t). 

In the case where the function g(t) is constant the problem of solving (1.7) 
is the problem of differentiation. 

2. Let us consider the problem of processing photometric images. This 
problem has become very important in recent years in connection with pho- 
tographing regions of the earth from space. We imagine an ideal photographic 
instrument with an infinitely narrow diaphragm (Figure 5). In photograph- 
ing by means of this instrument, the illuminated points on the surface being 
photographed are projected onto points of a photographic plate. 


-— 


Figure 5 


In real photographic instruments a luminous point is projected into a spot 
with variable illuminance depending on the direction and intensity of the ray. 
Thus, in solving the problem of recovering the true luminance of the surface 
being photographed we arrive at the integral equation 


[x (x,y, €,n)ol€,n) dé dn = f(z, v). (1.11) 
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Here f(z, y) is the illuminance of the photographic plate; p(z, y) is the lumi- 
nance of the surface being photographed; K(z, y, €,7) is the illuminance of a 
point (z, y) on the plate by a point of unit luminosity (£, 7). 


95. Inverse problems of geophysics 


The problem of interpreting gravitational data discussed in 81 is one of a 
broad circle of problems called inverse problems of geophysics. 


Geophysics is concerned with the study of connections of various physical 
fields with the structure of our planet [54]. Traditional fields in geophysics 
are the gravitational and constant magnetic fields, seismic fields (regimes of 
oscillation of the elements of the earth's surface), electric and electromagnetic 
fields, and thermal fields. Fields connected with radioactive radiations have 
also come to be studied in recent years. These fields may be of natural origin 
such as oscillations caused by earthquakes and telluric currents, or they may 
be specially induced as in seismic prospecting and geophysical prospecting by 
electrical means. Problems of mathematical physics arising in the interpreta- 
tion of geophysical data are divided into direct and inverse problems. 

Direct problems consist in the following: the sources of the physical field, 
the laws of interaction of the field with the medium written in the form of 
equations, and also the distribution of physical characteristics of the medium 
are known. It is required to determine the corresponding physical field. 


In inverse problems, known physical laws and data of field measurements 
are presumed. It is required to determine the sources of the field or elements 
of the distribution of the characteristics of the medium. 


The laws of interaction of traditional geophysical fields with the medium 
were described long ago. These are Newton's law of universal gravitation, 
Faraday's, Ohm's, and Hooke's laws, Huygens! principle, Maxwell's equations 
for electromagnetic fields, and the equations of the dynamic theory of elastic- 
ity, the Lamé equations. 

In the first half of our century, fundamental existence and uniqueness the- 
orems were proved for solutions of boundary value problems for differential 
equations and systems of equations corresponding to the main formulations 
of direct problems of geophysics. 

Solution of boundary value problems corresponding to direct problems of 
geophysics may be considered as mathematical modelling of geophysical pro- 
cesses. Numerical solution of these problems plays an essential role in the 
correct understanding and estimation of the effectiveness of the results of geo- 
physical observations, in designing geophysical instruments, and in planning 
experiments. 
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Numerical solution of direct problems of geophysics may present consider- 
able difficulty. Before the advent of computers, only the simplest versions of 
models of the medium were accessible for calculations. 

The most important purpose of geophysical research is determination of 
the earth's internal structure, i.e., the distribution within the earth of physi- 
cal characteristics—density, magnetization, magnetic susceptibility, electrical 
conductivity, elasticity, and temperature. In connection with this it can be 
stated that the inverse problems are the main mathematical problems in geo- 
physics. 

The theory of inverse problems both in geophysics as well as in differential 
equations in general is much less developed than the theory of direct problems. 
It is obvious that many versions of inverse problems can be associated with 
each direct problem. 

The simplest formulations of inverse problems are well-posed in the classical 
sense; these are certain one-dimensional problems where it is assumed that 
the properties of the medium depend on a single variable, for example the 
depth, and geometric inverse problems— problems of determining the shape 
of a surface on the basis of fields of times of arrival of reflected waves. Under 
less restrictive assumptions regarding the unknown medium, inverse problems 
are, as a rule, ill-posed. 


96. Inverse problems of gravimetry 


In $1 it was shown how the problem of interpreting data of gravimetric 
measurements leads to an ill-posed Cauchy problem for the Laplace equation. 
In general, the problem of interpreting gravimetric data is an inverse problem 
of geophysics. We shall limit ourselves to considering the local problem, i.e., 
we assume that measurements are carried out on a bounded portion of the 
earth's surface, and the anomalies measured are caused by inhomogeneities 
situated in a bounded volume directly abutting the surface. We assume that 
the portion of the earth's surface being considered is part of a plane. 

Thus, let S be part of the (z,y)-plane, and let D be the part of three- 
dimensional space (z, y, z) abutting S; let p(z,y,z) be the deviation of the 
density of matter in the region D from the mean value; let u(x, y, z) be the 
potential of the anomalous gravitational field. Then 


(zz) =] | | pie dé ands, 


R= ((z — € + (y - n}? + (z - c]; 
^y is the gravitational constant. 


where 
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The usually measured vertical component of the intensity of the anomalous 
field H(z, y) is given ^ 


H(z,y) = z u(z, y, 0 y=af [ f, js ^ dt dn dg. (1.12) 


Equality (1.12) may be considered an integral equation of the first kind for 
determining the unknown function p(z, y, z). A solution of equation (1.12) is 
not unique in rather large classes of functions of three variables (for example, 
in classes of functions having finitely many continuous derivatives). This is 
natural, since the left side of (1.12) contains a function of two variables, while 
a function of three variables is to be determined. 

In inverse problems of gravimetry, density distributions p which are de- 
termined by giving a function of two variables are considered. In practical 
interpretation the hypothesis is often adopted that the function p(z, y, z) in 
some domain D; (a part of D) assumes a constant and known value, while in 
the remainder of D it is equal to zero: 


p(z; y; z) = po; (2, y, z) € Di, 
p(z,y,z)=0, (z,y,2) € Di. 
Regarding the domain D, one of the following assumptions is additionally 
made. 
1. The domain D; is starlike relative to some point. In this case (1.12) 
assumes the form 


2v p(a,6) 1 
H(z, y) ) =o | L | p3" ? sin 6 dr dO da, (1.13) 


where r, 0, o are polar coordinates. 

In gravimetry this formulation of the inverse problem is called the problem 
of determining the form of an intrusion or ore deposit. 

2. The domain D, is bounded by a surface z = v(x, y). In this case (1.12) 
takes the form 


e(€&,m) 
H(z, y) lf] zs dc dé dr. (1.14) 


(It is assumed that D; is a cylindrical Ls and S is the base of Dj.) 
Equations (1.13) and (1.14) for the functions y(a, 9) and o(z, y) are non- 
linear equations of the first kind of Urysohn type. 
It can be shown that for these equations there are examples analogous to 
the Hadamard example. We limit ourselves to presenting an example for a 
two-dimensional version of (1. " 


MURIS _ Po x — €? + °(€) 
=n ff G-greg t JE SEIL 
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If the function yo + p(z) is bounded away from zero: 
yo + p(z) € yo + £o « 0, 
then the function H(z) has derivatives of all orders. We set 


z£)-z-6to wl(t)=2-€+29(§). 


Then 1 (e-+ eO 
2 mS TP S ec — 
5 In (z— E +92 Reln v — Relnz, 
whence 
"Gum" "n E a. 
dm POY (n-0![ [Re Rez; de. (1.16) 


We consider the functions 
gela a 1 2kh € z « a 4- (2k  1)h, 
£1T/—10, a+(2k+1)h<zr<a+(2k+2)h, 
am 0, a-c-2kh € z « a 4 (2k - 1)h, 
P217) = 1 po, a-Qk-cl1hzz«a-(2k-2)h, 
k —0,...,m- 1, h = (b — a)/2m. 
We denote the corresponding components of the intensity by Hi(z) and 
H(z). From (1.15) and (1.16) we obtain 


° (z— €) + vi(£) 
/ In (s — € + gale) o^ 


m-l pat(2k+1)h 
< z f In 


|Hs (z) - Ho(z)| = 2 


; (1.17) 


(x — €)? + wô 
=m + al 


k=0 Yat2kh 
d"Hi(rz) d" H(z) 
dr — dg 
m-—1l pat(2k+1)h 
<mn- Y f Reu-"(£) - Reu-"(£ + h)|d£. 
k=0 / 9 *2kh 


It is easy to see that as m — oo the right sides in (1.17) have order h = 

(b — a)/2m, and hence for any finite n and £ > 0, for sufficiently large m we 

have the inequalities 

d*Hi(z)  d*H»o(z) 
dz* dz 


The modulus of the difference of the functions pı(z) and q»(z) is equal to 


IHi1(x) — Ho(z)| < e, 


<6, demon 


le1(z) — we»(x)| = vo. 
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The example we have presented is based on the fact that the external 
gravitational field changes so little under a sufficiently small shift of the mass. 
For (1.12) it is possible to present an analogous example based on the fact 
that the field of a ball in which the distribution of the density is spherically 
homogeneous is determined only by the mass of the ball and the position of 
its center. 


§7. The inverse kinematic problem of seismology 


Apparently, the inverse kinematic problem of seismology was the first in- 
verse problem considered for partial differential equations. It arose in connec- 
tion with the attempt to study the earth’s internal structure from observations 
on the earth’s surface of the propagation of seismic wave fronts generated by 
earthquakes. It is known that in earthquakes, waves of two types arise: lon- 
gitudinal and transverse waves. Longitudinal waves, which are compression 
and rarefaction waves, are connected with the oscillation of particles in the 
direction of propagation of the wave front; transverse waves are connected 
with the oscillation of particles in a direction orthogonal to the wave front 
and characterize the resistance of the elastic substance to shear [58]. 


Longitudinal and transverse waves propagate in the elastic body of the 
earth according to the laws of geometric seismology which are altogether anal- 
ogous to the laws of propagation of a light ray. The trajectories, which are 
orthogonal to the wave fronts, longitudinal and transverse respectively, are 
here called sezsmic rays, by analogy with a light ray. 


The propagation speeds of longitudinal and transverse seismic waves (in 
geophysics they are customarily denoted by vp and vg respectively) are con- 
nected with the elastic Lamé parameters A, u, and the density of matter p by 


the formulas 
vp = V(A+2u)/p, vs = vVHlp. (1.18) 


from which it is evident that vp > vg, 1.e., longitudinal waves propagate faster 
than transverse waves. 

From the point of view of mechanics, the Lamé parameters A, u, and the 
density completely characterize an elastic substance. Of course, the speeds of 
seismic waves vp and vg cannot completely characterize the elastic substance 
of the earth, but if they are known, then, as formulas (1.18) show, they 
provide two relations between the three parameters A, p, p and thus contain 
considerable information regarding the substance of the earth. "Therefore, 
one of the most important problems of seismology consists in finding the 
propagation speeds of longitudinal and transverse seismic waves. 
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In the body of the earth the speeds vp and vg are not constant but vary 
from point to point. In connection with this, seismic rays are not straight 
lines. It is known from variational calculus (see, for example, [246] and [292]) 
that a ray joining any pair of points z?, z is an extremal of the functional 


1 
J(L)= J vow) Tel (1.19) 


Here L(x°,x) is an arbitrary sufficiently smooth curve joining the pair of 
points x°, x; |dz| is the element of its length in the Euclidean metric and 
v(x) is the propagation speed of the wave—a longitudinal or transverse wave 
depending on the ray in question. Below it is irrelevant for us which speed 
is understood by v(z). From a physical point of view it may simply be said 
that v(z) is the transmission speed of signals in the medium. 

It is evident from (1.19) that J(L) gives the time a signal takes to transverse 
the curve L(z9, x). Indeed, the ratio |dz|/v(z) is the elementary transit time 
of the signal along the curve. Thus, a seismic ray is a curve L(z9, z) on which 
the transit time of the signal is a minimum. Actually, for rather complex 
media where the function v(x) differs strongly from a constant, the pair of 
points r°, z can be joined by several rays (or even an uncountable set of rays), 
each of which possesses the property that the functional (1.19) assumes a 
minimal value on it as compared with all other values corresponding to curves 
sufficiently near the ray in question. Thus, seismic rays are local extrema of 
the functional (1.19). It is known that, in n-dimensional space, extrema of the 
functional (1.19) are integral curves of the system of Euler equations, which 
consists of n ordinary differential equations of second order. These integral 
curves are subject to an additional condition: they pass through the points 
z? and z. 

We denote the ray joining the points r° and z by I'(x°, x). Then the transit 
time r(z9, x) of the signal along this ray is calculated by the formula 


T(z9, x) =/ ea (1.20) 
Dl'(z9,z) v(z) 

The surface defined by the equality r(z9,x) = const for fixed z? is the wave 

front from a point source of perturbations concentrated at the point z?. Let 

v(x°, x) be the unit vector tangent to the ray l'(z9, x) constructed at the point 

z and directed to the side of increasing r. From (1.20) it then follows that 


Vara t= 2°, x). (1.21) 


E 
v(z) 

Here V7 denotes the gradient of the function 7 computed with respect to 
the variable point z. A consequence of equality (1.21), which expresses the 
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condition of orthogonality of the fronts and rays, is the eikonal equation 
\V.7(x°, 2)|? = ar (1.22) 
The characteristics of this nonlinear first-order equation are precisely the rays. 

The classical problem for equation (1.22) is the problem of constructing the 
function r(z?,z) for a given function v(x). This construction is realized by 
means of the Hamilton-Jacobi method in which the characteristics of equation 
(1.22) and the function r(z9,z), i.e. the rays and fronts of the wave process 
and hence its kinematics, are constructed simultaneously. In seismology the 
problem of constructing rays and fronts has received the name of the direct 
kinematic problem. As already mentioned, the inverse problem, where the 
function v(z) is unknown while the law of motion of wave fronts along the 
boundary of the region in which the wave process occurs is known, is of major 
practical importance. We shall present a precise mathematical formulation of 
it or, more precisely, of one of its possible versions. 

The inverse kinematic problem is posed as follows. Suppose that in a region 
D of the space R",n > 1, bounded by a surface S, a wave process occurs 
which is generated by a point source of oscillations applied at the point 2°, 
and suppose the function r(z9,z) is known for all possible z? € S and z € S. 
It is required to find the transmission speed v(z) of signals for z € D. 

This formulation is a mathematical idealization of the real physical situ- 
ation. Actually, observations carried out at seismological stations make it 
possible to compute the transit time of a signal from the source of the per- 
turbation (an earthquake or artificial explosion) to the seismological station. 
By possessing a large collection of such data from sources lying in various 
regions of the terrestrial ball to seismological stations also scattered over the 
surface of the entire ball, it is possible to pose the question of finding the 
transmission speed of signals within the earth. Here, as is frequently the case 
in applications, it is convenient to give up the discrete model of the positions 
of seismological stations and sources of earthquakes and pass to a continuous 
analogue of it—a mathematical model in which each point of the surface can 
be a source of perturbations and each such point can also be a recorder of 
these perturbations. 

The inverse kinematic problem of seismology was first considered in 1905- 
1907 by G. Herglotz and E. Wiechert, assuming spherical symmetry of the 
earth. The mathematical expression of this assumption is that v — v(r),r — 
|x| (the center of the coordinate system is assumed to coincide with the center 
of the earth). The assumption of spherical symmetry was based on the ex- 
perimentally observed fact that the transit times of seismic waves between a 
source and a receiver situated at a fixed distance from one another are almost 
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independent of the region where they are located. It was therefore altogether 
natural to suppose that the speed also does not depend on the angular spher- 
ical coordinates of the point. In the case v = v(r) the seismic ray l'(z9, z) is 
a plane curve and lies in the plane passing through the points z?, z and the 
center of the earth. The problem thus becomes a plane problem. It suffices to 
consider an arbitrary cross section of the earth by the plane of a great circle 
and points z? and z situated only on the circumference of this circle. Herglotz 
and Wiechert showed that in the case of the one-dimensional model v — v(r) 
it is possible to fix the point z? and allow the point z to run through the set 
of points on the circumference of the circle. If here the function 


m(r) = r/v(r) (1.23) 


Increases monotonically with increasing r and is continuously differentiable, 
then it is uniquely determined by prescribing the function 7 = 7(A), called the 
hodograph of the wave. Here A is the angular distance between the points z? 
and z; 7(A) is the transit time of the signal between these points. It was found 
that local recovery of the function v(r) is also possible; namely, if the function 
T(A) is known for A € [0, Ao], Ao > 0, then v(r) can be found in some layer 
ro <r € R where R is the radius of the earth, and ro is determined from Ag; 
here ro(Ao) decreases monotonically with increasing Ao, and ro(Ao) — R as 
Ao — 0. 

Solution of the one-dimensional inverse kinematic problem reduces to two 
operations: 1) calculation, from the hodograph 7(A), of the derivative in 
terms of which m(r) is found at some point r — p; 2) evaluation of an integral 
depending on a parameter and determining p as a function of A. Solution 
of the problem turns out to be continuous from C! — C. In practice the 
function 7(A) is given discretely at a sequence of points; therefore, the inverse 
kinematic problem is an ill-posed problem. The character of its ill-posed 
behavior is similar to that of the problem of differentiation of a tabulated 
function. 

Solution of the inverse kinematic problem in the one-dimensional formu- 
lation greatly influenced the development of views on the structure of the 
earth (see [96]). The first calculations carried out on the basis of data on 
transit times of seismic waves revealed characteristic elements of the earth's 
structure: the earth's crust, mantle, and core. The earth's crust is a layer 
of relatively small thickness; its average thickness is of the order of 30 km. 
The mantle differs from the crust in having considerably greater values for 
the speeds of seismic waves; a rather abrupt increase in them occurs at the 
crust-mantle boundary. The thickness of the mantle is of the order of 3000 
km. The material of the core differs substantially in its physical properties 
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from the material of the mantle. Transverse waves do not pass through it, 
while they do propagate in the mantle. The lack of transverse waves is char- 
acteristic for a fluid. This provides a basis for suspecting that the material of 
the earth’s core is in a liquid state. 

At present there are several dozen velocity models of the earth constructed 
by different authors. They do not differ greatly from one another, although 
they are constructed on the basis of different seismological material. 

Further progress in the inverse kinematic problem was related to giving 
up the condition of monotonicity of the function m(r) in the one-dimensional 
model, and to the study of multidimensional models. 

Later geophysical investigations revealed that the assumption of mono- 
tonicity of the function m(r) is, generally speaking, not justified. Without 
this assumption, however, the inverse kinematic problem does not have a 
unique solution. The nature of the nonunicity of the solution of the problem 
was studied by M. L. Gerver and V. M. Markushevich (see [87]-[89]). 

The first result for a multidimensional inverse kinematic problem was ob- 
tained by M. M. Lavrent'ev and V. G. Romanov [158]. It was formulated in 
two-dimensional space z1, z2 for a region constituting the half-plane z2 > 0, 
and consisted in the following. Suppose that the transmission speed v(x) of 
signals can be represented in the form 


v(x) = volz) + v1(z), (1.24) 


where the function vo(z) is known, and v;(z) is small as compared with vo(z). 
Up to a small quantity of higher order than v?(z), the transit time of a signal 
between two points z and z belonging to the boundary of the half-plane 
z9 2 0 can then be represented in the form 


r(a, g)- To(z9, x) 3 ni (a9, z). 


Here 7o (29, z) is the transit time of the signal between the points r° and z in 
a medium with speed v = vo(z), and r1 (x9, x) is found from the formula 


UN f ei) e (1.25) 


o(z9,z) vô (zx) 


in which l'o(z?, x) is the ray joining the points z? and z in the medium with 
speed v = vo(z). For the case 


volz) =az2 +b, a0, b» 0, (1.26) 


it was shown that for known a and b the continuous function vi (x) is uniquely 
determined in the region z2 > 0 by giving the function r(z9, zx) for arbitrary 
pairs of points z?, x of the line z9 = 0. 
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The result obtained thus referred to a linearized formulation of the inverse 
kinematic problem. It was here found that the problem of determining vı 
on the basis of 7; from (1.25) was ill-posed. The character of its ill-posed 
behavior is the same as in the Cauchy problem for the Laplace equation. 
For a transmission speed of signals defined by (1.26) the rays l'(x9, x) are 
arcs of circles passing through the points z? and z and having center on the 
line z2 = —b/a. The problem of solving equation (1.25) thus reduces to the 
problem of integral geometry of finding a function from its mean values over 
all possible circles with center on the line x2 = —b/a. 

We shall present an example like Hadamard's for this problem of integral 
geometry. Thus, let 


vent) = gr J EEDE €= (6.6). — (127) 


where Tl'(zi,r) is a circle of radius r with center at the point (21,0). It 
is required to determine the function u(z1,£2) from the function v(zi,r). 
Relation (1.27) is a linear operator equation. A solution of (1.27) is not 
unique, since in the case where the function u(z1, x2) is odd in the variable 
I2; 
u(z1, —22) = —u(21, T2), 
the function v(zi,r) is equal to zero. In Courant’s book [139] there is a 
proof of uniqueness of a solution of (1.27) in a class of functions even in the 
variable x or in a class of functions equal to zero in the lower half-plane. The 
uniqueness theorem for (1.27) has local character in the following sense: if 
v(z1,r) is known only for all circles l'(z, r) lying inside some circle I'(z}, r?), 
then u(x1, 22) is uniquely determined inside l'(z9, r?). 
Let 
u(21, 22) = asin(nz;)cosh(nz2). 


Then 
v(zi,r) = asin(nzi) 
by virtue of the fact that u(z1, x2) is a solution of the Laplace equation and 
satisfies the mean value theorem. 
We note that the problem of solving (1.27) is equivalent to an ill-posed 
nonhyperbolic Cauchy problem for the wave equation: 
0?u 
E 
Subsequently Romanov [210] (see also [217]) considered a linearized version 
of the inverse problem for a three-dimensional ball in the more general case 
where linearization is carried out relative to an arbitrary smooth function 


= Au, ues u(z, y, t), u(z, 0, t) m A(z, t), Uy(z, 0, t) x: fo(z, t). 
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vo(r) such that the function mo(r) = r/vo(r) increases monotonically with 
increasing r. In this case the problem of solving (1.25) decomposes into a 
one-parameter family of plane problems in each of the cross sections of a 
great circle of the earth. 

In the nonlinear formulation, the multidimensional inverse kinematic prob- 
lem of seismology was investigated by Yu. E. Anikonov [12], [15], [22], R. G. 
Mukhometov and V. G. Romanov [188]-|191], [226], G. Ya. Beil’kin [38], and 


I. N. Bernshtein and M. L. Gerver [46]. 
In [3], {4 and [23], numerical algorithms are given for solving the multidi- 
mensional inverse kinematic problem of seismology. 


CHAPTER II 


Basic Concepts of the Theory of Ill-posed Problems 


91. Problems well-posed in the Tikhonov sense 


1. Many ill-posed problems can be reduced relatively easily to operator 
equations of the first kind. We consider a more general nonlinear equation 
than equation (4) mentioned in the Introduction. 

Let X and F be complete metric spaces, and let A(-) be a continuous 
operator (mapping) acting from X to F (defined on all of X). 

The equation 

A(z) = f, (2.1) 
where x € X and f € F, is called an operator equation of the first kind if the 
operator A is compact and no ball in the space X is compact.(!) 

We shall formulate the concept of a classical well-posed problem (in the 
Hadamard sense) for equation (2.1). 

DEFINITION 1. The problem of solving (2.1) is called (classically) well- 
posed if: 

1) for any f € F there exists a solution z € X of (2.1), 

2) the solution of (2.1) is unique, and 

3) the solution z depends continuously on the right side f, ie., to in- 
finitesimal variations in f (in the metric of the space F) there correspond 
infinitesimal variations of the solution z (in X). 

We call the problem of solving (2.1) uniformly well-posed if in place of 
condition 3 the following stronger condition is satisfied: 

3’) the solution z depends on the right side f in a uniformly continuous 
manner.(?) 

For classical problems of mathematical physics and the operator equations 
corresponding to them the fact that the conditions for being well-posed are 

(1)Other concepts of an operator equation of the first kind can also be found in the 
literature (see [113] and [266]). 


(?)In the monograph [266] a solution satisfying condition 3’) is called stable, while a 
problem satisfying conditions 1), 2), and 3') is called well-posed. 
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satisfied is established by theorems of existence, uniqueness, and continuous 
dependence of the solution on the data. 

The existence of a continuous operator B from F to X inverse to the 
operator A is necessary and sufficient for the problem of solving (2.1) to be 
well-posed. 

It is easy to see that the problem of solving an operator equation of the 
first kind cannot be well-posed. We shall show that an operator inverse to 
a compact operator is not continuous. Let Xo C X be some ball. It follows 
from the compactness of A(-) that the set Fo = A(Xo) (the image of the ball 
Xo) is compact. 

Since Xo is not compact there exists a sequence {£k}, tk € Xo, k = 
1,2,..., such that 

(a) the sequence {xx} does not converge to any element of the set Xo, and 

(b) the sequence fy = A(zx) converges: limp—oo fk = fo. 

This implies that the operator inverse to A(-) is not continuous at the 
element fo. 

DEFINITION 2. Suppose that in the space X a subspace Y C X is addi- 
tionally distinguished. The problem of solving (2.1) is called well-posed in the 
Tikhonov sense if 

1) it is known a priori that a solution x exists and belongs to Y : z c Y; 

2) the solution is unique; and 

3) to infinitesimal variations of the right side f not taking the solution z 
out of the set Y there correspond infinitesimal variations in the solution z. 

The subspace Y is called a set of well-posedness. 

We shall indicate the differences in the concepts of problems well-posed in 
the Tikhonov sense from problems well-posed in the classical sense. 

Existence theorems are not proved in a theoretical investigation of whether 
a problem of mathematical physics is well-posed in the Tikhonov sense. The 
existence of a solution and its membership in a set of well-posedness are 
postulated in the very formulation of the problem. One here proceeds from 
additional “physical” considerations (examples of such considerations will be 
presented below). 

Investigations of uniqueness questions in formulations well-posed in the 
Tikhonov sense do not differ from investigations of uniqueness in formula- 
tions well-posed in the classical sense; uniqueness is established by uniqueness 
theorems. 

Although for problems well-posed in the Tikhonov sense it suffices to es- 


tablish uniqueness in the subspace Y , uniqueness theorems are usually proved 
for all of X. 


28 II. BASIC THEORETIC CONCEPTS 


We denote by YA C F the image of the set Y under the mapping realized 
by the operator A, and by Ay the restriction of A to the set Y. For the 
problem of solving (2.1) to be well-posed in the Tikhonov sense it is necessary 
and sufficient that there exist an operator By, continuous on Ya, which is 
inverse to Ay. 

Suppose now that the operator By (inverse to Ay) on the set Y4 is uni- 
formly continuous. We denote by y(r) the modulus of continuity of the oper- 
ator By on Ya. The function 4(7) characterizes the stability of the solution 
of equation (2.1). In the theory of ill-posed problems another characteristic of 
the stability of the solution of (2.1) is often considered, namely, the function 

w(c) = sup px(zi,22) — pr(A(z1), A(z2)) < €, (2.2) 
r;cY 
where px and pr are the distances in the spaces X and F. It is easy to see 
that if one of the functions q(T) or w(é) is continuous, then the other function 
is also continuous, and these functions are mutually inverse. 

2. That the third condition of Tikhonov well-posedness is satisfied often 
follows directly from the second condition—the uniqueness theorem. 

In the case where the set Y of well-posedness is compact we have the 
following result. 


THEOREM 1 (TIKHONOV). Suppose that the solution of equation (2.1) is 
unique, the set Y 1s compact, and YA C F 1s the image of Y under the mapping 
realized by the operator A. Then on the set YA the operator B inverse to A 15 
uniformly continuous. 


PROOF. We suppose that the theorem is false. Then there exists an €9 > 0 
such that for any 6 > 0 there exist z1, £2 € Y such that 


px (11,2) > €0, pr (A(z1), A(z2)) < ó. 


Let {6,} be a sequence tending to zero as k — oo, and let (zy1) and (zi2) 
be sequences of elements of Y such that 


px(zxki,3k2) > €o, — pr(A(zi1), A(zx2)) < ox. (2.3) 


Because of the compactness of Y the sequences (z&j) have convergent 
subsequences. It may obviously be assumed that these subsequences coincide 
with the sequences themselves. 


Let 
gy im Zki, T2 = jim. Zk2. 
Then by (2.3) and the continuity of the operator A 
pz (11; £2) > £0, pr(A(z1), A(z2)) =0, ie. A(z1) = A(z2), 
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which contradicts the uniqueness of the solution of (2.1). 

3. We return to considering the physical formulations presented in Chap- 
ter I. In the problem of interpreting gravimetric data and the problem of 
determining (calculating) the anomalous gravitational field below a level of 
observations (see 81), the existence'of a solution is determined by the very 
formulation of the problem, the correctness of the readings of the instruments, 
and our ideas regarding the geologic structure of the region in question. In- 
deed, gravimetric instruments record real anomalies of the gravitational field. 
If the geologic objects generating the anomalous field lie below the level at 
which we wish to determine the field by solving a problem ill-posed in the 
classical sense, the anomalous field exists at this level and is connected with 
the field measured on the surface of the earth by relation (1.1). 

Indeed, as is known, the excess density (specific gravity) of geologic objects 
is usually within the limits 1-3 g/cm? (granite, basalt). Geologic bodies 
containing iron ores can have excess densities 3-5 g/cm?. The highest excess 
density in the interior of the earth may occur in gold deposits—up to 17.5 
g/cm?. Thus, excess densities of geologic objects are bounded by an altogether 
definite known quantity. 

By analyzing formula (1.15), it can be shown that away from the surface 
separating the body with excess density the intensity of the anomalous field is 
bounded by some definite constant and satisfies a Holder condition also with 
a definite constant. This circumstance makes natural the assumption that the 
desired solution belongs to a compact set of well-posedness—a set of functions 
uniformly bounded and satisfying a Holder condition with a fixed constant. 

In the case where the level at which we wish to determine the anomalous 
field is taken “with margin,” i.e., the geologic objects are located at some dis- 
tance from this level, the vertical component of the intensity of the anomalous 
field is an analytic function, and its derivatives of all orders are bounded by 
particular constants. 

In the problem of determining the history of a process of variation in tem- 
perature or concentration of a substance (see §2) the existence of a solution is 
guaranteed by the setting of the physical experiment or by the correctness of 
our idea of the nature of the process. The desired function characterizing the 
state of the object (the temperature or the concentration of the substance) 
during the course of the entire process is bounded above and below by al- 
together definite constants. In the process the temperature of a solid body 
cannot be above the melting temperature nor below absolute zero (in practice 
it may be assumed that it is not below a higher level). The concentration 
(that is, the ratio of the mass of the component of the solution to the total 
mass) is obviously no less than zero and no greater than one. 
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If the process began at time t = 0 the above conditions guarantee that 
the solution of problem (2.1), (2.2) for any t > 0 belongs to a compact set of 
well-posedness. 


In problems of processing readings of physical instruments discussed in $4 
of Chapter I, hypotheses are usually adopted regarding the frequency compo- 
sition of the fields in question. It is assumed that the spectrum of the field 
(the Fourier transform) is concentrated mainly on some fixed segment, while 
away from this segment it is negligibly small. One attempts to choose the 
characteristics of the instrument in correspondence with this. The assump- 
tion that the field being recorded is bounded in norm and that the spectrum 
of the field is equal to zero outside a fixed segment constitutes the assumption 
that the desired solution belongs to a compact set of well-posedness. 


The concept of a problem well-posed in the Tikhonov sense was suggested 
with the purpose of justifying the trial-and-error method widely used in in- 
terpreting geophysical data (solution of inverse problems). The essence of the 
trial-and-error method consists in the following. On the basis of his or her 
ideas regarding the geologic structure of a territory being investigated, the 
geophysicist constructs some physical model. For example, in interpreting 
gravimetric data a model of the following type is often taken: in a homo- 
geneous layer of sediments there is an isolated intrusion—a geologic body 
with higher density. The shape of the body is an ellipsoid. In seismological 
prospecting the following model is often adopted: beneath a homogeneous 
layer of sediments there is a base, and the instruments record waves reflected 
from the base. 


The direct problem corresponding to the model is then solved, and the 
solutions are compared with data from measurements. On the basis of this 
comparison, a new model is chosen so that the data of the solution of the 
direct problem in the new model will be closer to the experimental data. 


At the basis of the trial-and-error method is the assumption that the 
medium under study does not have too complex a structure. It is assumed 
that the physical characteristics of the medium (the density, the propagation 
speed of seismic waves, etc.) are functions which are either piecewise con- 
stant or piecewise smooth, the number of surfaces or lines of discontinuity is 
bounded, and the surfaces themselves are piecewise smooth. Moreover, the 
values of the functions are within altogether definite limits. These assump- 
tions are hypotheses that the desired solutions belong to particular compact 
sets of well-posedness. 


4. The concept of a quasisolution introduced by V. K. Ivanov in [106] is 
connected with the concept of problems well-posed in the Tikhonov sense. 
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Below we shall consider the case where the right side of (2.1) is given approx- 
imately with some error. The right side of (2.1) without error we denote by 
fr, and the corresponding exact solution we denote by zr: A(rr) = fr. The 
right side of (2.1) with error we denote by fe, assuming that pr(fr, fe) X €. 

Suppose the problem of solving (2.1) is well-posed in the Tikhonov sense. A 
quasisolution of equation (2.1) is an element z € Y minimizing the functional 
pr(A(y), f) on the set Y: 


pr(A(2), f) = inf pr (A(y), f). 


If the set Y is compact, then a quasisolution of (2.1) exists for any right side 
jin 

In the case where the right side of (2.1) is given without error the quasiso- 
lution obviously coincides with the exact solution of (2.1): z = zT. 

We now consider a quasisolution of (2.1) corresponding to a right side of 
(2.1) given with error. Thus, suppose that 


pr(fr, fe) <e, pr(A(z), fe) - inb pr(A(y), fe). (2.4) 
From the definition of a quasisolution and the triangle inequality we obtain 


pr(A(Z), fr) < 2e. (2.5) 


It follows from (2.5) that a quasisolution depends continuously on the right 
side of (2.1). In the case where there is uniformly continuous dependence of 
the solution on the right side on the set of well-posedness, it follows from (2.5) 
that 


px(Z, rr) € w(2€), (2.6) 


where w(€) is the function in (2.2), i.e., a quasisolution is an approximate 
solution of (2.1) with an accuracy guaranteed by inequality (2.6). 

5. The definition of the concept of a quasisolution contains no indication 
of how to actually find it. Generally speaking, the problem of constructing a 
quasisolution is the problem of finding the minimum of the residual functional 
on a set. A description of many methods of finding extrema of functionals 
on sets is given in the literature (see, for example, [113], [121], and [266)). 
Convergence theorems have been proved and estimates of efficiency obtained 
under various assumptions regarding the sets and functionals. The method of 
enumeration is the most general method of minimizing functionals on sets. We 
present a description of this method in application to the problem of solving 
equation (2.1) which is well-posed in the Tikhonov sense with a compact set 
of well-posedness. 
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As is known from functional analysis, for any 6 > 0 in a compact set Y 
there exists a finite ó-net: (yk), k = 1,...,n(6).(3) 

Since it is assumed that we are given the set Y and the operator A, it is 
natural to suppose that for any 6 > 0 we can determine both the elements 
Yks and their images: 


Prs = A(vxs). 
We denote by p the index of the element qx; for which 


PF (ps; fe) = € inf T p) PF Gone; fe), 


by q the index of the element yxs for which 


px(zr, Vac) < ó, 
and by a(r) the modulus of continuity of the operator A on the set Y. 
By (2.4) and the triangle inequality, 
pr(ps, fr) € prF(eps; fe) +E € pr(Pa6, fe) +E € pr(pa6, fr)t-2€ € a(6)+2¢. 


Hence, 
px (uos, zr) S w(a() + 2€). 


92. Regularization 


1. We consider the operator equation 


A(z) — f. (2.7) 


As in the preceding section, it is assumed that the solution of (2.7) is unique. 
DEFINITION 1. An operator R(f,o) (depending on a scalar parameter 
a) is called a regularizing operator for equation (2.7) in a neighborhood of an 
element fr = A(zq) if the following two conditions hold: 
1) there exist numbers ag and ôo such that the operator R(f, o) is defined 
for any a and f satisfying the conditions(*) 


0«oa«oo,  (f, fr) < ĉo; 


2) there exists a function a(6) such that for any € > 0 there is a number 
5(€) < 6o such that if p(f, fr) < 6(e), then 


pla, TT) <€, 


(3)For any z € Y there exists a p such that px(yps,z) < 6. 
( 


*)In the notation for distance in this section we omit indices affixed to the spaces X 
and F. 
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where tq = R(f,o(6)). The scalar parameter a is called the regularization 
parameter. 

DEFINITION 2. An operator R(f,o) is called a regularizing operator for 
equation (2.7) on a set F C F if it is a regularizing operator in a neighborhood 
of each element of Fi. We note that F1 C X4, where X4 is the range of the 
operator A. 

Suppose that we have somehow managed to construct a regularizing oper- 
ator for (2.7) in a neighborhood of a point fr. We consider the problem of 
finding an approximate solution of (2.7) on the basis of an element fs (the 
right side of (2.7)) with error p(fr, fs) < 6. 

From the definition of a regularizing operator it follows that for 6 < 69 it 
is possible to take as an approximate solution the value of the regularizing 
operator at the element fs for a value of the parameter a consistent with the 
error estimate 6. 

In solving a concrete equation (2.7) connected, for example, with some 
problem of physics there are two possible cases. 

1. We are given the number e, the maximum error we can allow in a 
solution of the equation. If a regularizing operator has been constructed, the 
problem then consists in finding 6(€) (the required accuracy on the right side 
of (2.7)) and the regularization parameter a(6). 

2. We are given the number 6, the error estimate for the right side of (2.7). 
In this case the problem consists in determining the value of the regularization 
parameter with corresponding error in the solution as small as possible. 

The functions a(6) and (€) appearing in the definition of a regularizing 
operator depend on fT. Since in the formulation of the problem of finding 
an approximate solution on the basis of data with error the element fT is 
obviously not assumed to be known, additional information is needed for the 
choice of a regularization parameter consistent with the parameters £ and ô. 

DEFINITION 3. An operator R(f,o) is called unzformly regularizing for 
equation (2.7) on a set F; if the following two conditions hold: 

1) there exist numbers ag and ĉo such that the operator R(f, a) is defined 
for any a, f, and fr satisfying the conditions 


0«oac«ao, opr(f,fr)<5, frek; 


2) there exists a function o(6) such that for any € > 0 there is a (e€) < 6o 
such that if pr(f, fr) « 6(€), fr € Fi, then 


px(zm, Ta) « €, 


where Ta = R(f,a(6)). 
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If the problem of solving (2.7) is well-posed in the Tikhonov sense and F| 
contains YA (the image of the set Y of well-posedness), then a uniformly reg- 
ularizing operator on F4 makes it possible to construct approximate solutions 
with guaranteed accuracy on the basis of data with error. 

2. We shall indicate some sufficient conditions on an operator depending 
on a parameter in order that it be regularizing for equation (2.7). 


THEOREM 1. Suppose an operator G(-,a) from F to X satisfies the fol- 
lowing conditions: 

1) the operator G(-,a) is defined for all a and f with 0 < a < ag and 
p( fr, f) < 6o, and is continuous at the element fr; 

2) lima—0o G(fr, a) = TIT. 

Then the operator G(-,a) is regularizing for equation (2.7) in a neighbor- 
hood of the element fr. 

If conditions 1) and 2) are satisfied for any fr € Fi, the operator G(., a) 
is regularizing for (2.7) on the set F. 

If for any a,0 < a < ag, the operator G(-,a) is uniformly continuous on Fi 


and G(A(z),a) converges uniformly to z on X, as a — 0, then the operator 
G(:, o) is uniformly regularizing for (2.7) on Fy (F1 = A(X1)). 


PROOF. By the triangle inequality 
p(G(f,a)zr) € p(zro, G(f, a)) + (tra, zr). 


where tTa = G(fr,a). We set p(f, fr) = 6. From the continuity of G(-, a) 
for a > 0 it follows that 


lim (8, o; fr) = 0. (2.8) 


It may obviously be assumed that the function 8 depends monotonically on 
ó. 


We consider any arbitrarily small number € > 0. Because of the second 
property of G(-, a.) there exists an o(c) such that for any a < o(c) we have 


p(zTo, TT) < : 
By (2.8) for any o > 0 there exists ó(o) such that for 6 < (a) 
E 
f(ZTa; G(f, a)) < 9 


and hence 
p(zr, G(f, a)) < €. 


The second assertion of the theorem obviously follows from the first. 
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Suppose now that G(-, œ) is uniformly continuous and the convergence of 
G(A(z), a) to z is uniform on X4. It may then be assumed that the function 
f on the right side of (2.8) does not depend on fr € Fi: 


B(6, œ, fr) = B(6, a), 


and the inequalities 
€ € 
p(zr, Ta) < 9! p(ZTa, G(f, a)) < D) 


hold for o < a(e) for any zr € X; and p(f, fr) < 6(a); this means the third 
assertion of the theorem is valid. 

3. It is obvious that for a single equation of type (2.7) there exists an infinite 
set of regularizing operators (RO). In concrete cases the choice of regularizing 
operator for the purpose of constructing an approximate solution on the basis 
of data with error depends on various factors such as the availability of a 
priori information regarding the solution, error estimates, and simplicity from 
the point of view of constructing numerical algorithms. In this section we 
shall present some of the most general ways of constructing RO based on 
variational principles.(?) 

Let p(x) be a nonnegative functional defined on a dense set Z in X. 

DEFINITION 4. The functional p(z) is called a stabilizing functional if for 
any number a > 0 the set of z € Z for which p(z) < a is compact. 

We denote by Q( fo, a) the ball in the space F of radius a: 


Q(fo, a) ={f: olf, fo) € a}. 
Let Ža be an element of Z satisfying the relation 
To) < inf ; 
Pa) X € ay eB faa) 
where q > 1 is a constant. It is obvious that for fo and o such that 


P( fo, Z4) < a0, o X ao 
(Za is the image of the set Z under the mapping A(-)) an element Ža exists. 


~ 


We denote by R(-, a) the operator from F to X which assigns to the element 
fo the element Za defined above: 


R( fo, a) = Ce: 
THEOREM 2. The operator R(f,o) is regularizing for equation (2.7) on 
the set Z4. 


PROOF. Let fr be an arbitrary element of the set Z4. It was noted above 
that condition 1) in the definition of a regularizing operator is satisfied, and 
ao = ôo. 


(°)Here we follow mainly the exposition given in [266]. 


36 II. BASIC THEORETIC CONCEPTS 


We now suppose that condition 2) for the operator R(f, a) is not satisfied. 
This means that for some € > 0 there exist sequences fk, œk, and ak = 
R( fx, o) with lim, a, = 0 such that 

plŽak, zT) > €. (2.9) 
From the definition of Žak it follows that 


p(Zak) < qe (zr), 


whence we see that the sequence Žak belongs to a compact set. 
Let z be the limit of a convergent subsequence of Zak. From the uniqueness 
of the solution of (2.7) and the inequality 


p(A(zax), fr) € ox 


we have 2 = zT, which contradicts (2.9). 

4. We denote by Ts the set of strictly increasing, continuous functions 
defined on the segment |0, 6]. 

DEFINITION 5. Let 4(7) be a function in To; let p(z) be a stabilizing 
functional. The functional 


V(z, f, a) = lol A(z), f)] + aol) 


is called a smoothing functional for equation (2.7). We denote by Za an 
element of X satisfying the relation 


and by R(-,a) the operator assigning to the element f the element Za, i.e., 
R(f,a) = Za. 
THEOREM 3. For any £ > 0 and any functions 81(6) and Bo(d) in Ts, 


satisfying the relations 


(6) 
0 = 0, Aa er < ô ’ 
B»( ) Bi (6) B»( ) 
there exists 6, = 61(6, 1,02) such that for any f € F,6 and a satisfying the 
inequalities 


Affe) <<, 20 sach) (2.10 
the inequality 
p(Za; TT) < E 


holds, where z, = R(f,a). 
PROOF. By the definition of the operator R(f,o) we have 
V(Za, Í, a) < qu(rr, f a), 
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whence we obtain 
ag(Za) € V(za, f, o) < qv(zr, f, a) 
= qinle(A(zr), f)) + oe (zr)) € alY(6) + ow (zr )]. 
It follows from (2.10) that 
6) < B1(6) < Bi (40) 


a 
and hence 
P(Za) € alf1(&o) + e(zr)] = ao. 
Therefore, the elements z4 and zr belong to the compact set of elements of 
X satisfying the relation p(z) < ag. We denote this compact set by Xo, and 
the image of Xo under the mapping A by Fg. By Theorem 1 of the preceding 
section the operator Ao (the restriction of A to Xo) has a uniformly continuous 
inverse operator on the set Fo. Hence, for any € > 0 there exists w(e) such 
that for any 21,22 € Xo satisfying the relation 


p(A(z1), A(z2)) € we), 


we have the inequality p(z1, 22) < e. 
We now estimate p( A(za ), f): 


y[p(A(Za), f)] € Y(Ēa, f, o) € av(zr, f. a) 

= qy(o(fr, f) + av(zr)) € aY(6) + gaoa € q(6) + qaoB2(6), 
whence we obtain 

p(A(Za), f) € Y! av(6) + qao2(6)] = 63(6), (2.11) 


where ^47! is the function inverse to ^. 
It is obvious that 83(6) € Ts,. From (2.11) and the triangle inequality we 
have 


1 


p(A(Za); fr) € 6 + 8s(6) = B4(6). 
We denote by 8! the function inverse to 84(6), and we set 6; = 6, '(w(e)). 
Then 
p(A(Za), A(zr)) € we), 
and, since Za, zr € Xo, it follows that p(z5, zT) X €, as required. 


COROLLARY. The operator R(f,o) is a regularizing operator for (2.7) on 
the set A. 


5. The concepts of stabilizing and smoothing functionals formulated above 
are generalizations of concepts presented in [266], where a stabilizing func- 
tional was additionally assumed to be continuous. Regularizing operators 
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corresponding to these functionals are defined by the formulas 
R , =f a) tla) = inf , 
i(f, a) = 2 (hs) = , Inf, Ply) 
Ri(f, a) = Ilo; (Zia, f, a) = inf (v(z, f; a)). 


6. Construction of stabilizing functionals for concrete spaces usually oc- 
casions no difficulty. The efficiency of regularization by means of stabilizing 
and smoothing functionals naturally depends on the coordination of the func- 
tionals with the equation, a priori information regarding the solution, and the 
complexity of the minimization problem. 

In the case where the problem of solving (2.7) is well-posed in the Tikhonov 
sense the operator assigning to the right side f a quasisolution z (see 81) is 
obviously regularizing on the image of the set YA of well-posedness. 

We note that the set of well-posedness is often given as a collection of el- 
ements of the space X for which some stabilizing functional does not exceed 
a fixed constant: Y = (z: p(z) < a}. In this case the problems of find- 
ing a quasisolution and of constructing regularizing algorithms Rj(-,a) are 
problems of finding conditional extrema. If the method of Lagrange is appli- 
cable to these problems, then their solutions are stationary elements for the 
smoothing functional (z, f, ). We shall present sufficient conditions for a 
quasisolution and the value of the regularizing algorithm Fi (f, a) to coincide 
with the value of the regularizing algorithm R(f,a) for some value a, i.e., 
with the element minimizing the smoothing functional for a = Qo. 

Let X and F be Banach spaces, and suppose that the set on which the 
stabilizing functional p(x) is defined is a linear subspace of X. 


THEOREM 4. Suppose the stabilizing function p(x) is strictly concave(®) 
and Gáteauz differentiable, and that the operator A and the functional y(r) 
are such that the functional (||A(z) — f||) for any f is strictly concave and 
Gáteauz differentiable. Then the following statements are true: 

1) for any set of well-posedness Y, = (x: p(x) < a} and any f € F there 
exists an a, such that a quasisolution z of (2.7) minimizes the functional 


ylz, f,o1) = (l| Az- fl]) + ai¢(z), 
1.€., 


v(z, Í. 01) = inf ¥(z, J: 01); 
2) for any 6 and f there exist ag and Ža, € Z such that 
ET p(z) 2 (£o, ), inf v(z, f. 02) m V(£Zo,, f. 0:2). 


(8)A functional p(z) is called concave if the functional —y(z) is convex. 
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PROOF. It follows from known properties of convex functionals that the 
quasisolution Z, the element z4,, and the element Za minimizing the func- 
tional y(x, f, a) for fixed o are unique: 


p(z, f a) = inf v(z, f; a). 


Further, by the principle of Lagrange, the elements Z and Ža, on which the 
functionals -y(|| A(z) — f||) and p(z) achieve conditional extrema for some o 
and o» are stationary elements of the functionals v(z, f, o1) and v(z, f, a2). 
The assertion of the theorem follows from what has been said above and the 
fact that for fixed a the functional y(x, f, o) has a unique stationary element 
Te 


§3. Linear ill-posed problems 


The theory of linear ill-posed problems is presented rather completely in 
the monograph [113]. We shall present some aspects of this theory. 

1. Let X and F be Banach spaces, and let A be a continuous linear operator 
acting from X to F. In this section all spaces are real. 

We consider the linear operator equation 


Az = f. (2.12) 


We assume that the solution of (2.12) is unique, i.e., an operator A^! inverse 
to A exists and is defined on X4 C F (the image of the space X); we assume 
that X4 is dense in F. In this case for problem (2.12) to be well-posed it is 
necessary and sufficient that the operator A^! be bounded. 

As noted earlier, if the operator A is compact the inverse operator is not 
continuous, and the problem of solving (2.12) is ill-posed. 

In some cases it is natural to consider linear ill-posed problems as problems 
of determining the values of unbounded operators. The problem of differenti- 
ation and problems of determining the values of linear differential operators in 
general, for example, are such problems. The concepts and results pertaining 
to equation (2.12) carry over to these problems as well (see [113] and [179]). 

2. For linear equations in linear spaces, Theorem 1 of $1 extends to a larger 
class of sets. 


THEOREM 1. Suppose that the solution of equation (2.12) 1s unique and 
the set Y 1s the algebraic sum Y = Y' +Y", where Y' is a compact set and Y" 
ts a finite-dimensional subspace of the space X. Then on the set YA, the image 
of Y in F under the mapping A, the operator A^! is uniformly continuous. 


40 II. BASIC THEORETIC CONCEPTS 


PROOF. Suppose not. Then there exist sequences zu € Y' zt 
Y". 0c; — 1,2, k=1,...,00, and a number e > 0 such that 
|A(zik zik — Toe — z2x)| < êk,  ||Tik zik — Ton — Toll 2 €, 
jim ôk = 0. 
We denote by Y the set of elements z which can be represented in the form 
T = T1 — T2, Tj € Y’. It is obvious that the set Y is compact. Thus, there 
exist sequences zy € Y and Ttk € Y" such that 


|A(Zk mk) Sóc, — lk + el > €. (2.13) 


If the sequence ||z;,|| is bounded, then it is possible to extract a convergent 
subsequence from the sequence of elements Z; + zę, and for the limit of this 
subsequence 7 we obtain the relations || Az|| = 0 and ||z|| > £, which contradict 
the uniqueness of the solution of (2.12). 

Suppose now that the sequence ||z;|| is not bounded. Equation (2.12) in 
the subspace Y" is equivalent to solving a finite system of linear algebraic 
equations, whence it follows that ||Az|| > q||z||, for z € Y", where q > 0 is 
some constant. Hence, the sequence || Áz|| is not bounded, while the sequence 
|| Az,|| is bounded by virtue of the boundedness of A. This contradicts the 
first of the inequalities (2.13). 

3. Functionals connected with the linear structure of Banach spaces are 
distinguished among possible stabilizing functionals for these spaces. Let X 
be a Banach subspace which is compactly imbedded and dense in X. In this 
case the functional 

&(z) = 3(lzllg). 
where ^/(t), a function in Too, is obviously stabilizing. 

If the spaces F and X and the functions 4(t),4(t) € Too are strictly 
convex(?) then the functionals 


A(z) =A (Izlg) Blz, f) =z- flr) w(zfa)-e(f)- p 
2.14 
are also strictly convex, and hence the assertions of $2 regarding the connec- 
tion between a quasisolution and variational methods of regularizing equation 
(2.12) are applicable to them. 
Indeed, let tı and tg be positive numbers with tı + t2 = 1. If z4 Æ Az», 
then 


Q(t1z1 + t222) = ?Y(ltizi + teal) 


< ¥(ti|[z1 || + t2llz2||) < tie(z1) + t2ğ(z2). 


(7)A Banach space is called strictly convez if for any 21,22 € X the equality ||z1--z2|| = 
l|z1 || + ||z2]| implies zı = Azo. 
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If ry = Arg but zı Æ T2, then 
Q(tizi + t222) = ^(tilzil + t2llz2||) < t1e(z1) + t2(22), 


which means that the functional ¢(z) is strictly convex. Strict convexity of 
p(z) is proved similarly. 

4. If the problem of solving (2.12) is well-posed in the Tikhonov sense and 
the set of well-posedness is 


Y, = (a: llzllz < a}, 


then the function characterizing conditional stability depends on two vari- 
ables: 
w(é,a) = sup ||z1 —Z2||, 2; € Ya, ||A(z1- z2)|| € €. 


It is easy to see that 
w(e,a) < w(e,a) < &(e, 2a), G(e,a)=sup||z|, re Yo, ||Az|| € e. 
The function w(¢,a) has the form 
w(e,a) = aw(e/a). 


5. In the theory of ill-posed problems, the subspaces X are often given as 
follows: i 
X= z: t = Bry, 1 € Xih 


where B is a compact operator from X; to X. 

In the case where X4, X, and F are additionally Hilbert spaces, an element 
minimizing the smoothing functional can be determined explicitly, as will be 
shown below. 

Thus, we consider a smoothing functional of the type (2.14) for equation 


^v 


(2.12), setting q(t) = 4(t) = t?: 
v(z,o) = (Az - f, Az — f)r - o(B^!z, B^!z)x,. 


The problem of minimizing v(r, o) is obviously equivalent to the problem of 
minimizing the functional 


j(z1,o) = w( Boz, a) = (ABz; - f, ABzi — f)r + a(21,21)x,. 


An element 2; at which (x1, œ) achieves a minimum is a solution of the Euler 
equation 
(AB)*(ABz, — f)+ at, =0 
and hence 
zi; = (aE + (AB)* AB] ! (AB)* f, 


z = Bz, = B[oE + (AB) AB| (AB) f. (2.15) 
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We note that because of the connection established in Theorem 4 of $2 between 
a quasisolution and regularizing operators for the set of well-posedness, defined 
by the relation 

Y, = (zx: z = Bry, ||z1|| < a}, 


a quasisolution can be constructed according to formula (2.15) for a particular 
value of the parameter a = a. The number a is found from the relations 


||aE + (AB) AB] (AB)*f| 2a — for|(AB) ' f| > a, 
@=0  for|(AB) !f| <a 


(in the case where the operator (AB)! is not defined at the element f we 
set ||(AB)~* f]| = oo). 

6. DEFINITION 1. A family of linear operators {Ra},0 < o < ag, acting 
from F to X is said to regularize equation (2.12) on the set Z if 

1) for any a, 0 < o < ao, the operator Ra is defined on all of F and is 
bounded, and 

2) lima—o Ra Az = z for any z € Z. 

If convergence in 2) is uniform on Z, then R is called uniformly regularizing. 

The set Z is called the regularization set (uniform regularization set) of 
equation (2.12) for the family {Ra}. We note that a regularization set is 
always a linear subspace of X. 

If the operator A`! is not bounded and Z = X, then ||R,|| as a function 
of a, 0 < a < ao, is not bounded, and {Ra} is not a uniformly regularizing 
family. Indeed, the boundedness of || Ra || would imply boundedness of || A^! ||. 
Further, since R4 Z A-!, for some X we have Ra AŽ Æ £, and hence the 
quantity 

| Ra A(Az) — AZ|] = [À| || Ra Az — Z| 


can be arbitrarily large. 

It follows from Theorem 1 of §2 that regularizing families are a special case 
of the regularizing operators defined in §2. 

It is sometimes more convenient to use regularizing families depending on 
an integral parameter. 

DEFINITION 2. A family of linear operators {Rn}, n = 1,...,00, acting 
from F to X is called regularizing for equation (2.12) on a set Z if 

1) for any n > 0 the operator E, is defined on all of F and is bounded, 
and 

2) limn—oo Ry, Az = z for any z € Z. 

We suppose that we know a regularizing family {Ra} for (2.12), and we 
consider the problem of determining an approximate solution of (2.12) on the 
basis of approximate data. 
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Thus, let 
Arr = fr (2.12/) 


and suppose we know an element f. with || fr — fell < €. We denote by Tae 
the result of applying Ra to the approximate right side of (2.12): tac = Rafe, 
and we estimate the norm of the difference zo. — zT: 


[Zac — zr|| € |zae ^ Ra Azr|| + ||zr — Ro Azr | 
< ||Ralie + || zr — Ra Azr |. (2.16) 


If zr € Z, then the second term on the right side of (2.16) tends to zero as 
o — 0, and by Theorem 1 of §2 for any zr € Z there exists a function a(€) 
such that the right side of (2.16) for a = a(e) tends to zero as € — 0. If Ry 
is a uniformly regularizing family, then 


|zT E Ra AzT || < Bla), ITE Z, 
B(a) = sup ||R, Az — z|], lim B(a) = 0, 
rEZ a—0 


and hence 
|zae — zr|| € ||Ralle + 8(o). 


In this case for the appropriate choice of œ we have a guaranteed estimate 
of the accuracy of the approximate solution tae. In particular, we may set 
o = (€), where a is defined by the relation 


| Ralle + 6(@) = inf[||Ralle + &(a)]. 


7. We shall present some examples of regularizing families for equations 
with compact operators in Hilbert spaces. 

Reduction to equations of the second kind. Suppose that the operator A 
is compact, selfadjoint, and positive. Together with (2.12) we consider the 
family of equations 

Oo + Aly = f. (2512) 


As is known from functional analysis, under our assumptions a solution of 
(2.12") for a > 0 always exists, is unique, and depends continuously on the 
right side, i.e., the problem of solving (2.12") is well-posed. 

We denote by Ra the operator (aE + A)~!. Then ta = Raf. 

We shall show that the family {Ra} is regularizing for equation (2.12) on 
the entire space X. Since A is a positive operator, it follows that 


(aE + A)z| > ollz]l, 


and hence 
| Rez] € lz]/o, ^ ||Ral| < 1/a. 
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We now consider the difference 
R,Az — z = a(a E + A)! 


As is known from functional analysis, the operator A has a complete orthonor- 
mal system of eigenfunctions {px} and eigenvalues {Ax}, Ak > Ax+1 > 0. We 
set £x = (z, qx). Then 


t= D, Ge Ra Az — p= cel ien 


e 
E v a 
| R4 Az — z|^ =a berg aie 
MCN » €" Ges S rel + » E2. (2.17) 
far (2 + Ak) poms (tAk) k=n+1 


Because of the convergence of $`? € the second term on the right side of 
(2.17) is arbitrarily small for sufficiently large n. The first term is obviously 
arbitrarily small for sufficiently small o and fixed n, whence it follows that 


Jim |o Az - z| = 


If the operator A is not positive and selfadjoint, equation (2.12) can be 
reduced to an equation with a positive selfadjoint operator by applying to 
both sides of (2.12) the operator A* adjoint to A: 


Air = fi, Aj = A" A, h = A (2.12/") 


We shall show that any solution of (2.12’”) is also a solution of (2.12), i.e., 
these equations are equivalent. For this it suffices to show that a solution of 
(2.127) is unique. Let z be a solution of the homogeneous equation (2.12’”): 
Aız = 0. Then (Aiz,z) = (Az, AZ) = 0, whence by the uniqueness of the 
solution of (2.12) it follows that z — 0. For (2.12) with an arbitrary compact 
operator the regularizing family constructed according to the method outlined 
above has the form 


Ra = (QE + A*A)! A". 


Expansion in eigenfunctions. Suppose that the operator A is compact 
and selfadjoint, and let (qx) be the eigenfunctions and {Ax} the eigenvalues, 
[Ak+1] € [Ak], & =1,...,00. We denote by R, the operator defined by 


Raf =Y E fpr fe = (f, px). (2.18) 
k=1 
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It is obvious that the operators E, are continuous, and that ||R,,|| = 1/|A,| 
and 


Jim R,, Az = Jim X Ee Pre = T, Ek = (T, Pk). 
k=1 


Thus, the family of operators {R,,} defined by (2.18) is a regularizing family 
depending on an integral parameter. 

The method of successive approximations. Suppose that in (2.12) the oper- 
ator A is positive and selfadjoint, and let {px} and {Ax} be the sequences of 
eigenfunctions and eigenvalues of the operator A, ||A|| = A, € 1. We consider 
the sequence (zi): 


Tk+1 = Ik — Ázxk + f, to f. (2.19) 
We shall show that lim,—.5 In = z. From (2.19) it follows that 


pae YE - A)" Az, z— Tn = (E — A) ttr. 


Expanding the elements z and £n in terms of the basis {px}, we obtain 


oo 


T — In = Sa Bd Ak)" TI Exe, Ék = (z, Pk); 
k=1 


|z — zrl? 


-Mua-apemqe 3, ü-agieemag 


k= pue 


a (Pain presb pa » &. (2.20) 


k—m-41 


In analogy to (2.17), the second term in (2.20) is arbitrarily small for suffi- 
ciently large m, while the first term is arbitrarily small for sufficiently large n 
and fixed m. 

The regularizing family corresponding to the above method of successive 
approximations has the form 


fe, = YE - AY = (E - Ay?! - EE - A 
0 


Obviously, ||£, || =n + 1. 
8. Regularizing families {Ra} can give criteria for the existence of a solu- 
tion of equation (2.12). 
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THEOREM 2. Suppose {Ra} is a regularizing family for equation (2.12) 
on the entire space X, X = F, and the operators Ry commute with A (Ra A = 
ARa). If for some fo the limit lima—o Rafo = xo exists, then this limit ts a 
solution of (2.12) with right side fo, 1.e., Ato = fo. 


PROOF. Because of the continuity of A, 
lim AR, fo = Azo, 
a—0 


whence 


Azo = lim Eo Afo = fo. 


9. Suppose the problem of solving (2.12) is well-posed in the Tikhonov 
sense, Y is the set of well-posedness, and {Ra} is a family of operators uni- 
formly regularizing (2.12) on Y. As noted above, the error of an approximate 
solution obtained by applying the operator Ra can be estimated by the in- 
equality 


[Rafe - zr| < ||Ralle+Bla), L(a) = sup |RaAz — z|j. ^ (221) 
For a choice of the regularization parameter œ = o* which is optimal from 
the point of view of the estimate (2.21) the error can be estimated by the 
inequality 
Ra- fe —zr| <y(€), — (6) = || Ra- lle + 8(o*) = inf[]|Ra]|e + 8(a)]. 


On the other hand, conditional stability of the problem of solving (2.12) can 
be estimated by the function 


w(e) = sup ||z1 — za], 2; € Y, ||A(zı — z2)|| € e. 
Obviously, w(e) < 2y(e). 

In works on the theory of ill-posed problems, various relations between the 
functions w(£) and -y(€) have been presented both for particular problems and 
for general equations under additional conditions on the set of well-posedness 
and on the regularizing families. We present one such relation. 


THEOREM 3. Let X and F be Hilbert spaces, and suppose that the set of 
well-posedness 1s defined as follows: 


Y = (iz: z = By, y € X, |yl <1}, 
where B 1s a positive selfadjoint operator from X to X, and 

Ra = BlaE + (AB) AB| ! (AB). 
Then 


«(6 € x = Ww uy) 5 | (2.22) 
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where a = ||B|l? || A||; &(£) is a root of the equation a£/o = w(./a/2). 
PROOF. We set 
Za = Rafr a i a (Ra A = E)zT. 


By the hypotheses of the theorem, zr = Byr, where ||yr|| < 1. After some 
transformations we obtain 


Za = —aB|aE + (AB) AB| ! yr. 


From the equality 
[aE + (AB)* AB]! || 2 1/a 


it follows that 
Z9 € Y. (2.23) 


Next we estimate || Az, |: 
lAz4 ||? = o? ((AB)* AB[aE + (AB)* AB| ?yr, yr) € o/A. (2.24) 
From (2.21), (2.23), and (2.24) we have 
al] < 2(Vo/2) €w(vo/2, oa) =sup|[z||, z€Y, |Az|| < a. 
It is easy to see that ||£,|| < a/a, and hence 


IR. f; — arl] < Seo (4) | (2.25) 


Setting a = à(e) in (2.25), we obtain inequality (2.22). 


CHAPTER III 


Analytic Continuation 


91. Formulations of problems and classical results 


1. A large class of problems of analytic continuation for functions of a 
single variable in general form can be formulated as follows. 


It is known that there exists a function of a complex variable f (z), analytic 
in a domain D of the complex plane. Some additional information may be 
given regarding f(z), for example, that f(z) is continuous on the set D, the 
closure of D, and is bounded on D by a given constant: |f(z)| € cz € D. 
Suppose further that A and B are subsets of D such that A C B c D, and 
the values of f(z) are known on A. It is required to determine the values of 


f(z) on B. 


2. Problems of analytic continuation are classical problems of the theory of 
analytic functions and functions of a complex variable; some uniqueness the- 
orems for these problems were obtained in the last century and are presented 
in the majority of textbooks. 

If we consider functions analytic in D without additional conditions, then 
problems of analytic continuation are linear, and thus uniqueness of the so- 
lution of the problem of analytic continuation is equivalent to the validity of 
the following assertion. 


Let f(z) be a function analytic in a domain D; suppose that f(z) — 0 for 
z € A. Then f(z) 2 0 for z c B. 


We note that in familiar uniqueness theorems for problems of analytic 
continuation the set B contains the domain of analyticity D: B D D. 


3. We shall present classical results on uniqueness of the solution of prob- 
lems of analytic continuation (cf. [140] and [168]). 


THEOREM 1. Let f(z) be a function analytic in a domain D, and let Dj 
be a subdomain of D. If f(z) — 0 for z € Di, then f(z) =0 for z € D. 
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THEOREM 2. Let f(z) be a function analytic in a domain D, and let A 
be a set having a limit point belonging to D. If f(z) = 0 for z € A, then 
f(z) 2 0 for z € D. 


THEOREM 3. Let f(z) be a function analytic in a domain D, let T be the 
boundary of D, and let Tı C T be a rectifiable curve. If f(z) 2 0 for z € I, 
then f(z) =0 for z € D. 


4. The concept of a Riemannian manifold is connected with analytic con- 
tinuation. We shall present some definitions related to this (see [168] and 
[284]). 

DEFINITION 1. An analytic element is a pair (D, f) consisting of a domain 
D of the complex plane and a function f(z) analytic in D. 

DEFINITION 2. Two analytic elements (Di, f1} and {D2, f2} are called a 
direct analytic continuation of one another through a domain D C Dı N D» if 
filz) = fo(z) for z € D. 

DEFINITION 3. Analytic elements (Do, fo) and {Dn, fn} are called an 
analytic continuation of one another if there exist analytic elements (Dx, fx} 
and domains Dy, k = 1,...,n — 1, such that the analytic elements (Dx, fk} 
and {Dk+1, fk+1} are a direct analytic continuation of one another through 
Dy. 

DEFINITION 4. Àn analytic function is a collection of analytic elements 
which are analytic continuations of a single analytic element. The functions 
fa(z) that belong to the same analytic function are called branches of this 
function. 

We consider the collection of pairs (a, fa(z)}, where a is a point of the 
complex plane; f,(z) is a function analytic in some disk Ua with center a: 


Tula) » ex(z — a)*. 
k=0 


On the set of pairs (a, fa(z)} we introduce a topology: an &-neighborhood of 
the element (a, fa(z)} is a collection of elements (b, f,(z)} such that 

1) |a — b| < £, and 

2) the analytic element {Up, fp) is a direct analytic continuation of the 
analytic element {Ua, fa}. 

It can be shown that the topological space of pairs (a, fa(z)} is a Hausdorff 
space, i.e., its neighborhoods satisfy the axiom of separability. 

DEFINITION 5. The Hausdorff space of pairs (a, fa(z)}, where a is a point 
of the complex plane, f,(z) is a function analytic in a disk Ua, and the topology 
is introduced in the manner indicated above, is called a Riemannian manifold. 
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The mapping (projection) of the Riemannian manifold onto the complex 
plane 


{a, fa(z)} > a 


is a local homeomorphism, i.e., in some neighborhoods of the pair (a, fa(z)} 
and the point a this mapping is one-to-one and continuous. 

There is a one-to-one correspondence between analytic functions and do- 
mains of a Riemannian manifold. 

DEFINITION 6. À domain of a Riemannian manifold for which all functions 
belonging to its points are branches of some analytic function is called the 
Riemann surface of this function. 

5. The following formulations of problems of analytic continuation arise in 
connection with the definitions above. 

Suppose that A is a subset of the Riemann surface of an analytic function 
f(z) and the values of f(z) are known on the set A. It is required to determine 

1) the values of f(z) on some set B D A, 

2) some characteristics (topological, for example) of the Riemann surface 
of the function f(z), and 

3) singular points of the function f(z) and the behavior of the function in 
a neighborhood of these points, in particular, the types of the singular points, 
and the behavior in a neighborhood of singular points of the Riemann surface. 

There is the following result [284]. 


THEOREM 4. Suppose a set A contains a limit point within the Riemann 
surface of an analytic function f(z). Then the Riemann surface of the function 
f(z) 1s uniquely determined by the values of f(z) on the set A. 


6. We formulate the problem of analytic continuation for functions of 
several variables in analogy to that for one variable. 

It is known that there exists a function of n complex variables f(z1,..., Zn) 
analytic in a domain D of n-dimensional complex space; A and B are subsets 
of the closure of D: A C B C D. The values of f(z1,...,2n) are known on 
A. It is required to determine the values of f(21,...,24) on B. 

Just as for functions of a single variable, questions of analytic continuation 
for functions of several variables began to be worked out almost from the start 
of the development of the theory—for functions of several variables that would 
be the beginning of our century. Analytic continuation occupies considerable 
space in monographs on the theory of analytic functions of several variables, 
for example, [74] and [278]. We shall present some concepts and results related 
to the analytic continuation of functions of several variables (for more details 
see [278] and [284]). 
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In the present section we denote the space of n complex variables (21, . . . , Zn) 
by the symbol C^. 

DEFINITION 7. A domain G strictly containing a domain D C C" is 
called a holomorphic extension of D if any function f(2;,...,24) analytic in 
D admits analytic continuation to G. 

As is known, domains in the complex plane do not admit holomorphic 
extension. In spaces of two and more complex variables there are domains 
admitting holomorphic extension. The existence of a class of such domains is 
established by the following theorem. 


THEOREM 5 (HARTOGS). Let D be a domain of C", let Dı be a domain 
of the complez plane, let I'4 be the boundary of Dı, and let M be the set 


M = [D xT] u [(z?,..., 29) x Dij, 


where (29,...,29) € D. Then any function f(zo,21,...,25) analytic in a 
neighborhood of the set M (in the space C^*1) admits analytic continuation 
to the domain D = D x Dy. 


7. Solutions of some problems of analytic continuation depend continuously 
on the data. For a single variable this is the case when the set A coincides 
with the boundary I' of the domain D. For several variables this is the case, 
for example, for analytic continuation to a holomorphic extension discussed 
in Theorem 5. 

For functions of a single variable, problems of analytic continuation from 
sets within the domain of regularity and from part of the boundary of the 
domain are ill-posed in the classical sense; the character of instability in these 
problems is the same as that mentioned in ill-posed Cauchy problems for the 
Laplace and heat equations in Chapter I. 

8. As is known, solutions of some differential equations inside domains of 
regularity are analytic functions. In particular, solutions of elliptic equations 
with analytic coefficients possess this property. In connection with this there 
arise problems of the following type, which we also classify as problems of 
analytic continuation. 

Let L be a differential operator in the space R” possessing the property 
that all solutions of the equation 


Lu -0 (3.1) 

within the domain of regularity are analytic functions of the variables (21,..., 
Ta). 

In the domain D there exists a regular solution u(£1,...,£n) of (3.1). 


Additional information may be given regarding the function u(z1,...,2n), 
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for example, 
lu € e, (zi,...,24) € D. 


Let A and B be subsets of D, AC B c D. 
The values of a solution of (3.1) are known on the set A; it is required to 
determine the values of the solution on B. 


92. Analytic continuation from continua 


1. We shall consider from the point of view of the theory of ill-posed prob- 
lems the classical problem of analytic continuation from an interior subdomain 
of a domain of regularity. 

Thus, let D > Dı D D» be domains of the complex plane, and suppose 
that their boundaries T, ';, and l'a are piecewise smooth curves: I‘; C D and 
I5 C Dy. 

Suppose, further, that it is known that there exists a function f(z) analytic 
in D and the values of f(z) are known everywhere in D2. It is required to 
determine the values of f(z) in Di. 

This problem reduces to an integral equation of the first kind. Indeed, 
by Cauchy's formula (a, f.(z)} — a, and to solve the problem it suffices to 
determine the value of f(z) on Tı. Thus, solution of the given problem of 
analytic continuation reduces to solution of the integral equation 

xj. PS) a = f(z), z€D». (3.2) 
One of the possible compact sets of well-posedness for this problem is provided 
by the a priori assumption that f(z) is bounded in the entire domain D by a 
fixed constant. 


2. Estimates of conditional stability of the problem of analytic continuation 
are based on the following theorem. 


THEOREM 1 (HADAMARD). Let f(z) be a function analytic in the an- 
nulus r < |z| < R and continuous in the closed annulus r < |z| € R. Then 


|f(z)] € exp (nm ie Tn peer) (3.3) 
where 
M = max|f(z)|, |z| = R, 
m —max|f(z), |z| =r. 
PROOF. We consider the function 


In R — Inz Inz —- Inr 
F(z) = f(z) exp c MT Rohr tampe Es) A 
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Obviously, 


max |F(2)| = max |F(2)| = Mm. 


Hence, by the maximum principle, 
|F(z) < Mm, r«|z| « R, 


whence we obtain (3.3). 
Suppose now that the domain D» is a disk (or contains a disk) of radius ro 
with center at the point zo: 


D» = (2: |z — zo| < ro 
and let Z be some point of D1: 2 € Dı. We denote by {U 7 } a system of circles 


with centers at the points zy and radii rj, k = 0,...,n, 7 = 0,1,2, satisfying 
the following relations: 


1) U = Də, 2URCULCURCD, 3)UR,,CcUs,  4)zeUj 


It is obvious that for any point z € Dı such systems of circles exist. 
Let f(z) be a function analytic in the domain D and satisfying the inequal- 
ities 
f(z) <M, z€D, 
lf(z) €&  z€ Da. 
Applying Theorem 1 n times, we obtain the following estimate of conditional 
stability of the problem of analytic continuation from an interior subdomain: 


2. mpl 
| f (2)| € inf exp (EE ln En—1 + hein M), 


In r2 — In r9 Inr2 — lnr? 


nri i — lnr; 
Inr ,—1nr] , Inr?_, —Inre_ "a d 
£j -& k-1...,n-1 (3.4) 


(the infimum is taken over the set of all chains of disks satisfying conditions 
1)-3)). 

3. We shall present an example of regularization (construction of a reg- 
ularizing family) for the problem of analytic continuation from an interior 
subdomain, which is based on Taylor's formula. We consider the case where 
D, Dı, and D» are concentric circles: 


D = (z:|z| « R}, Di = {z: |z| < p}, D = {z: |z| < r}. 
We will use the values of f(z) only on the boundary I2 of D2. Thus, let 
f(z)lizj=r = p(z). 
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We denote by R, the operator which assigns to the function p(z) defined on 
I'? the function f; (z): 


n 
k=0 


1 f wd... [FT ika ipia 
xi]. Ser = ya : € ko (re ) da. 


It is obvious that the operators R, are continuous. The numbers a,, are the 
coefficients of the expansion of f(z) in a power series, whence it follows that 


Jim Ray = lim falz) = f(z), 2€ D, 


and hence {Rn} is a regularizing family for the problem in question. 
Suppose now that |f(z)| € M, z € D. Then, as is known from the theory 
of analytic functions, 


iM 
(2) - fal) S erg — y (3.5) 


We consider E, as an operator assigning to the function p(z) on I2 the 
function f,(z) on Dı = T4 U Dy, and we assume that p(z) and f,(z) are 
elements of function spaces with uniform norm: 


le(z)] = maxle(z), ^ lfa(z)] = max |fn(2)]. 
z 2 zcDi 
It is not hard to show that the norm of R, here satisfies the inequality 


n+l 1 (r/p)n* 
[Ral < EHE (3.6) 
p-r 
From (3.5) and (3.6) we obtain the P estimate of the efficiency of ap- 
plying the regularizing family {Rn } to the problem of finding an approximate 
solution on the basis of data with error y,(z): 


leri ) - pelz)| < €, 
E s x (joy p 
lfr - Rapel S 5-577155 papa 5 
In the case of arbitrary domains D, Dı, and D», the regularizing family can 
be constructed by means of systems of circles {U7}. 
4. We shall formulate the problem of analytic continuation from part of 
the boundary of a domain. 
Suppose that the boundary of the domain D is a piecewise smooth curve 
(or several curves) T = Ty UT?,T'1 NT? = Ø, and the I’; are also piecewise 
smooth curves. It is known that there exists a function f(z) analytic in D 
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and continuous in D, and the values of f(z) are known on T1. It is required 
to determine the values of f(z) in the domain D, C D. 

We shall present a theorem on the conditional stability of this problem. 

DEFINITION 1. A function w(z) = w(z, T1, D) which is a solution of the 
Laplace equation in the domain D and which on the boundary I assumes the 
values w(z) = 1 for z € Ty and w(z) = 0 for z € T? (interior points of I, 
are intended) is called a harmonic measure of the curve I; in the domain D 
relative to the point z. It is known that such a function w(z) exists if, for 
example, D is a simply connected domain [168]. 


THEOREM 2. Suppose the function f(z) satisfies the inequalities 
f(2) € M, zer» 
Kf(z) €&m, zer. 
Then 
lf (z)| < Mt?) me), (3.7) 


The proof is similar to the proof of Theorem 1. Suppose the analytic 

function p(z) is such that Re p(z) = w(z). We consider the function 
F(z) = f(z) expte(z)1n M + [1 — p(z)] In m}. 
By the maximum principle |F(z)| € Mm, whence we obtain (3.7). 

5. One way of regularizing the problem of analytic continuation from part 
of the boundary of a domain is to use a Carleman function. 

DEFINITION 2. À function of two complex arguments and a scalar argu- 
ment G(z,c,o) is called a Carleman function of a curve T, in a domain D 
if 

1 Z 
1) G(z,¢,a) = ur + G(z,¢, a), 


where G(z, c, a) is a function of the variable ¢ which is analytic in D and 
bounded and piecewise continuous in D, and 


1 
2) ae [IG sallidsl < a 


We denote by Ra the operator assigning to a function p(z) defined on Ty 
a function f.(z) in D according to the formula 


fale) = Rue) = 35 | Cles odel) de 


We shall show that {Ry} is a regularizing family for this problem of analytic 
continuation. Indeed, by Cauchy’s formula 


fle) = gs f Cles of ds, 
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and hence 


fi) - fs) o |J. Gef (de < am, 


where M = max;er |f(z)|. Thus, 
lim|f(z)- Ree(2]-0, — e()-f() zer: 


The following function is an e of a Carleman function: 


—; ep irlels) - p(2)]}, (3.8) 


where Re (z) = w(z) is a n measure, and 


Ves [ne n (f goa) | 


The accuracy of an approximate solution obtained by means of the Carleman 
function (3.8) can be estimated by the inequality 


Ifa (2)-f(2)] < Max | joe l iO, 


6. The results presented in this section admit generalizations to analytic 
functions of several variables. The problem of analytic continuation of a func- 
tion of several variables from an interior subdomain reduces to the problem for 
a function of one variable. Indeed, suppose f (21,..., Zn) is a function analytic 
in a domain D of n-dimensional complex space. The values of f(z1,..., Zn) 
are known in some domain Dı C D. It is required to find the value of 
T(21 T for Us cin) € DAD. 

Let (20,... 20) € Di. Then there exist functions pp(¢), k = 1,...,n, 
analytic in some ie neighborhood of the segment (0, 1] of the real axis, such that 
(0) = 22, (1) = Zi and the curve in n-dimensional complex space defined 
by the equations 


ay" 


E 1 — w(z) Ima 


-z2  w(2) 


Zk = qx (c), k=1,...,n; c € [0,1], 


lies entirely inside the domain D. 
As is known from the theory of analytic functions, the function 


F(s) = flyi(s),---, n(s)], 


is analytic in some neighborhood of |0, 1]. For the functions qx it is possible 
to take, for example, polynomials of sufficiently high degree. 

We present a generalization of Theorem 2 to the case of functions of several 
variables. 
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THEOREM 3. Let f(z1,..., 24) be a function analytic in the polycylindrical 
domain D = Dı x --- x D, and continuous in the closure D of D; Dy is a 
domain of the complex zy-plane with piecewise smooth boundary Ty. Let Ty, be 
a part of the curve Tk. If the function f(z1,...,24) satisfies the inequalities 


| f(21,---;2n)| < M, (215 59924] e D, 
\f(z1,---,2n)| <m, (21,...,2n) ET, x: xT}, 
then 


|f (z1; --,2Zn)| < exp {[1 — w1 (21) en (25)]In M 
T-wei2n)--:ws(z;)nm), (3.9) 


where wy (zy) is a harmonic measure of the curve T, in the domain Dy relative 
to the point zy. 


PROOF. We suppose that the assertion of the theorem is true in complex 
spaces of dimension less than n. Then 


IF(z1,. 22-59] < exp {[1 — wi(21) - - -wn(zn)] Iin M 
tuwi(z)-:w&(z;)0!nm)N, gn ET). (3.10) 


Inequality (3.9) follows from (3.10) and Theorem 2. 


93. Analytic continuation from classes of sets 
including discrete sets 


1. We shall consider the problem of analytic continuation of functions 
of one complex variable from a class of sets inside the domain of regularity 
including discrete sets. We restrict ourselves to the case where the domain 
in which the desired function is analytic is the unit disk. The problem for 
an arbitrary simply connected domain can be reduced to this problem by 
conformal mapping. (9) 

Thus, let (ay), k = 1,2,..., be a sequence of complex numbers, |a;| < 1. 
The solution of the problem of analytic continuation from the set A = (2: z = 
ak) is unique if the sequence (aj) has a limit point ao with |ag| < 1. More 
general sufficient conditions for uniqueness of the solution of the problem of 
analytic continuation connected with the concept of a Blaschke function [168] 
are known. 

We shall present an estimate of conditional stability of the problem in the 
class of bounded functions in the case where the sequence has a limit point 
inside the unit disk. We first introduce a certain characteristic of sets of points 
of the real axis. 

(8) The results of this section were published in [141] and [145]. 
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Let A be a set of points of the real axis, let {A} be a system of n intervals 
that contains the set A, A C Jj Ax, and let J, be the length of the interval 
Ax. 

We denote by un(A) the infimum of the sum of the lengths lẹ over all 
systems of n intervals containing A, 


Un ( A) = inf (Sa) ; 
k=1 


We observe some obvious properties of un(A)—a function of the set A and 
the integral argument n: 

1) us (4) = us (À), where A is the closure of A; 

2) u4 (A) is a nonincreasing function of the argument n, and lim, ,o5 us (A) 
> uu (A), where uj(A) is the outer measure of the set A; 

3) If the sets A, and A2 are closed and A, N A; = Ø, then u4(A1U A2) > 
In (41) + un (42); 

4) If n = nı + n2, then Un (41 U A2) < Hn; (A1) + Une (A2). 

We set 


Dead D= fz: la < ; D, = fz: la| < it. 


THEOREM 1. Suppose the set A C Do, A 1s the projection of A onto the 
real axis, and f(z) is a function analytic in the disk D, where 


If(z)| <1, z€D, lin (A) 
< —. : 
Vase zea, 9555 4 FN 
Then one of the two inequalities 
M(«e*75, — |f(z)) < 6/7)", z€D», (3.12) 
holds, where n 1s the number determined by the relation 
n+l n 
(eu) « 2c « (2) | (3.13) 


PROOF. We consider the function p(z) = In|f(z)|. As we know, this 
function is subharmonic in the variables (z, y), z = z + ty, at those points D 
at which f(z) £0. 

Let f(a) Z 0 but |f(a)| € £. We denote by I, the level line of the function 
p(z) passing through the point a: 


f) 21f(a) Se | z €T». 


The curve I’, can be either closed or nonclosed in the disk D,. If T, is not 
closed in D, then it intersects the annulus 1/4 < |z| < 1/2. It can be shown 
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that in this case the harmonic measure of the curve Ia in the domain DAT, 
satisfies the inequality 


w(z, Ta) > = 


The validity of the first of inequalities (3.12) follows from this by Theorem 1 
of §2. 

Thus, the assertion of the theorem to be proved is valid if at least one of 
the curves I, is not closed in D. 

We now consider the case where all curves Ia are closed in Dı. If the 
domain bounded by I, contains no zeros of f(z), the function p(z) is regular 
in this domain and is hence identically constant. This implies that in the 
entire domain D we have |f (z)| = const < e. 

Suppose now that all curves I’, are closed in Dı and each domain bounded 
by Ia contains zeros of f(z). Suppose that, in D1, f(z) has m zeros at the 
points z1,..., 2m (each zero is counted as many times as its multiplicity). We 
denote by F(z) the function 


m 


F(z) = [| = fo). 


2 — 2k 
In the disk D, the function F(z) has no zeros. Since 
I — Zkz 
2 — Zk 
the function F(z) satisfies the inequality 
|F(z2)x1, zeD. (3.14) 


We shall show that in the disk D» there exists a point z* at which the modulus 
of F(z) satisfies the inequality 


|F(2*)| < 2e (—) (3.15) 


We denote by B the set (2: |f(z)| € &,z € D2}, and by B the projection of 
B onto the real axis. Obviously, 


m 


Ia E — 2k) 


1 
Because of the closeness of the curves l, in D, and the relations B > A and 
B > A, the set B consists of at most m segments (Ax), the sum of whose 
lengths satisfies the inequality 


L= X lu) r<m. 
k=1 


=1 for|z|=1, 


sup 
zcB 


m 
> sup | | |z — zxl, Tk = Re Zr. 
r€B | 
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We shall show that the supremum of the product | [7 |z — z«| = P(x) on 
the set B is not less than the maximum of the Tchebycheff polynomial of 
degree m which deviates least from zero on a segment of length |. We denote 
the end points of the segments A, by é, and £7, 


Ay = (z: & E z € x], 
and we suppose that 


Ek < TER Ip € es Tp+1 > es Tk S fk41. 


We consider the product 


D m 
[] lz - el [| |£- zr + £2,  &,,| = Pilz) 


1 pti 


on the set 
r—1 
Bi- (U 3 UA. TN ee Ca eee SH oa 
k=1 


It is obvious that at any point z € Ay, k = 1,...,r — 1, all factors in Pi(z) 
are no greater than the factors in the product P(z). At any point z € A/ the 
factors in Pi(z) are also no greater than the factors in P(z): 


t1 =% 6 t6 
Varying successively the sets B; and the products P;(z) r times, we obtain 
the validity of our assertion. 
By what has been said, on the set B there exists a point z* such that 


(ety 


m 


LH — 2k) 


1 


whence we obtain (3.15). 
We now consider the function (z) = In|F(z)|. Since the function F(z) 
has no zeros in D, v(z) is a regular harmonic function in Dı, and hence 


2 1/4 — |2|" 
TOES MERLO (3.16) 
By (3.14) and (3.15), 

v(z) < 0, z€ IA, 


V(z*) < In2c + mln —— 


"Wed (3.17) 
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It follows from (3.16) and (3.17) that in the disk D2 the function v(z) 
satisfies the inequality 


p(z) € 5 (125 min (3.18) 


mat) 


Exponentiating (3.18), we obtain 


F(2)| < (22)! Ead 


sais (E) ee (ue) e (3.19) 


lm 
On the other hand, from (3.14) and the obvious inequality 


6 


2 — 2k 
S 


1 — Zz 


z € Da, 


we have 
If(z)| € (6/7)^, z€ Do. (3.20) 
The validity of (3.12) follows from (3.19) and (3.20). 
2. We present two examples of the application of Theorem 1 for concrete 
sets lying on the real axis. 
1. Suppose the set A is the segment 


A = (z: |z| <1 < 1/4). 
Then 1, (4) = 2l, and from (3.12) and (3.13) it follows that 
If(2)] < (ge\ne-& 7)/Inl. 
2. Let A= Íz: z = 1/45, k = 1,2,...). Then 
UnA) 2 1/4*, — [f(z)| < (6/7) v^ Hl. (3.21) 


3. We formulate a theorem on the stability of the problem of analytic 
continuation which is more general than Theorem 1. 


THEOREM 2. Let D be a domain of the complex plane with piecewise 
smooth boundary T , and let D, be a convex domain, D, C D, where D, is the 
closure of Di; let A be a set with A C Di, and let A be the projection of A 
onto the real axis. Then there exist a continuous function w(z) with w(z) > 0 
forz € D and w(z) =0 forz ET, and a constant r > 0 such that any function 
f(z) analytic in D and satisfying the inequalities |f(z)| € 1 for z € D and 
|f(z)| < € for z € A also satisfies the inequality 


|f(z)] € exp "erp (3.22) 
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where n 1s the number determined by the relation 
n1 n 
(es! 2 «e« (E) 


The validity of inequality (3.22) in Dı is proved in a manner altogether 
analogous to (3.12) in Theorem 1. The validity of (3.22) in all of D follows 
from (3.22) in Dı and Theorem 2 of 82. 

4. We shall present estimates of conditional stability for the problem of 
analytic continuation of functions of two real variables. 

Let A be a bounded set of points of the plane (x, €). We denote by (Hi) 
a system of disjoint strips 


m= 19:785]. 


for which u4 (Ax) > 6, where Ay = Hy N A; Ax is the projection of Aj onto 
the line € = €,. 
We denote by B the projection of the union of the strips Hj onto the €-axis: 
B= {€: (x, €) C Ug}. 


We denote by ^; the supremum of the quantity ju (B) over all systems {Hp}. 
The quantity ^; depends on the set A, the two continuous parameters h and 
6, and the two integral parameters n and m: 


y = 4 (A, h, 6, n, m). 


THEOREM 3. Suppose that D is the following domain in the space of the 
two complex variables (2, €): 


D = {(z,¢): z^ + € < 1, |El < £o, Inl < no}, 
and let A be the set of points of the real plane lying in the disk D,, 
D, = ((z,£): 1? + €2 < p? < 1,2 = Rez, € = Reġ}. 
Then there ezist a function 
w(z,¢)>0,  (z,¢) ED, 
w(z,¢)=0, fz[=1 U |d-1 
and constants r; such that any function f(z,¢) analytic in D and satisfying 
the inequalities 
IffzslS1, (a6) €D, 
A 


If(z,g)l<e, (x, ge (3.23) 
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also satisfies the inequality 


ln(e + roh)w(z, ¢) | | (3.24) 


(2 6) S inf exp - h,6,n,m) 
where the parameters n and m are determined by the relations 
(6/r et! <é+ r9h « (6/ri)", 


A, h,6,n, m) | "*! ln(e + rzh A, h, 6,n,m)]™ 
Lehin" ceo ERES < jfa Iu 
3 A 
(3.25) 
PROOF. From (3.23) and known properties of analytic functions it follows 
that 


felt, €)| € r2, (z, €) € Dp, (3.26) 


where rz is a constant depending on £o, no, and p. Let (Žž, £) € Ax. Then by 
(3.23) and (3.26) for |E — &x| € h/2 we have 


If (@, €)| € € + roh. (3.27) 


We consider the function f(z,£) for fixed £, |E — &| < h/2. It follows 
from (3.27) and Theorem 2 that if the parameters 6 and n occurring in the 
definition of the system of strips {Hp} satisfy (3.25), then 

In(é + rh 
fis | Sep -E al). (3.28) 
We now consider the function f(z,¢) for fixed z. Applying Theorem 2 again 
with inequality (3.28), we obtain 


ln(e + roh)w(z, €) | (3.29) 


« NEL ORAS ARR 
fe) < ep | IndIn>(A, h,6,n,m) 
where the number m is determined by (3.25). The desired inequality (3.24) 
obviously follows from (3.29). 


94. Recovery of solutions of elliptic and parabolic equations 
from their values on sets lying inside the domain of regularity 


We consider two problems. 

1. Suppose the function u(z, y) is harmonic in the rectangle P = {0 < 
r«7,0«9y«a],is continuous in P, and for y = 0, a satisfies a Holder 
condition in x of order a > 1/2 (we denote the constant contained in the 
Holder condition by M). Suppose, moreover, that 


u(0,y) -u(m,y)-0, u(y) = f(y), (3-30) 
where 0 < y < a; € is a given number in [0, 7]; f(y) is a given function. 
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Our problem consists in recovering the function u(z, y) on the entire rect- 
angle P from the data (3.30). 

It is easy to see that the question of uniqueness of the solution of problem 
(3.30) can be resolved in a positive or negative sense depending on whether 
the number £/7 is irrational or rational. It turns out that if €/t is not only 
irrational but is also “poorly approximated" by rational numbers, then the 
solution of problem (3.30) is not only unique but also admits an estimate of 
stability of Holder type with respect to variations of the function f(y). 


THEOREM 1. Suppose that |f(y)| < € for 0 € y € a, and € is such that 
for all natural numbers n 
|sinné| > 0n? 
with some 0 > 0 and o > 1. Set A = min(y,a — y). Then for any point 
(z,y) € P, 
lu(z,y)| € C(a,c,0)e* 9) M1-«(4). (3.31) 


|| a-1/2 T 
ec rop zu 2 


and C depends only on the indicated parameters. 


PROOF. We show first of all that under the conditions imposed on u(z, y) 
for (z,y) € P we have the equality 


where 


u(z,y) — S [uy sinh k(a — y) + uj sinh ky|sinh ! ka sin kz, (3.32) 
k=1 


where 
/ 2 R . /Il 2 i . 
up =— | w(z,0)snkzdz, u,~=— [| w(z,a)sinkzdz. 
T Jo 7 Jo 


The series in (3.32) and the series obtained from it by twofold termwise dif- 
ferentiation converge uniformly with respect to z and y for 0 € z < «x and 
a! < y € a" (0 < a' <a" < a). From this it follows that this series con- 
verges to a function v(z, y) continuous in P and harmonic for 0 € z € 7 and 
0 « y « a. We shall show that v(z, y) is continuous in P and 


lim v(z,y) = u(z,0), lim v(z,y) = u(z,a). (3.33) 
For this it suffices to show that the series in (3.32) converges uniformly in P. 
Since u(z,0) and u(z,a) satisfy a Holder condition of order a > 1/2, by a 


theorem of S. N. Bernstein the series of Fourier coefficients of these functions 
converge absolutely, and since 


\[uj, sinh k(a — y) + u sinh ky]sinh~! kasin kz| < [ul] + Jut], 
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the series 5 ^ (|u4] + |uz]) majorizes the series (3.32) on P. This implies the 
continuity of v(z, y) on P, and termwise passage to the limit in (3.32) gives 
(3.33). Thus, the functions u(z, y) and v(z, y) are harmonic in P, continuous 
in P, and assume the same boundary values. Applying the maximum principle 
to the difference u — v, we obtain (3.32). 

We proceed to the proof of (3.31). It follows from (3.32) that 


" o —uje *e + Up EZ ul e*a = Up e V ak 
f(y) = 2 “kene ke © Tkane ki" sin k€. 
The function f(y), initially defined only for real y, 0 < y < a, admits analytic 
continuation to the rectangle 0 < Rez < a, 0 € Imz < 2r by means of the 
equality 


oo ! 5,—ka H ! pka I 
—Uu,e€ +u Ue t —u. _ ; 
f(:)-9», [AE f cce " sinke, (3.34) 
: —e eka —e 
and in this rectangle 


z)| € $ (lul + uel) < v^(227^ 272(1-279*12)"*]M — (3.35) 
1 


(we have used the estimate for the Fourier coefficients of functions of Holder 
class from [103], p. 241). For real z,0 < z < a, by the hypothesis of the 
theorem, 

If(z)| < e (3.36) 
and, since f(z) is periodic in Im z with period 27, the same inequality holds 
also on the segment Imz = 27, 0 € Rez < a. Using the estimate of the 
Carleman function analytic in a corner, from (3.35) and (3.36) it is not hard 
to obtain an estimate of f(z) valid on the segments Rez = A and Rez = 
a— A (0 < Imz < 2r, 0< A <a/2): 


F] < (n*[279 + 21/2(1 — 2791/2) 71] yA (4), 


A) = a A hN 
pA) ev arctan ^ 2 


For brevity we denote the right side of the last inequality by £(A). From 
(3.34) we obtain 


where 


—ka 
—UuLe + UL on kz 
pka e ka sin EC m = z; | f dz, 


ueko — ure — Uk 


P TEN sinke = 5 L ft jef? dz, 
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where the first integral is taken over the segment Rez = a—A, 0 € Imz < 27 
and the second over the segment Rez = A, 0 € Imz < 2 (to justify the 
last formulas we set t = e7; then the rectangle 0 € Rez < a, 0 € Imz < 2v 
goes over into the annulus 1 < |t| € e*, and the series (3.34) goes over into a 
Laurent series in t). Using the estimate of |f(z)|, we obtain 


—ul.e~* + ul! 


kaco ka sin kê! < e~*(2-A) e(A), 
TER oo ea 
eka — e—ka sin ké <e e(A). 


From this, using the condition on £, we find that 


-upe "^ + ux -1Lc,—k(a—A) ute" — uy -1Lc,kA 
kack | 0 k"e e(A), cba coca s 0  k"e^^e(A) 
and for 0 € z € 7, Cierto 
Super Ue —ka + UL E ue = UL e FY , k 


< 20" !e(A) > ke + DA + |uf}) 
1 N 
< 20-1(1 ES e) !e(A)N??1 + o aN E 2-6*1/2) 71M p -et1/2 


(we have again used the estimate for the Fourier coefficients of functions of 
Holder class of [103]). Minimizing the right side of this inequality with respect 
to N, we obtain 


a — 1/2 a — 1/2 
lu(z, y)| € C(a,o, 0) exp TNI UD In e( A) + (: — M mM] . 

The variable y and the parameter A in this inequality are related by the single 
condition A < y < a — A. It is therefore possible to set A = min(y,a — y). 
Recalling, finally, the expression for &( A), we arrive at (3.31) with some new 
constant C(a,c,0). The theorem is proved. 

We can thus guarantee Holder stability of the original problem if € belongs 
to a set X(c) of numbers satisfying the condition 


| sin ng] > 0(£)n^ 


for all n = 1,2,... with some 0(£) > 0 and o > 1. Using some facts from 
the theory of Diophantine approximations (available, for example, in [281]), it 
can be shown that (| -| is the cardinality, u is Lebesgue measure) |X(1)| = c, 
L.X(1) = 0, and X(1) is dense on [0, 7]; if, however, o > 1, then wX(c) = 7. 
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We consider the question of the magnitude of the coefficient 0(£). Observe 
that for any o > 1, 
infó(£f) 20, £€ X(o), 
but as 0 — 0, for the coefficient C(a,c,0) in (3.31) we have C(o,0,0) — oo 
(as is not hard to see). 
There naturally arises the question of the measure of the set of € € X(c) 
for which 0(£) is bounded below by a positive constant. 


THEOREM 2. Leto » 1 and 0 « 6 « 1. Let X(o,6) be the set of those 
E € [0,7] such that |sin £| > 26n^* /m for each n = 1,2,.... There exists a 
measurable set X(o,6) such that 


X(o,6) > X(o,6), L.X (c, 6) 27-263 n. 
1 


PROOF. It suffices to show that there exists a measurable set Y (c,6) such 
that 


(0, 7]\X(0,6) CY(o,6), | uY(o,6) < 26 ae (3.37) 
1 
Let 
= -0—1 T" — £n—-7-1 T -0—1 PE — —o-1 
Y, = [0, őn ju (t ón stôn Ju U (T — ôn ,T]. 


We set Y (o,6) = US Yn. Obviously Y(o,6) is measurable, and 
HÝ (0,6) < Soy, = 265 n. 
1 1 


Let € € [0, | X(o,6). Then for some natural number n, 
|sinn£| < 2ón ? [n, 
which is possible only if for some k, 0 € k € n, 


< ón 7-1, 


k 
6 -T— 


Le, € € Y, C Y(o,6). The inclusion (3.37) is proved. 

Recalling that for irrational £/7 the solution of problem (3.30) is unique, 
it can be said that problem (3.30) possesses the uniqueness property “with 
probability 1” and admits a uniform estimate of stability of Holder type “with 
probability arbitrarily close to 1". 

2. Suppose that in the rectangle P — (0 € s € v, 0 € z € X] there is 
defined a solution u(s, z) € C(P) of the problem 


Ur — Uss = 0, u(0, z) 2u(1,72) 20, 0<z<X. (3.38) 
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We consider a curve s = a(x) lying in P and assume that on this curve there 
are given the values of the solution u(s, x) of (3.38): 

u(a(z), z) = f(z). (3.39) 
We pose the question: does the function f(x) determine the solution u(s, z) 
of problem (3.38), (3.39) in the entire rectangle P? If a(x) = const, then the 
problem in question has properties completely analogous to the properties 
of the preceding problem and, in particular, does not have the uniqueness 
property, generally speaking. Indeed if a(x) = (n/m)z,0 < n/m < 1, then 
the function 7 

u(s,z) = > Umke ™ FT sin mks 
k=1 

with arbitrary uj satisfies (3.38) and for it f(z) = u(na/m, x) = 0. It turns 
out, however, that this case of nonuniqueness (o(z) = const) is in some sense 
exceptional. Namely, we have the following result. 


THEOREM 3. Suppose a real-valued function a(x) on |0, oo) admits an- 
alytic continuation to the domain |argz| < «0,0 < 0 < 1, z = z + iy, is 
continuous up to the boundary of this domain, and satisfies the inequality 


la(z)| < Cet, k < 3sinz(0 — 1/2). 
Suppose that on the segment |0, X] 
f(x) = u(a(z), 2) 
If a(x) # const, then u(s,z) =0 on P. 


To prove the theorem we need two auxiliary lemmas, the first of which is 
well known. 


0. 


LEMMA 1. Suppose that a function a(z) is analytic in the domain |arg z| < 
10, 0 « 0 « 1, ts continuous up to the boundary, and satisfies the inequalities 
lo(z)| < Ce*'*! and |o(z)| < Ce-3*. If k « 3sina(0 — 1/2), then a(z) = 0. 

LEMMA 2. Suppose a function a(z) real-valued and continuous on |0, oc) 
possesses the property that either lim, ,;5 a(x) does not exist or 


lo(z) — im o(z)|e?* — oo. 


Then for any k — 1,2,... there exists a sequence {s} such that as n — oo 

rik) — +00, exp|-(2k + 1)z(9]| sin ka(z(?)|-1 — 0. (3.40) 

PROOF. We show first of all that for any k = 1,2,... there exists a sequence 
{r\*)\ such that as n — oo, 


Lafa) - Tl exp[(ak + 1)20®] +00 — (3.41) 


al) — +00, min 
mcM 
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(M is the set of all integers). Suppose first that 
lim o(z) « lim o(z). 
r—0O00 r—00 
Then the function o(z)/7 as z — oo assumes any value of the interval 


(i lim a(z), : im a) 


infinitely often. Let € be an irrational number in this interval, and let {zt 
be such that x") — oo (n — oo) and a(z?) = rê. Then 

1 m 
alr) — |= 

zalza) — g | = Clk) > 0, 


min 
mEM 


and hence (3.41) is satisfied. If a(z) — +00 (x — +00), then there exist an 
irrational £ and a sequence x!) — +00 (n — oo) such that o(z 0? ) = m(€+n). 
It is easy to see that for such {z the previous estimate holds, and hence 
(3.41) is satisfied. 
Suppose now that 
]im o(r)- am, eé(x)=a(z) — am. 

Suppose first that a is irrational. Then for m € M 

la — (m/k)| > C(k) » 0 
and for sufficiently large x 
1 


re- = 


m 1 


m 1 
a- + -e(z) >| ja- 2] - —le(2) 


> C(E) - Zle(z)] > JO), (3.42) 


thus, (3.41) holds for any sequence z? — +00 (n — oo). Suppose a is 
rational. Then there exists a set Ma C M (possibly Ma = Ø) such that 


la — (m/k)| = 0 for m € Ma, la — (m/k)| > C(k) > 0 for m € M\Ma. 
Then for m € M, 


1 


m 
qe tE 
T 


7 + Le(z)| = Lle(z)l, 


and for m € M\M, and sufficiently large x the estimate (3.42) holds. Thus, 
if x is sufficiently large, then 


- a(z) z z > min (30%; o) = -le(z) 


min 
mcM 
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and, since k > 1, it follows that 


1 m 1 
S [0s — LjeQkti)s.- (2k--1)z 
min - ez) iE 2 e(x)|e 
= - a(z) — lim o(z)|e7e2(*-1)2 
2 - a(z) — limo(z)|?* — oo, zoo. 


Thus, in this case as well (3.41) holds for any sequence xi? > +00 (n > 
oo). 

The proof of the lemma can now be completed easily. Indeed, if as) 5 oo 
as n — oo and (3.41) holds, then (mo is the integer nearest to the number 
tka(x'*)) 


| sin ko(z09)| = |sin[ko(z (9) — moz]| = sin |ka(z09?) — mor] 


2 1 m 
= (k)) _ — 9b|—a(z(*)) — 0 
> - ka(z;. ) — mon| = 2k -a(z ) 7 


1 m 
m (k)) _ 
(Zn, ) k 


= 2k min 
mcM 
and from (3.50) we obtain 
| sin ko(a9)| exp|(2k + 1)z(9)] 


Lafa) — T exp|(2k + 1)2(9)] — 00. 


2 2k min 
mcM 


The lemma is proved. 
PROOF OF THEOREM 3. Since u(s, z) is continuous on P, for z > 0 we 
have the equality 


u(s,z) = 3 uye* * sin ks 
k=1 

and the sequence |u| is bounded. By the hypothesis of the theorem, for 
0<rt<X 

>. uze* * sin ka(z) = 0. (3.43) 

k=1 
Since a(z) is analytic for z > 0 and a(z) is real, there exists a domain Q of the 
half-plane z > 0 containing the real semiaxis and such that |Im o(z)| < & for 
z € f. In the domain NN {z: z > 6 > 0) the series (3.43) has the convergent 
majorant 


25 lus] exp(ke — K?6), 


k=1 
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which implies analyticity of the sum of the series (3.43) in Q. Hence, equality 
(3.43), originally satisfied only for z € (0, X], holds for all z € (0, oc). 

We shall show that the function a(z) satisfies the conditions of Lemma 2. 
Indeed, if 

lo(z) — limo(z)|e?* < C, 

then the function a(z) = a(z) — lim a(z) satisfies the conditions of Lemma 
1, and hence a(z) = 0, i.e., a(x) = lima(z) = const, which contradicts the 
hypothesis of the theorem. 

We shall now show that if (3.43) is satisfied for all z € (0,00) then ux = 0 
for all k = 1,2,.... Indeed, suppose that uj = --- = ug_1 = 0. Then from 
(3.43) we get 


ux sin ka(z) = — `; u; exp|-(i? — k*)z] sin?o(z), 
i=k+1 
whence for z > ô 
|ui| | sin ka(z)| € exp[- (2k + 1)z] > |u;| exp[- (7? — 2k — 1)z] 
w=k+1 
< e (2k+1)z p» A exp[- (1? = 2k m 1)6] (3.44) 
i=k+1 


= exp[- (2k + 1)z]C(k, 6). 


Suppose now that (zt is the sequence constructed in Lemma 2. Then by 
(3.44) 
|ux| € C(k, 6) exp[- (2k + 1)z(9]| sin ka(z(9)|-1. 


Passing to the limit as n — oo in this inequality, we obtain ug = 0. The 
theorem is proved. 


CHAPTER IV 


Boundary Value Problems for Differential Equations 


In this chapter we consider questions related to uniqueness and stability 
of boundary value problems for equations of mathematical physics that are 
ill-posed in the Hadamard sense. We shall mainly be concerned with local 
Cauchy problems, i.e, Cauchy problems with initial data having compact sup- 
port. Exceptions are $2, devoted to a mixed problem for a parabolic equation 
with decreasing time, and the part of $3 in which we consider the problem of 
extending a solution of a pseudoparabolic equation from a “timelike” half-line. 
Estimates of integral norms of solutions with a weight increasing in a neigh- 
borhood of the support of the data form the means of obtaining existence 
and stability theorems in this chapter, and these estimates themselves we ob- 
tain by means of certain combinations of partial integrations. This makes our 
considerations altogether elementary, although very laborious. We use the 
Laplace transform to obtain an estimate only in one case. 

Uniqueness theorems for the Cauchy problem for elliptic equations and 
the noncharacteristic Cauchy problem for parabolic equations of second order 
are proved in [298], [300], [317], and [321]. The Holder property for the 
Cauchy problem for elliptic equations is established in [141], [142], and [161]. 
The Holder property for the noncharacteristic Cauchy problem for a general 
parabolic equation of second order was apparently first proved in [8]. Earlier 
this result had been obtained only for an equation with a single spatial variable 
[160]. Other questions connected with the topic of $81 are discussed in [145], 
[163], [289], [310], and |311]. Theorem 1 of 82 is well known. The reader 
can find a detailed consideration of related questions (especially within the 
framework of operator differential equations) in [135], [136], and [329]. The 
introductory article to [329] contains a detailed bibliography. Questions of the 
approximate solution of ill-posed Cauchy problems for evolution equations are 
studied in [111], [138], [164], [285], [291], [311], and [324]. Theorem 1 of 83 is 
proved in [287]; a “timelike” Cauchy problem for a pseudoparabolic equation 
is considered in [290] and [326]. 
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Cauchy problems with data on a timelike manifold for equations containing 
hyperbolic and ultrahyperbolic operators are studied in [76], [77], [123], [124], 
[286], [289], [315], [316], [318], and [328]. Our exposition is based on the 
method of [286]. The example of F. John demonstrating logarithmic stability 
of these problems was taken from [315]. 


91. The noncharacteristic Cauchy problem for a parabolic equation. 
The Cauchy problem for an elliptic equation 


Suppose that for7 >0,0< X <landO0<T «1 


= ; 1 aN 2 —242 
M4 = [aon <5 (m-x ia all 


In the domain {11/2 we consider the differential inequality 


" . o 
— ` a? (t, z)uij 


2,3225] 


< a(|Vu| + lul), (4.1) 


whose coefficients a? (t, x) satisfy the conditions 


a? (t,£) € C° Ma2), X a? (t, z)6;; > 25 &, — (42) 
54-1 
where p is a positive constant. Regarding a solution of (4.1), we shall assume 
that 
u(t, z) € C^(01/5) n C! (Q5). (4.3) 
Suppose that Cauchy data for the function u(t, x) are given on the intersection 
of Q1/2 with the plane zı = 0: 
u(t,0, zo, ... , Zn); u1(t, 0, z2, . .., En). 


We shall show that these Cauchy data determine a solution of (4.1) in unique 
fashion, and under a certain additional condition on u(t,z) we shall obtain 
an a priori estimate of the solution of Holder type. To this end we prove an 
inequality for the L?-norm of the solution with weight 


plt, z) E exp|Av " (t, z)], 


where A and v are positive parameters on which additional conditions will be 
imposed in the process of obtaining the estimates, while the function v(t, z) 
has the form 


1 
doo B 
w(t, x) ng) 6% + grat + a, 0c a« 5. 
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If (t,£) € Q, and ņ € 1, then obviously a < p(t, z) <n +a < 1, and if we 
set 0D, = zu U wP, where 


P= [nass Tı = DX zl 


1 
md = fa Ti > 0,21 =n- aya ot? - m 
1-2 


then 


(ad? > a for (t, £) € wf”, m 

=a+n for (tz) € w”. 

Everywhere in what follows we use the symbol C to denote constants (distinct, 
generally speaking) depending only on the dimension n and the C?-norm of 
the coefficients a? (t, z). 


LEMMA 1. If X and v ezceed some positive absolute constant, then 


ue?|Vu|? — (wav $ — pu? 


<o fu 23 a «| u — 5u) + div U, 


5j—1 
where the modulus of the vector U satisfies the inequality 


lU| < Cp? (iv + wv?) 


PROOF. We have 


n n 
p? (^ — D us u = ppu? + p? ` a? u;u; 


4j-1 2,j=1 


n n 
ij i ij 
+ X (ela?);uu; + 5 (e u) - 3 (ga? uu); 


jj-1 5j-1 
Et l € z 
= —pyp,u? + p? à, a? wu; — 5 p» (^a? );;u* 
2,2—1 2,7—1 
1 n 
+ 5 (e v^) = X (Pat u;u) «iy [C 
2,7—1 2,7—1 


We shall estimate the terms in the last expression. Because of condition (4.2), 


n 
p? ` a?) u;u; > pp?|Vu]?. (4.4) 
7,7—1 
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Further, 
ET ERR 
- epu? = dup "phi! = vau" tu 
> - Wawro, (4.5) 
1 n 
EP. 
- » 
ES D (2ppija + 2pipja + 4pp;a? + 20a? + pag)? 
SN 
> -C M (elesl + leille;l + ele; + ?)u?. (4.6) 
7,7—1 


For the derivatives of the function o we have (7,7 > 1,2 #7) 
Q1 — Av "1o, Q11— MV? T Av(v T 1)y^"^?o, 


Pi = — wave 
Pii = Av 22 A pos p+ (v 1) : QUU 2p — iva ;U lo 
= VA Sy 20 4 AÀv(v + ot ae 2 6, 
Pij = XS Ty yp tT Av(v + DU e. 


Since |z;| < X and 0 < y < 1 in the domain ()1/2, assuming that the param- 
eters À and v exceed some positive absolute constant, for these derivatives we 
obtain the estimates 


Ipil € Avy" “19, lel € 222727?" 729, 
[2 < Aviv "e, leal < 227? yap 2" 20, 


lexsl « 222v? 1. 7?" 7*4, les < 2 p* epp 40, 
Using these estimates, from (4.6) we easily find that 
IM Pw (o 2933) ya? > 023 1 xij 77 2 e u. (4.7) 


2-1 
We proceed to estimate the divergence terms. We have 


- ye a^ uu) +E Ville) 


7,7—-1 2,?—1 


— » — p? X aï uju + ; S (vat) ju? = —div U. 


76 IV. BOUNDARY VALUE PROBLEMS 


For the modulus of the vector U we obtain the estimate 


n n 
Ul € $j- 5 ;a?uju + 


7;—1 = 


n 

= \ |- 2 a? u;u + = 
2 
7—1 


< Cy? (vue T: viae] | (4.8) 


Collecting the estimates (4.4), (4.5) and (4.7), we arrive at the inequality 


n 
p’ [s 25 2) u > pyp?|Vul? 


5-1 


d 7a”), 


vie 


(ee; a + o? a? )u 2 


lo doc 1 | 
— (wiv 1. Civ? a 2 ?) yy? + 5 (^u^), — div U, 
where the modulus of the vector U satisfies (4.8). The lemma is proved. 


LEMMA 2. If X and v exceed some absolute constant and, moreover, for 
some o = o(a) 


v > o(In(1/X) + In(1/T)), 
then 
E 2 
y"? o? [^ _ > dus) > O99 [Vu]? 
ij-1 
i 4349 77"? (invo - € vel - e Ive? = x) yu" 
+ Ü, + div U, 


where the function U and the vector U admit the estimates 
ÜI «ce (Iv? + dali | 
lU| < Cy? (4 + Ael Vuf + MX ih) 


PROOF. We introduce the auxiliary function v(t, £) = y(t, z)u(t, xz). Since 


ur =p (v + Avi" Iv), 
Ui; = o v; + Avy?’ aiv; + Avy? vj 
+ [v ^y?" ^y; — Av(v + Ly’; + Avij T dy; |v}, 
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it follows that 


n 
t2? TE 3 a uiz 


54-1 


n n 
= yt? vy, — ` a? vj; — Quy’ > a pu; 


1,j7=1 t, j=l 
- M phy m Nai; — Avlo + b; 
7,7—-1 


+ Avy’ ya? v + Avi "ev 


Denoting the terms in braces by z1,..., 25, we have 
2 
n 
Ytp? |[u- S aui] —v"*?[z2 + (zo + za +z)? +23 
i, j=1 


+22122 + 22123 + 2z1(24 + 25) + 22223 + 2z3(z4 + 25]]. 
The proof of the lemma consists in estimating each term in the last expression. 
This procedure is elementary but very tedious. To make it sequential, we 
break the proof of the lemma into several parts, in each of which we deal only 


with one term (or with a small group of terms). 
1) 2)"*?2129. We have 


2" *?212, = —2 » prta viju = xu (Yta viv; 
1,— 1 2,7— zl 
n 
+2(Y”t?a" );vv;] + ^ (Yta vjv;), = (Yt a vv;).]. 
ij=1 
We estimate the terms in the first sum. Since 


= (pr 28i) = (y + Dyt + petal, 


V1 = 1, y; = 2;/X?7, pi = t/T?, it follows that 
XO [7 (229 viv; + 2(0"*2a* i v;] 
7,7—1 


"n 
BE 2 (v + 2) J tt 1J Ly? a? ]v Viv 
t.j=1 
(Continued) 
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(Continued) 
+ 2v, P» [(v + 2); *1a9 + yrt?a¥ v; 
ij-1 
- Cv; z UH  2(v 4-2)" tio » a ijv; + 2" ty, » a? v;. 
2,7—1 7,7—1 
We shall estimate the divergence terms. Since 
vi = plu; Avi ""lyjw), Ve = plur — AV” Yew), 
it follows that 


> y" ta yv; 


7,7—1 


« Cy" *?o? (iv 4 X tu! 


If we set 
2 » (- > tela — div U, 
j=1 2 


then for the modulus of the vector U we easily obtain 


U| «2Y- 


2=1 


n 
` ta vv; 


j=l 


< Cy’ to E +|Vul? + A5 (xz T 5) dcr 


Thus, 


29" t?z za > 2(v - 2)" *lv, ‘> a ;v; 
ij=l 


H2" ty, » aj v; — Cvz zi" [Vu + U, + div U, 


7,7—1 


where the function Ü and the vector U satisfy the inequalities 
lij < cya? (iv 4 vt eva?) 


JU} < Cp’ tty? E + Vu]? -AA4Z7 (xs JE 1 5) y 272 el. 
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2) V"*?(22 + 22 + 22122 + 22123). Using the results of the preceding part, 
we obtain 
pt? (z? E 24 T 22122 T 22123) 
n 
> y? (22 + 22 22:25) +2(v +2)” tto, X a jv 
ij-1 


H2" **v, » a? v; — Cue T+V]? tU, + div U 


27,7—1 
-4792 2.2.22 (zat (v2)! Y. avv XO av; 
4j-1 5j-1 
= Cv za |Vol? + U; + div U. 


Applying the Schwarz-Bunyakovskii inequality to the third term in braces, we 
obtain 


V" *?(z2 + 22 4 22123 + 22122) 


> yet? |-2zs(v + 297! 3 apiu; 


i, j=l 
2 
- (v +2} y7? ` a ypjvi | —223 p» a2 v; 
2,j=1 2,j=1 
2 
—2(v+2)p7} 3 a sv; > a; Vi — (E is 
27,7—1 1,21 2,j=1 


— Cv z^?! [vw + U, + divU. 
We recall that z3 = —2Av" 71 57 j1 a ij;v;. Hence, 
"t^ (zi + 25 + 22123 + 22122) 


13351 


2 
> yt? l MAv(v + 2)’ — (v 4-2? 77] D 2 


+ [Avy "7! - 2(v + 2)Y7!] (E 2 (E es 


2,j=1 2,7—1 
(Continued) 
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(Continued) 


2 
: d | D ss E Cvz [Vo +Ü, +divU 
4,7=1 


> y^"? wv -2))7"7? — (v + 227? — 2e "7! 


1,7—1 


2 
elv + 21] p 2 
2 
— -[Duj-- 1 — (v -2)97] p sis 


2,j=1 
— Cv zi? | Vw + U,+divU 


(we have used the inequality 2ab > —&a? — b? /e). Choosing £ = (v + 2)p7}, 
for the expression in question we obtain the following lower bound: 


2 2 
2\v(v + 2) y a^wvi | — (229? — yt?) 3 a? v; 
13551 7,7—1 
-Ovt Vof +Ü, +div U 


> -C (ay J vn) IVv[? + D, + div U. 


To complete this part it remains for us to return to the function u(t, z) in 
the first term of the last expression. We have 


-C (av? + vr) [Vo]? 


~C (e + v) eheu + $ (2op;uu; + ae) 


;—1 


E (av? n va) (iver + »5 de) 


w=1 


+ CY (ov? tva pu) pei] v? 


7—1 


— CY IC + va) eoa? | 


7—1 2 
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uso (av? $ vat) e^|Vu|* 


+ CY l (av? + 2280) 
i=1 
x |*v^y 72? + Av(v + 1)" — v" his] 
— [nw +v(v + nd wr? ou? + divU 


IV 


E d. (av? + v) e?|Vu|? 
T 2 1 v —y— " 
- "E l (x tva) " Aij Wi; 


+ [ny +v(v + T we pu? + div U. 


Since #11 = 0 and yj; = 1/X? for i > 2, assuming that v > 1, we obtain 


d (ov? ae 2:28 [Vv]? > BE d. (ov? EA vn) e?|Vu|? 


-C Law (ov? + vin) rtm 


Av (ww 4 ^q) ivan pu? + div U, 


and, as is easily seen, 


IU] € C(Av^" -v/T)Avo*v?/ X. 


1 
prt? (22 4 22 4 22123 + 22122) > -C (av? + vir) e^|Vup? 


LE yee ae | 
-C bw (av? + Uae " V bc 


+ Av (v + zw") wtp yu? + U, + div U, 


where the function U and the vector U satisfy the inequalities 


I < Cy t2p? (Iva $ wv? ew 2a? | 
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2223 
ec Qu" tug) wee 


< Cy’ t? o? E d |Vul? + A22 (xz TE 1 ya) ee i 


with some new constant C. 
3) 29"? 21 (z4 + 25). We have (67 is the Kronecker symbol) 


2"? zi (z4 + 25) = —2 [ios — Av(v + 1)]a!! 
+2) [àv y^" — wv +1) 35] 4 E li 


n 


+ D haz 27i AV "-—Av(v- 1) v + 6dv x: a? 
2,2—2 
X t 
— Ving? VVE 


-{- MS Ti at — 23> Xy Yam y—¥—tq} 


1—2 


tJ 


+5 (- XT TV + RD 


ij—2 
— Ta — VER, + [A?r yY — Av(v + 1)]a]! 
Ti T2 t 


+2 » E 2 Ži ay’ —Av(v + Ds ait 


2,7—2 


pm): 


+ 5 z ee — Av(v +1) Yd tavat a as 


27,7—2 


>-C (9v pp 14 va) pu? + U,, 


where 


Ü| «c (X^ xu" 4 m) o?u?. 
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4) 2" *?z523. We have 


nr n 
OU" *?2524 = 4Av D Va? vj; D a Fu 


ij=l k,l=1 


= 2\v y » c y es Viv; — 2 [we y 2 UU; 
1,J=1 l=1 l k=1 i 


— [vs » 22) 12 [ve » Pi 
l J 


k=1 k=1 
=2v X IG So a aby + ba? V ^ ak bey 
i,j=1l=1 k=1 k=1 
ee n . n 
+ wa; 2, aF y + pa” D iP UjU; 
k=1 
—? (s "E S alpy za Va? y a y; 
k=1 k=1 
+ Va? » aF py + pat y 23 ws + div U. 
k=1 k=1 
Since 

n n n 

D a9 5 a 'Wwyyiviv; = » aF yy > aviv; > 0, 
ij=ll=1 k=1 k,l=1 ij=l 

n n 

D $ yat o jun = DIT ER a? vjv; > 0, 

2,]— i=] 12-5 1 
3 3 a 3 af'ppuw;] < Cx ;IVvl^, 
2,j=11=1 
n . n . 
o» Y ya? » a" jyivio;| — Y a V af avv; < C iV. 
ij-1i-1 i=2 =1 


j=l 


D » (vei » aby + pa” » di) Vij 


1,J=1 l=1 k=1 k=1 


—9 co p a y, + a? y 23 ve 


k=1 k=1 


< C= |VoP, 
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it follows that 
2" 2524 > O35 [Vv]? + div U. 


Just as in part 3, we return to the s. u. We have 


- OwslVel? = - Oy G |Vu|^ — pu (eoa 


;—1 
> - Ov sel Vul! — CX qn lo?u? + div U. 


Thus, 

2" 1? 2523 > On vs? |Vul? — C22 ar lp?u? + div U, 
where the vector U admits the following estimate: 
[U| € Càvy| Vy] |Vv[? + On za elVelu? 


H * NV 221) 1-1 99 
S Owy 2 (ou + piu) +C v xa? p u 


< de ad +C)? v? gV t Vul Jul 
+ OXL zu -2 02u? < Cw e?|Vuf? + CX Ja? phu. 


5) war, + 25). We have 


2" t? z4 (z4 + 25) 
= 412 X a v; [Avy = (v T Dy" > a v 
i,j=1 1,j=1 
1 T". gu AC 
den Bede] 


We consider the expression 


412,2 » » [Avp ? "71 — (v + Ip’ ]a9 aF i iv;v 


1,j9=1k,l=1 
= —2)*p? D X ([-Av(2v + Ip”? + (v + 1)*9-"?]a a bib vii 
a Ss 


i [Avy ?"71 — (v 4- 1)y-"- !][(a a kl + ad a jai 
+ a a" (uii + bibi + Viderbry)]}0? 
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+ 20*v? Y E {Avy — (vt 197" a a iyi? 


i,j=1k,l=1 


2 
= 2h?v?[Av(2Qv + 1) 24-2 — (v + 1)*y7"7] | D 2 v? 


7,7—1 


- 222^ [v T?! — (v + 1)y^"7!] 


n n ee n "T n 
x | SS a yii So adit M ay; Y. ayuu | v? 
k,l=1 21,7=1 1,771 k ,l=1 


n n 


= 2A? v [Avy] — (v +1) lxi 23 P» a v? 


n 


- 4? [Avy T? — (v + 1)y^"- yz 2y y a9 aJ av? + div U 


q=21,1=1 


ZIA p p72"? EZ - C|vy p — d v? +div U 


= 2)\3 py-2-? anu - C|V4[? — d p*u? + div U, 


and, as is easily seen, |U| < CA?»?(1/X3)y-?"-19?u?. Further, 


41272 


2t sy "va a ujv — 42V? 7 D (UNE "a? v; ‘Vy 


1,7—1 k—2 1,j=1 
= — 9)2,2 Él Y yp v— Lid; a kk 
aa 1k=2 
+p pija a a** +47 vah; ay a** +p’ yia af*)v? 
t " - " 
+ 2070? ra Si <p’ pipa + p pija +y dia )v? 


MI 


+ 2M V^ Y3 LS Y ( “pat aF*y?); 
21,9=1k=2 
n 


1 " 
=~ 212 2 T, (t) ^" piat v? ); 


( Continued) 
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( Continued) 


2 
Lo = oe LES. 
= 20V? a v—1 D > a iy; -Vsa » J 
k=2 1,771 1—2 
-4 Do dju a -y So alias Dab] 0? 
4,j=1 k=2 1,j=1 k=2 


FOX ped ^ > a y; 


1,j=1 


+ op +y 9 i] v? + divU 


5j-1 
loe 1 
2 [nf $ lu - Dy?|vyp? - Cx: 


— CX ay (uv? + x) | o^ yu? + div U, 


and it is easy to see that 


1 1 
2,24,-v[| + , + \ 2,2 
U| < CA*v^v (xs * 7x)» u*. 
Collecting the estimates obtained in this part, we find 
Qu" ^ za (z4 + 25) 


> 5v [yia - civ 
- C45 IV? + gd’? [oln - Dy] V9 - Czy 
X? AvX? X? 
~ Cry (vvu + x) | Q^u* + divU 
> antsy? aw I vu - CIV 
1 1/1 1 
Cyl Vl Es Cy (xs T 5) ven pu? + div Ọ 
(we have used the inequality —2/(TX?) > —1/X* — 1/T?), where 
U| < Ceri (xs E l wet) pu?. 
Thus, we have considered all terms in the representation 


2 
n 
pt? [- » 2) ! 


54-1 
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Collecting the inequalities obtained for them in parts 2-5, we find that 


Cp (1 + DOE gu) p?|Vul? 
+ 4)\3p4y-24-? [avo — Low = CIV 
E E: * 7) W- Os (w+ vpe) "ys 
- Cun - (wr 2 zw) "t Vvyp? 
— C xni (9e vu i AV =) gerne 


-C 


aa" yu? + U; + div U, 


where 
J| x Ce? wy" ul + ( A*v*— + AvE lut], 
U C 2 wp +2 V 2 \2 2 x À 2 


U| < ce? fra T 1 Rad glvuP 
= 
3,3, —2v—2 v--1 


All these inequalities hold for all À and v exceeding some absolute constant. 
We simplify these inequalities by imposing additional conditions on v. Since 
X « 1 and A,v » 1and y < 1 +a, it follows that 


1+ - Xf? + gerere a (ea) 


and, since 0 < a < 1, there exists o1 = o1(a) such that the condition 
v > ai1ln(1/T) implies 


14 DOE FEY <3. 
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Similarly, 


13 1 v+1 2 1 v+1 v4il 
o Gn 5) TS a Qs PUY )s x? 


s ma : i i AM) Y+ Va] 


2 —v-—1 2v+2 V 
+ Cx (P ya Zr + Cpa 


0 (a+r) (3ta) s0 
under the condition 
v > o»(o)(In(1/ X) + In(1/T)). 
Increasing 2, and o», if necessary, we reduce the estimates for U and U to 
the form 


Ü| < ce? (iva n Cad | 


lU < Cp? (a? + Ww |Vul? TAS xim) ; (4.9) 
Thus, if with some constant o(a) 
v > o(a) (In(1/X) + In(1/T)), 
then 


2 
"t? o? (s — D dus) > -O gs el Vut 


t,j=1 


eti (uve - cz iu 


|l om pblun]aaifr 
C-l VH] cÈ) u“ + U, + div U, 


where U and U satisfy (4.9). The lemma is proved. 


LEMMA 3. There exist an absolute constant oo, a constant o1 (depending 
only on a), and a constant o2 depending on the coefficients a” (t,x) such that 
for À > oo and v > max(cı ln T^ 1,02/ X*) the inequality 


Mv [Vu]? + AS rty? pu? < Cs Ut — 3 2) u 


i, j=l 


2 
+ Cyt? yp? [s — D 2) + Ü, + div U, 


1,j=1 
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holds, where 
IU| «ce (Vu + xxi) 
1 1 
213 2, 43,3 -2v-2,2 
U| < Cp (d + avlu +A V ci) a). 
PROOF. We note that under the condition v > o(ln(1/X)+ln(1/T)) with 


sufficiently large c = c(o) the inequality of Lemma 1 implies 


e^ | u- 5 aui; | u > ue? |Vw?| - CA22 : yi 20^ u? + Ü, + div U, 
1,j=1 
where 


Occ, | <Cp? (vu? wy) | 


Multiplying this inequality by Av0X-?, where 0 > 0 will be chosen later, and 
Mos it to the inequality of Lemma 2, we obtain 


vy L (0n — C)e?| Vul? + 3v9-?2 (zv 


us b us 3 d 2 2,2 
C5: - OZIN - Cigal- C5 ) es 


« Vv vafe ic => ous) 
21,j=1 
2 
1e ^v 
Ly (^ — X “us + U: + div U, 


i,j—1 
where , 
ÜI < ce? vu? vss xt? 
and 
1 
vi «ce pat ov (= + xs Iva 
4 (rue Eu Mtr) e 

Since 


|Vy| = O22») ^ | 
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it follows that 1 € |Vy| € C/X. Hence, 


va (6 - C)p?|Vul? + 4024-2"? (ziv 
0 z 


1 
z 3 ce 2,2 
-07 ci P IV — -ya Livy] Cx) pu 
> vis (0u — C)p?|Vul? 


0 1 1 23 
3,,4,/,-2v—2 2 — — (a 


-2v- 0+1 
> va (64 — C)eg? Au[? + 43359 7?" 7? j- op. s 


We choose 0 from the condition ĝu — C = p? - Coen) i.e., we set 
ji nO bee. pe 
~ | vX4 BY OX 


C CY 
u -C = G - (H+ C) ya | (H+ zi) 
It is easy to see that there exists a constant 09 such that the condition 
v > 02/ X^ (and it may be assumed that o2/X* > oln(1/X)) implies the 
inequalities 


Then 


C(0 +1) _ ,? 
ap us d. ec e 
0 » 0, 0u—-C-u i T 
Noting = 0 < (y? + C)/u, we obtain 
I p^ o 2 3 ae —2v-2 o? u? 
2 
2 Be. Ust c 
< in ae [s = » z) ut ypt p? (s = ». 2) 
i,j—1 5j-1 


+Ü, + div U, 
whence the lemma follows. 
THEOREM 1. Suppose the function u(t,x) and the operator 
ð 9? 
8t - Ms irem 
satisfy conditions (4.1)-(4.3). Suppose, moreover, 
e for (t,z) € v, 
lul, utl, IVu| < | ps 


4.10 
1 for(t,z)c€ Ur. ey) 
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Then for any 0 <n < 1 
1 
TX” 


where ^4 > 0 and 0 < ^2 < 1 (q1 and ^» depend on the coefficients a? (t, x) 
and the quantities T, X, and 1). 


J u? dt dz < qE??? 
Qn 


PROOF. Piin Lemma 3 and using (4.1), we obtain 
ae? [Vu]? + 337597277292, 
< aC s e (IVu| + |u|)|u| + a? CY t? e? (|Vu| + |u|)? 
TU + div U, (4.11) 


where 


A > 00, v > max (o1 In F, m). 
ÜI «ce? vu? + Mon | 
[U| < ce? c + x5 L Vul? + Xv ;1 Pv 2 


From T 11) we have 
Mes? [Vu]? + 33p4y 7?" pu? < aC rs e [Vul] |u] aC e? u? 
+ 2a? CY” t? o? |Vup + 2a? CY t? pu? + Ü, + div U 
< (3002 + undi. e^|Vu|? 


X3 
< (a+ a?) CX se? Vul? 


«(3 acis = + aC xs T icy) pu? + U, +div U 


+ (a+ a?) CAP phu? + Ü, + div U 


with some new constant C. From the last inequality we get 


1 a? +a 
AV (1- JV ) ?|Vu|? 
2 
3 4,4,-2v-2/[4 tan L 2v42| 2,2 
TAVy (: xiyss o xiv )e u 
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— 
a? +a 217,12 | .13,4,4,—2v—2 a? +a 2,2 
< Ü, + div U. 
If o2 is sufficiently large, then 
2 2 
a Tiad. a^ +a 1 
vv ~2 Vv5x? 7 2 


Assuming that o2 has been chosen in this manner, we obtain 


Mv [Vu]? + 355y-?v-?924? < D, + div U. 


Disregarding the first term on the left and integrating the resulting inequality 
over (1/5, we have 


VA [ah dt de < Í „ Ulds+ f ., 01 IUD ds 


(11/2 1/2 wee 


«C / (u +v L Vul? + 3,34 ye u) p? ds. 
(1) Ywl?) 


W172 91/2 


Using (4.10), we obtain 


Nus 24-2 p?u? dt dz < CA vaT 7? exp(24a ^ ")T X^ te? 
(11/2 


*C2033(a + 1/2) ?"7? exp [2A(a + 1/2) "| TX. 
Suppose now that ņ < 1/2. Then (1, C (31/2, and by the last inequality 
X | pT? pu? dt dz < CMv?a 77"? exp(24a ^ ")T X^ 4e? 
Nn 
+ CX? (ao + 1/2)? exp[2A(a + 1/2) "]T X^ 4. 
Since info, Y(t, z) = a +n, it follows that 
A v^(a 4- 3) 7"? exp[2A(a + $9) "] | u? dt dz 
On 
< C33 a7"? exp(24a Y )TX "te? 
+ CM? (a + 1/2)~2”-? exp[2A(a + 1/2) "]T X^ 4, 


whence 


2v+2 n 
| u^dtdz < C (sz in 1) exp{2Ala~’ — (a+ 27 e? 


Nn 


2v+2 n 
+C ( i) exp -2A [(a +n)” — (a + 1/2)7"] ae 
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Hence, with some new constant C, 


e u? dt dz < c(? 2d expí2A[a7" — (a 4- g)-"]ye? 


+C fy exp(—2A [(a +n)” — (a + 1/2)” | ). 


Assuming € sufficiently small, we choose A from the condition 


(8) apta - (amne 


2v 
- (S) estne - eem 


1.e., we set 
A= : en eres — era | ; 
2|o-"—(a-1/2-" a+1/2 a™ — (a+ 1/2) 
Then 


exp MAN 


whence 


« Q Q | 


The theorem is proved. 


1 2 Qe 
PTS < 
TY fo dt dz < 2c | 


THEOREM 2. Suppose the functions ul”) (t, x) and uf?) (t,x) satisfy condi- 
tion (4. j and 


a a? (t, z)u ul? = a(t,z)Vu + b(t, 2)u, 1 = 1,2, 

1,J=1 
where a(t,x) is a bounded vector on (3,5, b(t,x) is a bounded function on 
(34/5, and the a'? (t, z) satisfy condition (4.2). If, moreover, 


jul) - ul], uP -uP =0 onujp, 


then uy = u2 on (14/5. 

For the proof it suffices to apply Theorem 1 with € = 0 to the difference 
U1 — U2. 

Assuming that u(t,z) does not depend on t, we easily obtain analogous 
theorems for an elliptic inequality (or equation). 
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THEOREM 3. Let 


m= fa 0< zı «cz ;(n- P m Ya) 


wi) = In I] = 0, 5 259. < nh. 
1—2 
1 n 
wl?) = In Tı > 0, Zi =) — cnn 


1—2 


n 


a? (x) € C? (1/2), ay (x) ig; > ud oe, n » 0, 


1—1 
u(z) € 20.) n C (Q1). 
If in the domain 0) /2 


3 a^ (z )uij 


22-1 


lul, |Vu| € | 


< a(|Vu| + |ul), 


€ forzc€ i. 
1 forze ut), 
then for any 0 <7 < 1/2, 
1 2 2 
Ta « y2 
Fn ]. u^ dz < ^1€ 


where ^j > 0 and 0 < y2 < 1 (y and yo depend on the coefficients a”! (x) 
and the quantities X and n). 


THEOREM 4. Suppose the functions ul!) (x) andul?) (x) satisfy the smooth- 
ness conditions of the preceding theorem and 


a! a? ja = a(z) Vu + b(z)u, 1=1,2, 
54-1 


where a(x) is a bounded vector on £345, b(z) is a bounded function on 11/2, 
and the a? (x) satisfy the conditions of Theorem 3. If, moreover, 


ju) — ul], uP -u(P| =0 on uf), 


then uj = u2 on 11/2. 
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§2. A mixed problem fora parabolic equation with decreasing time 


Suppose that Q is a domain in the space R” with boundary of class C! 
and Cyl(r) = ((t,z): -r<t< 0,2 € Q}. In the domain Cyl(T) we consider 
the inequality 


n 
ut — ` a? (t, z)ui; 


54-1 


< a(|Vu| + |ul), (4.12) 


the coefficients a? (t, z) of which satisfy the conditions 


n n 

a?(tz)e C'(Cy(T), Dd, ltag 2 n9 e, (4.13) 
i, j=1 i=1 

where p is a positive constant. Suppose a solution u(t, x) of this inequality 

satisfies the conditions 


u(t, £) e C?(Cyl(T)) n C (OKT), (4.14) 


u(t, z)|-T«t«0,:con — 0 or D au; cos(k, 2;)|-T«t«0,zcon =0 (4.15) 
1,771 

(k is the outer normal to OM). 

Suppose that on the intersection of Cyl(T) with the plane t = 0 the function 
u(0, z1,..., Zn) is given. 

We shall show that a solution of inequality (4.12) under conditions (4.15) 
is determined by this in unique fashion, and we shall obtain for u(t, x) an a 
priori estimate of Holder type. The method used to this end is altogether 
analogous to the method of the preceding section. 


LEMMA 1. Let A 2 1,a » 0 and (t,z) € Cyl(T). Then 


> F(a t)? Vu]? - [A+ C(a - t) (o - t)? tu? 
+ (a — 97 - (a — t) ?^ (a9 u;u);, 


2,7—1 


where C is a constant depending on the coefficients a? (t,x). (Just as in 
the preceding section, we use a single symbol C to denote various constants 
depending on the coefficients of the basic operator.) 
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PROOF. We have 
(a — t)?^ (s — 9 us) u 
= —A(a—- t) ^^? + (a—t)-* » a ujuy 
ij-1 
+ (a-t)?^ X a? uju + 5 (a B gv -(a-1) ^ 3 (ou, 
> u(o — )-»|vuf — Ma — t)? tu? — C(a — t) ?^|Vu| a 


1,J=1 
Applying the inequality 


H 2 C? 2 
= SS ERCCLOER 
CIVul |u| > -5|Vuf* - 5 ju 


to the product —C|Vu| |u|, we obtain 


(o — t)-?^ [s — » 2) u 


> (a - Vu? - [A + C(a - t) -17 
F 5 (0 — gv JU (a — t) ^^ » (a? u;u); 


1,j=1 
with some new constant C. The lemma is proved. 


LEMMA 2. 


2 
(a — t)^?^ (^ — ` us) > —C(a — t) Vu]? + A(a — t) ?^7?w* 


+ le -1)7^ E -1) hw + » eva 


ij=l 
- (a = t) Y (a uu + Mo — t) u]); 
ij=l 
PROOF. We introduce the function 
v(t, x) = (a — t) u(t, x). 
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Then 
u = (a - tw = Aa—-t)^^ 
Hence 
" 2 2 
(o — t)?^ (s — ` us) = E — (a — t)1v - » a? vj; 
1,7—1 1,7—1 


7 
2 v2 = 2A (a = t) !wv = 20, ` a? vj; — v2 + A(a _ alee 2 
2,7—1 
+ P» —a? viv; + 2a’ Ivv) — [Ala — t)-1v?], 
2,7-1 
+ J (a vivi) — 2(89v;w);] 
2,7—1 


> v? + Aa — t) ^v? - C|Vv? — C|Vo| lve] — [Ala — t) tv? 
t Y [(a9 vivje — 2(a* vjv,);]. 


2,j=1 


Applying the inequality —C|Vv||v;| > —v? — C?|Vv|?/4 to the product 
—C|V| |v;|, we obtain 


2 
(o — t) 7^ [s -> us) > —C|Vo|? + Ala — t) ?v? 


n 
—[A(a - t) v?], + D [(a? u;v;), — 2(a viw);] 
1,91 
with some new constant C. 
We return to the function u(t, x). We obtain 


2 
(a — t)-?^ [s — ` 2) > —C (a —t)~*|Vul? + Afa — t) ?^?v? 


+ L — p E = t) iv F » 2 


4.721 
-Xa - 7? Y, (uu + Xa — t7*u];. 
2,7—1 
LEMMA 3. If the function u(t,z) satisfies conditions (4.12) and (4.14), 
then there exists a constant o > 0, depending on the coefficients a? (t, z), 
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such that for à> 1 anda - T <a, 


(a — t) ^IVu[* + (a -1) 7^7? 


< L ree - y a? u;u; + [A(a -1)1- C| J 


+2(a — t) 7^ D {a u;[u, + [A(a — t)! — Clu}. 


1,7—1 
PROOF. We multiply the inequality of Lemma 1 by 0 > 0 and add it to 
the inequality of Lemma 2: 


2 
n 
(a — t) ?^ (s — D ZEE + O(a — t) a (u -y E 
1,771 1,j=1 


> (2 -c)- ov 
+ [A - 0X(a — t) — 6C (a — t?](a — t) ?^-?u? 


+ le — t)~? p a? u;u; — NG -t)!- J J 
—2(a - t) 72 » | au; jut fa (a a-)3 5] uff 


2,j7=1 
Since 


2 
n n 
Ut — X a?u;| +8 | u- X au; |u 
1,j=1 1,j=1 


< a*(|Vul + |ul)* + 6a(|Vu| + |u|) la 
< 2a?|Vul? + 0|Vu] |u| + (2a? + 6a)|u|? 


< 2a?|Vu|? +0 (fiv + 23 + (2a? + 6a)v? 


- (+ + 2a J |Vul? + ( + ĝa + 20?) u? 


from the preceding inequality we obtain 


(+ — 2a? — c) (a — t) ?^|Vu[? + h — 0X(a — t) — 0C (a — t)* 


x ( + a + 20?) (a — "d (a — t) ^^-?w* 
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< ý —1) 7^ - > a? u;u; + NG -1)1- J J 


a — t) 7? »» l atu; jut A (o -og JR 


3,71 


We set 01/4 = 2a? +C +1, i.e., 0 = 4u! (2a? + C +1). Then from the last 
inequality we have 


(a — t) ?^|VuP? + A1 — Cla — t) - C(a — t)? (a — t) Pu? 


< le -t)^ - » a? u;u; + [Afa — t) 1 — on? 


+2(a — t) 72 X (a? uiu; + [Ma — t)! + Chul}; 


where C is some new constant, depending on the coefficients a?’ (t, £). Choos- 
ing a and T so small that C[a+T - (o-- T)?| € 1/2, we arrive at the assertion 
of the lemma. 


THEOREM 1. Suppose conditions (4.12)-(4.15) are satisfied and 
(0,z) <e; . ju(—T,z)|, |Vw(-T,z) <1 (zeù). 


lf a--T <o and0«7 « T, then 


1 2 In(a 4-7) - Ina 
NL « rro ose tad l 
meas Jovin u“ dr dz < C exp 2 (1 In(otT)- s) In | 


PROOF. Integrating the inequality of Lemma 3 and using condition (4.15}, 
we obtain 


A 
2 JCy(T) 


+ (a4 T) x A Y^ a! (-T, z)u(-T,z)uj(- T, 2) de 


7,7—1 


— t) ^^-?wv? dt dz < Aa 7^7 : | (0,2) dr 
n 


++ TAC [ wr —T,z)dz < C meas Nfa? e? + (a + T) 7^], 
Q 


whence 


J (æ — t)-2>-2u? dt dz < C meas filo ?-1e? + (a + T)-). 
Cyl(T) 
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If0«7 « T, then 
(a 4-7) 7^7? J u? dt dz < J (a — t) ?^-?u? dt dz 
Cyl(7) Cyl(7) 


< (a — t)~*-*y? dt dz. 
Cyl(T) 


Hence, 


244-2 214-2 
2 z (a 4 7) > (a+r) 
Lu u* di dz < Cmeas?) [ae E Ta FTA TTA 


a+r\ a (otro 
Q a+T 
Assuming € sufficiently small and choosing A from the condition 
atr ay atr 
p^ j 
a a+T 


we obtain the inequality 


In(a—7)—Ina 
2 < ag SL, Si ee MESES 
NN u° dt dz < C meas N exp 2 (1 infa+T) = 2) In| 


< C meas N 


The theorem is proved. 

If the right side of (4.12) is zero, the coefficients do not depend on t, and the 
operator is selfadjoint in the spatial variables, then it is convenient to interpret 
our problem as a Cauchy problem for an operator differential equation in 
a suitable space. We consider the question of approximately solving this 
problem in just this form. 

Let A be a selfadjoint positive operator acting in a Hilbert space H, and 
let u(t) be a function with values in H which is defined and continuously 
differentiable in the norm of H on the interval [0, T]. If the operator A is 
unbounded (and only this case is of interest to us), then the Cauchy problem 


— = Áu, u(0)=u, 0<t<T, (4.16) 


is not well-posed in the Hadamard sense. However, from the existence of the 
a priori estimate [135] 
MOIES O] 7*7 |u(T)]|V T (4.17) 


it follows that this problem is conditionally well-posed in a class of solutions 
bounded in norm, say, by a constant M: 


lu(t)) € M forte [0,T]. (4.18) 
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(The stability properties of the original mixed problem and its abstract ana- 
logue are thus completely analogous.) In the case where only some approxi- 
mation u$ to the initial value uo is known, 


lus — wol < ô, (4.19) 


the solution of problem (4.16) consists in constructing a regularizing family 
of operators R(t,6) with the following properties: 
each of the operators R(t,6) is bounded in H; 
| R(t, 6)uà — u(t)|| — 0, t € 0, T), asd — 0. 


Suppose that for t € [0, T) 


(4.20) 


p(t) = (1— iT) 2m R(t,6) = e^*I -u(t)e^T]-*/T (4.21) 


(I is the identity operator). It is easy to see that the operators R(t,6) are 
bounded in H. We show that (4.20) holds. Using the spectral representation 
for functions of the operator A, we obtain 
u(t) — R(t, 5)u6 | = lle“*uo — R(t, 6)uà 
< [e^ -7 — e-^7 R(t, 6)]e^T uo| + || R(t, 6)(uo — v8) 


< max e {1— [1+ ue] 97 lle“? uo | 


Mt MP IA Tie. 
+ max e+ nt) T]-"T uo — ubl. 


To estimate the first term we use the inequality 
(1+2) —1&€ rz(14- z)' (14- 72) !, 


which for z > 0 and 7 € {0, 1] is easily justified by differential calculus. Noting 
also that 


le“* uoll = llu(T)|| € M, 


we obtain 
pax, e-D (1 [14 nte T|- T} eTo] 
« } 1—t/T t/T—1 PEN E —t/T M 
<u! max 2/73 — (1+ a] 
< [u(t] "T max (t/T)z'/T (1 + tz/T)! 
A (t) &z«oo 


< (t/T)(1 — t/T) "T (u(t)]]*/7 M. 
Finding the maximum of the function in the second term, we have 


R(t, 6)ug — w(t)] < (t/T)(1 — t/T "T [u(t)) "7 M + [u(t)] "75, 
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Or 
| (t, 6)u$ — u(t)|| < (1— t/T)- QTY g1—t/T yt/T (4.22) 

The function (1 — t/T)- (1-*/TY achieves its maximum value e!/?e ~ 1.21 
for t/T = 1— 1/ye z 0.39. It is obvious that (4.20) is satisfied. Thus, 
the operators R(t,6) defined by (4.21) form a regularizing family. Here the 
estimate (4.22) of the deviation of the approximate solution of problem (4.16) 
from the exact solution differs only inessentially from the a priori estimate 
(4.17). In this sense our method of solving problem (4.16) is optimal. 

We consider the question of calculating the elements R(t, 6)ue,. Let Q4 (z; 
u, s) be the nth polynomial of best approximation to the function (x + p)~* 
on the segment 0 < z < 1. To calculate 


R(t, 6)ug = [e^ + u(t)]" T u$, 
it 1s expedient to set 
R(t,6)u$ ~ Q«|e ^^; u(t), t/T]uà. 
The operator on the right is a polynomial in e^ ^T, and to calculate 


Q«[e" 47; u(t), t/T]wu$, 


; suffices to be able to compute the elements e~*47 u$ for k = 1,2,.... But 
-kAT 4 is the solution of the well-posed Cauchy Me 


dv = wet gtd 
a —Av, | w(0)- uj 


for t — kT. We have thus reduced solution of the ill-posed problem (4.16) to 
solution of a sequence of well-posed problems. 
We shall estimate the error incurred hereby: 


u(t) — Que ^^; u(t), t/T}ugl < lult) — R(t, 6)up| 
+ ||R(t,5)ug — Que 47; u(t), t/T}ugll- 


The second term does not exceed 


jones ler" [1 T u(t Dew [tr = Qn lente p(t), t/T]| || u$ 


= max, lle + n(0] "7 - Quz; n(£),t/T]| llull 


As shown in Lemma 4 (see below), 


2s—1 n+1+s 
ax, (e  1)7* - Qala; m3) < Tey C+D n as 


or? 
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where a = 1 + 2u — 2 /u + p?. Thus, 


u(t) - Q«[e- ^7; u(t), t/T]ub] < (1 — t/T) Gm gm MT 
92t/T41 : a(t)? 16/7 
as rer Oe E 
trary et ey 
Using (4.23), it is easy to see that, for example, for ó|u||-! = 0.1 and 
|u&]|M-1 = 0.1, to obtain the accuracy 261-*/T M+/T, it suffices to use the 
polynomial Qo; if, however, these two quantities are equal to 0.05 and 0.1 
respectively, then to obtain the same accuracy it suffices to use the polynomial 
Q4, i.e, in cases of interest in practice the degree of the polynomials Q, is 
small. 
Since (x + u)^3 = 2*(a — z)~8, where z = 1 — 2z and a = 1+ 2y, it follows 
that 


[ul]. (4.23) 


Q»(z; u, s) = 2? P4 (25a, s). 
Here P,,(z;a,s) is the nth polynomial of best approximation to the function 
(a — 2)-?, where —1 € z < 1, a > 1, and 0 < s < 1. S. N. Bernstein ([45], pp. 
90-96) established an estimate for the deviation of P,(z;a,s) from (a — 2)? 
which is asymptotic with respect to n: 


: | (n+ 1)*7!(a - Va? -= 1)” 
meg (a-z*- Pm) —iez-ienuys o 024 
Later ([29], Russian pp. 325-326) the following estimate was obtained: 
max. (a= 2)? — Pao) 
P (n + 171 (a — va? — 1)” 5(1— s) 
=  TI(s  (a-1)5*07 2(n + 2)Va? 1] ' 


which is satisfied for n > 2-- 5(1— s)/(2va? — 1). For our purposes the latter 
estimate is useless, since we are interested in the case of small n and a close 
to one. It turns out, however, that the following lemma holds. 


LT 


LEMMA 4. In S. N. Bernstein’s estimate (4.24) the symbol ~ can be re- 
placed by the sign < for all n = 0,1,2.... 


PROOF. Below we use a number of formulas which can be found in 
Akhiezer’s book just cited. 

The polynomials P,(z;a, s) can be expressed in terms of the polynomials 
L4(2;a) of best approximation to the function (z — a)^! in the following way: 


sinczs f° 


P,(2;a,5) = L, (2; t)(t — a)? dt. (4.25) 


Foo 
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As is known, 
(z— t)! —L,(z;t) = M(r)ó(v, 7), (4.26) 
where 
v—e9 = z — y 22-1, 0 > 0, r=t—vt?—-1, 
4172 1l/,T—-v , ,l-rv 
MR (v7) = 5 (2 pem E =e), 
It is not hard to verify that 
_ 7? cos(n — 1)0 — 2r cos nÓ + cos(n + 1)0 
tT? —2rcosÜ + 1 i 


(v,T) = 


Multiplying (4.26) by 
dt 29 lo*(1— r?)dt 


 (t-aj  (a—7)5(1— ar)sr?-s' 
where a = a — Va? — 1 and integrating with respect to t from +o to a, 
we obtain 
f Dalat) a-[ dt 
+00 (t mn a)s Too (2 t)(t a a)s 


a 1-7? 
— 98+1,8 
= artis | oD aris Mle) (0,7) ar 


Or 


f Lalzit) n T 1 
+œ (t — aJ? sin s (a — z)$ 


= 22g Í E E 
0 


12 —27Tcos0 + 1 
T”tS(a — rJ? 
^ (1— or)s(1— 72) Bn 


From this and (4.25) we get 


P,(z; a, s) _ (a E z)? = -2ta 
«[ Ix c UEM ag, 
0 T2 —2rcos6+1 (1 — ar)s(1— 7?) 
(4.27) 
and hence 


_ sin ms 
max, |Pn(zsa,8) —(a—z)"*| < 2ta 


Q 
x | max 
o 020 


T? cos(n — 1)0 — 2r cosn6 + cos(n + 1)0| 7***(a — 7)7? 


gum erem na sans aA 
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We shall establish the inequalities 

T? cos(n — 1)0 — 2r cosnÓ + cos(n + 1)0 
— 2T cos0 + 1 

Since 7? — 2r cos +1 > 0, it suffices to show that 


— (T? — 2r cos0 + 1) € 1^ cos(n — 1)0 — 2r cosné + cos(n + 1)0 
< 1? — 2rcos +1. (4.28) 
The left inequality 1s equivalent to 
[1 + cos(n — 1)6]r? — 2(cos n0 + cos0)r + 1+ cos(n -- 1)0 2 0. (4.29) 
The discriminant of the trinomial (in 7) on the left side is 
4(cos n8 + cos 6)? — 4[1 + cos(n — 1)6][1 + cos(n + 1)6] 
= 4(cos n8 + cos 0)? — 4[1 + cos nÓ cos Ó + sin nô sin 6] 
x [1 + cos nô cos Ó — sin nô sin 6] 
= 4(cos n0 + cos 6)? — 4[(1 + cos n6 cos 0)? — sin? n6 sin? 6] 
= 4(cos nð + cos0)? — 4[(1 + cos nô cos 0)? 
— (1 — cos? n8)(1 — cos? 6] 
= 4(cos nð + cos 0)? — 4(2 cos n0 cos 0 + cos? n0 + cos? 0) = 0, 


and, since the coefficient of 7? on the left side of (4.29) is nonnegative, (4.29) 
holds for all n and 0. The right inequality of (4.28) is proved similarly. 
Thus, 


-l< <1. 


max |, (25 Q, s) — (a = a aad = 9s+1 ys MTS e r^ t*(o _ T)-* 
—1<z<1 - ' i 


1 — ar)s(1 — 7?) ii 
(4.30) 
(It is possible to verify that the given maximum value is attainable, by setting 
0 — 0 in (4.27).) Noting that 
(1 -ar)7* = 72)? < 1 - o?) 
from (4.30) we obtain the required estimate 
2s s+1 qrtstl 


max |P,(z;a,s) - (a—2) 3| € ray Un ü- aD 


~1<z<1 
— (n 171 (a+ Va? - 1)” 
n T (8) (a? = 1)(s+1)/2 ’ 
valid for all n = 0,1,.... The lemma is proved. 
To construct the polynomials Q;(z; p, s) the following device can be sug- 
gested. Proceeding from the formula ([256], §2.11.1) 


pue 1 cos[n arccos z + v(z)| 


z-t (à -1)(t+ VH -1)" ash) 
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where p(z) = arccos((tz — 1)/(z — t)), it can be shown that the following 
recursion formula holds: 


2 1 2 
Ln41(z; t) = ——= 2, (2; t) - — = 2-1 (2;t) — 
ust = qth) (E VET) - 17m p 
Setting n — 0,1,... in (4.31), we obtain 
t 
Lo(zit) = TRII’ (4.33) 
(NE ee : (4.34) 


Pal VESI 
Formulas (4.32)-(4.34) make it possible to successively compute the polyno- 
mials L,(z;t) and with them also P,(2;a,s) and Qn(z; u, s). We shall not 
present the very cumbersome general formula for the coefficients of Qn (z; u, s). 
We observe only that these coefficients are linear combinations of the integrals 


TACT sin TS J. dt 
Dii T Jro (t+ VE — 1)"(t — a)’ 
Jua sin 7s f. dt 
CUNTUR Jas (P= NEF VET D (Ec a) 


where a = 1 + 2u, s = tT! and m = 1,...,n. 


93. Cauchy problems with data on a segment of the time axis 
for degenerate parabolic and pseudoparabolic equations 


We consider the question of uniqueness of the solution of the Cauchy prob- 
lem 
u(0,t) = u,(0,t) =0 (4.35) 
for the inequality 
|A(z, t)uez — uel € Bi(z)|uz| + Bo(z)|ul, (4.36) 


where (x,t) € II = {(z,t):0 < z € X,-T € t € T) and A(z,t) > 0 for 
zt > 0. We assume that the coefficients of (4.36) may have singularities of the 
following type as z — 0: 


A(z,t) +0; Bi(z) Bo(x) oo, 


and we shall indicate conditions on the functions A(z,t), Bi(z), and Bo(z) 
guaranteeing uniqueness of the solution of problem (4.35), (4.36). 


THEOREM 1. Suppose that the following conditions hold: 
1) the function a(x) > 0 ts continuously differentiable on (0, X), and 
za l(rz)o/(z) +0 as x — 0; 
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2) A(z,t) = z?o(x)a(z,t), where 0 € p < 2, a(z,t) > ao > 0 and a(z,t) is 
continuously differentiable on II; 

3) Bi(z) = 0(z?-!a(z)) and B2(zx) = o(x^-?o(x)) as z ^ 0; 

4) the function u(x,t) has continuous derivatives uz, uz, and u,,, and 
satisfies inequality (4.36) on II. 

If, moreover, for t € [-T, T] condition (4.35) 1s satisfied, then u(z,t) = 0 
on II. 


REMARK 1. Because of 1), for any u > 0 we have 
lim z"o(z) = lim z"o^!(z) = 0. 
r—0 r—0 
REMARK 2. It is not possible to replace the symbol o by O in condition 
3) while preserving uniqueness: the equation 
z^u;, — Ut = (3 — p)z^ lu, — u 


has the solution u = z-^?*^*e' satisfying the conditions of the theorem. The 
condition p < 2 is also essential: the equation z?u,, — ut = 0 obviously has 
nontrivial analytic solutions satisfying (4.35). 

The proof of the theorem is based on the following proposition. 


LEMMA 1. Suppose that the following conditions hold: 

1) the function u(z,t) has a continuous derivative uz on II and continuous 
derivatives uz and uzz for x > 0; 

2) for some M » 0 and 6 >0 


u? «Mz,  w£Mz",  l|wzMz [usul < Mz’; 
3) for (z,t) € I 
[Lyu] = [urs +12 lus - oz ?u — u| € b(z)(z^!|us| + z^?|u|), 


where b(z) — 0 (z — 0), 41 = 34 + 6/7, q2 = (27 + 3/T)(^ — 4/7), and y is 
an arbitrary nonnegative number. 

Then there exists Xo,0 < Xo < X, such that u(x,t) = 0 for x € [0, Xo 
and t € |- T, T]. 


PROOF OF THE LEMMA. Assuming X « 1, we set 
r — r(z) = In(1/z), s = s(t) = (t^ + 1/n)!, n»0, 
and begin with the proof of the inequality 
J (z-?u2 + 2~*u?)(rs)?" dz dt 
: < CM[n?"*?r?"(X) +n? (2T?) "T (2n), (4.37) 
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valid for X < X and n > n, where X,n, and C are positive constants de- 
pending on ^4;T'(2n) is the gamma function. 

Let 0 < £ < X and II, = {(2,t):e <£ € X,-T€t& T). Introducing 
the auxiliary function v(z,t) = (rs)"u(z,t), we have 


| (rs)?^(L. u)? dz dt 
Il, 


= J {Ure T $6 e 2nr—*)vz 
IT, 
+ [2-?(q2 + (q1 — Dnr ^! + n(n + 1)r-7) + ns^!s']v — v}? dz dt 
> 2 | a" (4, + 2nr!)vzevz dz dt — 2 | vzv dz dt 
II. 


E€ 


+J z l(4; + 2nr^!) 
Te 
x {2-7 [yo + (1 — 5x3)nr ^! + n(n + 1)r^?] + ns—!s'}u,v dz dt 
= / {2-2 [yo + (1—y1)nr71 + n(n +: 1)r^?] - ns^! s'Yov dz dt 
Ie 


= y I; (4.38) 


j=l 


(we have used the inequality (a+b+c+d)* > 2(ab+ad+bc+cd)). We apply 
Green's formula to each of the integrals I; to obtain integral forms containing 
only v2 and v^. Returning then to the function u, we obtain (we take the 
liberty of omitting the cumbersome but entirely trivial computations) 


J z ?(^4 + 2nr—! — 2nr ?)(rs)?"u? dz dt 
Ie 


+ | (z ^ [3912 + (641 +371 + 6y2)nr 77 
II. 


+ [(712 + 851)n?77? + 4n3 7-3 — An?v-*](1 + O(1/m))] 
T z "(an + 2n?r-1 — 2n?r-?)s -lg 4 n(- s 2,472 Ta gl s") 
x (rs)?"u? dz dt 


«f. (rs)"" (L.,u)? dz dt — Pe (4.39) 


VES 


(here and below the 7; are integrals over ôI; all O's in the integrands are 
uniform with respect to (x,t) c II). 

To prove inequality (4.37), we shall need, in addition to (4.39), the following 
two relations which are also easily proved by applying Green's formula to their 
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left sides: 


2n | zx^?(r-! —r-?)(rs)?"uL.u dz dt 
IT. 


E -2n | z73(r71 — r2) (rs)?^u? dz dt 
II. 


+ J (z-*[(34; + 2y2 + 6)nr ! 
Il. 
+ (25 + 10)n?r-? + An?r7? — 4n?r- *) (1+ O(1/n))| 


9 
+ 2n?z-?(r-! — r-2)s-1s'Mrs)?"^u? drdt+ M ^ij, (4.40) 
j=7 


/ r~? (rs) uL uds dt = -J r~? (rs)?"u2 dz dt 
II. II, 
«f G E +3 (1 t x) + (1 +5)nr7* 
IIe 


+ 2n?r-? (i 10 (2 ) enis Eo s)?" u? da dt 


12 
+ So iy. (4.41) 


j=10 
We proceed to the proof of (4.37). We multiply (4.41) by 2y + 5/7 and 
add termwise with (4.39) and (4.40). We obtain (using the definition of ^ 
and *y2) 


en f 2-?(rs)2"u2 dz dt 


+ J (z-*[224? + Ty? + 6y +24 (494^ + 14y + D)nr 71 
Ie 


+ ((34y + 8)n?r T? + 8n?r ^? — 8n?r—4)(1 + O(1/n))] 
+ 2~7((5y + 11/7)n + 4n?r^! — 4n?r?)s | s' 
+ n(—s~?s’? + s—!8")}(rs)?"u? dz dt 


< J (rs)?^ [(L-,u)? + £7? (2y + 5/7 + 2nr ^! — 2nr ^ ?)uL4u] dz dt 


-Xi (27 + 5/7) P» (4.42) 


7=10 


We shall ee a lower bound for the coefficients of z-?(rs)^"u2 and 
(rs)?"u? in the first and second integrals on the left side of (4.42). We have 


4 T 1/7 2 1/T (4.43) 
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and, since r^!(z) = In^! (1/z), for fixed y for all sufficiently small z and 
sufficiently large n the second coefficient can be bounded below by the quantity 


74(224? + 74? + 6y +2 + Inr! + Tn?r-? + Tn3r-3) 


— mr? max Is~*s'| 


ee a 7287 4 s-lg"| 


= 174 (2243 T? + 6 +24 Tn! + Tn?r-? + Tn3r-3) 
= 9n5/2 —2 e 2n? 
> z- (2229 +74? 65-2 Tur! — T0777? + 6n?r79).— (444) 


By the Cauchy inequality, the integral over II, on the right side of (4.42) can 
be bounded above by the quantity 


h p^ E +5/7)? - n?(r^! — pi (rs)?"u? da dt 


Z2 (rs)?^(L.u)dzdt. (4.45) 


E€ 


Noting that 
7* (2249 + TA +67 +2 + Inr ^! + Tn?r-? + 6n3r73) 
HD (527+ 5/7)? - n^(r^! — c» »1, (446) 


from (4.42)-(4.46) we obtain 


| (hb en e) (rs)?" dz dt 
I V7 
5 
< Mie 2n 
< T (rs)^"^ (Lyu)? dz dt — Ls- (27 + 5/7) yi 


and by condition 3) of Lemma 1 


H lw pipa (rs)?" dz dt 
m. \8 2 


pE — (24 + 5/7) 5 iy, (4.47) 


7=10 


if X is sufficiently small and n sufficiently large. We estimate the boundary 
integrals by using condition 2) of the lemma: 
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p (27 + 5/7) TX 


7=10 
< of (ntu? + |uzu;| + nz! |uu;| + n?273u?)r2"(2) |< 
+ Cs*"(T n[ [(u2 + n?z-?u?)|,- m + lear)?" (z) dz 
< CM (n?n?3[e*?^ (e) + X*r?^(X)] -n?(27?) ?^T(2n)) — (4.48) 
(here and below we use the symbol C to denote various constants depending 
only on y). Substituting (4.48) into (4.47) and passing to the limit as € — 0 
in the resulting inequality, we obtain (4.37) for some X > 0 and n > 0. 


The proof of the lemma can now easily be completed. Let n > max(n, T^!) 
and let Xo € (0, X) be such that 


max(2r(X)r-1(Xo),2e !1T?r-!(Xg) 20 « 1 
(since r(x) —^ oo as x — 0, such an Xo exists). From (4.37) it follows that 
Xo 1/n 
| IE *(rs)?^u? dz dt < CM [n?^* 3r?^ (X) + n?^*?e-?nT-4n]. 
ue 


Since for z < Xo and —1/n < t € 1/n we have r(x) > r(Xo) and s(t) > n/2, 
from the last inequality 


Xo 1/n 
i / u? dxdt < CM Xj (n? r(X)r- 1 (Xo)]?^ + n?(2e-1T?r-1(Xo)|?"} 
—1l/n 


< CM Xj (n? + n^)?" = o(1/n), 


whence js u*(z,0) dz = 0. Since the conditions of the lemma are invariant 
relative to shifts in t, it follows that u(z,t) = 0 for z.c [0, Xo] and t € [- T, T]. 
The lemma is proved. 

PROOF OF THEOREM 1. We shall show that if conditions 1)-4) are 
satisfied it is possible to introduce the new variables 


r=t, y=y(z,t),  z(y,T) =y” u(z, t) (4.49) 


so that the function z(y,7) satisfies the conditions of the lemma in some 
rectangle II(y,7) = ((y,7):;)0€y x Y,-T €T € T). 
We set 


ym) | A) (6046 — Y = maxy(X,0) 
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For each t, y is a continuous and strictly increasing function of z, and y — 0 as 
x — 0. The function z(y, 7) inverse to it possesses the same properties. Using 
conditions 1) and 2) of the theorem and l'Hópital's rule, we easily obtain 


ylz) = [| Cha taie 
0 
-1/2 
= RERO -o(i)(z- 0). (4.50) 
The derivatives ty = 0, t, = 1, zy = A? (z,t) and 


= z4 | A^ 3/ A, d£, pk A7! (z,t) As (a, 


are continuous on (0 < z < X,-T < t € T), and hence on IlI(y, 7), and as 
z — 0 we have 
ty = O[z^"?a!P(z), ^ z,.-O(z) (4.51) 
From condition 4) of the theorem and (4.35) it follows that 
u(x,t) = O(z?), uz(z,t) = O(z), Ure(z,t) = O(1), (4.52) 


and, comparing the orders of the left and right sides of (4.36), we obtain 
uz(z,t) = o[z?o(z)]. Expressing uy, ur, and uy, in terms of uz, Ut, uzz, ty, 
£r, and zyy, from (4.51), (4.52), and the last equality we find that 


Uy = O|z!+®/ a1? (x)], ^w -O[z^o(z), z-0,y- 0, (4.53) 


where uy, ur, and Uy, are continuous in y and 7 for y > 0. 
We make a change of variables in (4.36): 


Uyy + |-547 (04s t) + ;A(. J) A~3/* A, dg Uy — Ur 
< B,(z)A~1/*(z, t)|uy| + Ba(z)|u|. (4.54) 


Proceeding from conditions 1)-3) of the theorem, it is not hard to show that 


- 347 (s, 1) Az(2,t) = — (p/2)2°/?-1a4/(a)a/?(0, [1 + o(1) 


- 373 Bie), 
546.0 |. AP 4 d = Otia P(z) = oy?) 
Bi(z) A!" (z,t) = o[z^?7!a?P(z)| = o(y^!), ^ Ba(z) = o(y?). 
By virtue of the last four equalities it follows from (4.54) that 
luyy + yy uy — Ue] < by) (y hu] + v? lul), (4.55) 
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where y = p/(2 — p), 0 € y < oo, and b(y) — 0 as y — 0. We now set 
z(y, T) = uly, r)y 9/777. (4.56) 
Using the first of equalities (4.52), equality (4.50), and Remark 1, we obtain 
y 2 (yr) = O( y 7075) 
= O[a4- C777 +49) 1149) 407/7902 (yl 
- O[z/ (7049) 907/72 (g = O[z/(8(109)] = O(y$). 


Similarly, using (4.52), (4.53), and Remark 1, we can see that the remaining 
inequalities of condition 2) are satisfied. Finally, substitution of (4.56) into 
(4.55) leads to the inequality of condition 3) of Lemma 1 for z: the function 
z(y, T) satisfies all the conditions of Lemma 1. Hence, there exists an Xo > 0 
such that u(z,t) = 0 for 0 € z € Xo and -T < t < T. The rectangle 
[Xo, X] x [- T, T] is exhausted by repeated application of the assertion proved. 
The theorem is proved. 

REMARK. By analyzing the proof, it is not hard to see that condition 3) 
of Theorem 1 can be replaced by the following condition: 


3’) |Bi(z)| < Ciz” a(z), |Bo(z)| < Cozx^-^a(z), 


where C and C5 are constants depending on p, ao, and the function a(z). 

In the next Cauchy problem we consider, the data are given on a charac- 
teristic. In constructing uniqueness classes for such problems, as a rule, it is 
assumed that the solution is defined in a half-space and satisfies some growth 
conditions. It is interesting that in our case we can give uniqueness classes for 
solutions defined only in a quarter-space which are reasonable from a physical 
viewpoint. 

Thus, we consider the Cauchy problem 


u(0,t) = fs(t), ^ uz(0,t) = f2(t) (4.97) 
for the pseudoparabolic equation 
Ut = Uzzt T Urr. (4.58) 


Since the line z = 0 is a characteristic, in the case where u(0,t) and u,(0, t) 
are given only locally (i.e., on a compact set) the solution of this problem is 
not unique (this question is considered in detail in [326]). We shall assume 
that the solution of problem (4.57), (4.58) is defined in the quadrant P = 
(0 € z < w,0 € t < oo}, prove a uniqueness theorem in a certain class of 
solutions, and obtain an estimate of stability of the solution. 

DEFINITION. A solution u(z,t) of equation (4.58) belongs to the class 
U (a, b) if the functions u, uz, Ut, Urz, Uzt, and Uzzt are continuous on P and 


jul, uzl, utl, liz]; lus], UA < Cort. 
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where the numbers a and b satisfy the following conditions: 

a) if a « 1, then b is any real number; 

b) ifa > 1, then b < —1 + [4a(a + Va? — 1)]^! (C, is a constant depending 
on u). 

The class U(a,b) is nonempty. Indeed, suppose, for example, that a > 1. 
It is easy to verify that for any real o the function 

1 — a? + Q? 
u(z, t) = Reexp {(a T ia)z + E T (1-223 a2)? + dara? 
— E 
(1— a? + 02)? + 4220? 

is a solution of (4.58). If 


a $ X a? — 14-2av/a? — 1, 


then we have the inequality (see, for example, the proof of Lemma 2) 


1—a?4 o0? y 
-1+ Gaara an rag < T! + ee ve? - UE, 


1 — a? +Q? 
ues) eU a-i + | | 
We note that as a — +V a? — 1+ 2aya? — 1 we have 

1—a? + o? E 
-1+ ga atta aTa 7 ite ve - 1)". 
LEMMA 2. Let 
u 1 — p? + s? 
f(p, s) = (1— p? + 82) + 4p?s2 

Then 

um dne l [4a(a + Va? — 1)? fora? 1, 

>a + oo 


for a « 1. 


—oo«5« oo 
PROOF. We shall show that the function f(p, s) for p > 0 has no stationary 
points. The equalities fp(p, s) = fs(p,s) = 0 have the form 
2p(1— p? + 8°)’ —4s^(1-r57)) — 2s[(1—p^ + 8°)? + 4p°(1—p*)] _ 
[(1 — p? + s?) + 4p? s??? (1 — p? + 82)? + 4p?s2]2 — 0C 
Excluding from consideration the points of discontinuity p = +1, s = 0 of the 
function f(p, s), we obtain the equalities 


(1 — p? + 8”)? = As?(1 + s?), (4.59) 
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(1— p? + s*)? = -4p*(1 - p^). (4.60) 


It follows from (4.60) that p? > 1 (the case p? = 1 again leads to the points 
of discontinuity (+1,0)). Suppose 1 — p? + s? > 0. Then, by (4.59), 


1 — p? +s? = 2|s| / 1 + $2, 
which is impossible, since 
2|s|/1--52 > 2s? > 3 >s? c 1— p. 


Suppose 1 — p? +s? < 0. Then s? < p? — 1, s?+1 < p?, and hence s?(s? 4-1) < 
p^(p? — 1), while from (4.59) and (4.60) it follows that 


s?(s? +1) = p?(p? — 1). 
Thus, the function f(p,s) indeed has no stationary points in the half-plane 
p » 0. Since f(—p,s) — f(p, s), it follows that f(p, s) has no stationary points 
for p < 0 as well. It is easy to see that for sufficiently large p? + s? we have 
4 
lf (p, s)| < pls 


Thus, to determine sup f(p,s) in the half-plane p > a it suffices for a > 1 
to find max f (a, s), and for a < 1 to use the fact that as p — 1 — 0 we have 
f(p, 0) — +oo. A simple computation shows that for a > 1 


max f(a, s) = f(a, +V a? — 1 + 2a a? — 1) = [4a(a + Va? — 1)|7?. 


The lemma is proved. 


THEOREM 2. Problem (4.57), (4.58) has at most one solution in the class 
U (a, b). 


PROOF. We shall show that the conditions 
filt) = fa(t) 20 (t>0), u€U(a,b) (4.61) 
imply that u(z,t) = 0. Let 
z=ptis, ü(z,t) = J e ^"u(z,t) dz. 
0 

Since u € U(a,b), the function à(z,t) is analytic for p > a. Applying the 
Laplace transform to equation (4.58), we obtain 

diz(z, t) = —utz (0,t) —u4(0,t) zu;(0, t) —zu(0, t) J- z^? [a4 (z, t) -ü(z,t)]. (4.62) 
From this and (4.61) it follows that 

(1— z?)ü,(z,t) = z^ü(z, t), 
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whence for z Z 1 
g 22 
ü(z, t) = C(z) exp (zat) " 


We claim that C(z) = 0. From the preceding equality for z Z 1 we get 
2 


C(z) = exp (- ; Z z j ü(z,t) 


= apl I — f(p,s) - qua | i e ^*udz, 
(4.63) 


whence 


iC()| < expt[1 — F(p, 3)lt} J © e PEO gtttbt da 


Cu 
EE exp{[1 — f(p, s) + bt). (4.64) 
Recalling the definition of the class U(a, b) and using Lemma 2, we obtain 


inf [1 — f(p,s) +b] = 1 — sup f(p,s) 4- b < 0. 
p2a p2a 


It is easy to see that for any a in the half-plane p > a there exists a continuous 
curve | Z (1,0) on which 


1 — f(p,s) - b « 0. (4.65) 


Indeed, examining the proof of Lemma 2, we see that for a > 1 it is possible 
to take for l any of the curves 


s = typ -1-c2pyp?- 1, atéd<p<a+26; 


if a < 1 it is possible to take for | the segment 
ges 0; 1-—26<p<1-6 


(in both cases 6 > 0 is sufficiently small). Letting (p,s) € | and t — +00 
in (4.64), we find that C(z) = 0 on l. Observing that for u € U(a,b) and 
Rez > a we have ü(z,t) — t(z,0) as t > 0 and passing to the limit as t — 0 
in the first of equalities (4.63), we find that C(z) = à(z,0) for Rez > a, 
z #1. Extending C(z) to the point z = 1 (if a < 1) by continuity, we obtain 
a function analytic for Rez > a which vanishes on the curve l lying in this 
half-plane. Hence, C(z) = 0, and so &(z,t) = 0. Since on the class U (a, b) the 
Laplace transform in z is uniquely invertible, it follows that u(z,t) =0. The 
theorem is proved. 
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We shall show that the uniqueness class U (a,b) in essence cannot be en- 
larged. Suppose for a > 1 


1 a+200 22 
u(z,t) — xil e(z 17e (15) dz 


271 a—200 


oo 
= ser | eS (a -- is — 1) 4 
20 as ( 


2ps . 
x exp [fo s) T "Md t ds. 


The integrals obtained by differentiation of the integrand twice with respect 
to z and once with respect to t converge uniformly; hence, the derivatives of 
the function u(z,t) appearing in the definition of the class U (a, b) exist and 
are continuous, while the moduli of all these derivatives, as is easily seen, are 
bounded above by the expression 


C explaz + (—1 + max f(a, s))t] = C exp la + (-1 + umm J ' 


The fact that u(z,t) satisfies (4.58) is easily verified. Finally, the equality 


2 
Els A EE DE. id z - 
jim z ü(z, t) = jim z (z — 1) op (1m) = 0, 
by a familiar property of the Laplace transform, implies that 
lim u(z,t) = lim uz(z,t) = 0. 


Thus, u(z,t) is a nontrivial solution of the homogeneous Cauchy problem 
(4.57), (4.58). Hence, the inequality sign in the definition of the parameter b, 
giving together with the parameter a the class U (a, b), cannot be replaced by 
an equality sign with preservation of uniqueness. 

Solutions of problem (4.57), (4.58) (belonging to classes U(a, b)) are unsta- 
ble relative to variations of their Cauchy data f,(t) and fo(t). Suppose, for 
example, that for a > 1 


ul) (x jen ar — d t 
i a? a2? -1 j` 


It is easy to see that each of the functions u(?)(z,t) is a solution of (4.58), 
while, since for a > 1 


2 
—— eo : < —1 + [4a(a + Va? -1)]7?, 


a* — 1 a?—1 


it follows that ; 
a a 
ul )(z, t) = U (a. 2) ; 
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The Cauchy data for the solution u‘*)(z, t) satisfy the inequality 
a a? 
iO OL aO LOI € atm e (at) +0, a eoe. 


On the contrary, the solution u(9)(z,t) at any fixed point with z > 0 grows 
exponentially with increasing a. This instability also occurs for solutions 
belonging to a fixed class U(a, b). If, for example, for a natural number k 


wu? (a, t) 


— exp (-1 + "n | sin kz — ; exp (-1 + "na | sin 2kz, 


then u‘*)(z, t) is a solution of (4.58) of class U(0, —1 + 1/(k? + 1)). It is easy 
to see that for the functions 


h (t) = u(0, t) = 0, 


fb) esu rs few (^: n gu) | -— (-1 ie wo! | | | 


we have the estimates (C is an absolute constant) 


lf) to,o. II fe(t)llon[o,00) € C"k^"! > 0, k— oo. 
At the same time, the quantity 


(T i= EFC mE 
u (zt) exp |( TEE 


zem ans segue rea 
z P Wet |e +1 


is by no means small. 

We shall show that for solutions belonging to a fixed class U(a, b) and such 
that Cu € C, where C is an absolute constant, there is continuous dependence 
on variations of the Cauchy data (4.57). 


THEOREM 3. Suppose that for a solution u € U(a,b) of problem (4.57), 
(4.58) the conditions 


C,-X3 JAM IFON falfa) sse", O<t<oo, (466) 


are satisfied, where £ is sufficiently small. Then there exist pı > a, C = C(a,b) 
and a = a(a, b, pı) > 0 such that 


as 1/2 
lu(z,t)| < C UE. gibt 


PROOF. Because of linearity of the problem, the condition C, = 1 is no 
essential restriction. 
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From (4.62) and (4.57) it follows that 
(1 — z^)üs(z, t) — z^ü(z,t) + z[fi(t) + A] + felt) + AM = 


Integrating this equation and using for an arbitrary constant the notation 
C(z), for Rez > a, z £ 1, we obtain 


Tence (31) TOR [ eee 
4. RO) | D (^ =) art (4.67) 


1 — z? 


It turns out that under our conditions the function C(z) can be expressed 
in terms of the given functions f(t) and f(t). For z € l (see the proof of 
Theorem 2) as t — oo from (4.67) we find that 


C) - [ 20 Eia far) + ZO) Em (^ E r) d 


1-2? l-z 
2 
z a 

23 e) ü(z, o) 
2 


cc 
exp Cr) | e ^" u(z,t) dz 
CR) 


exp 


e Pz gaz tbt dr 


< exp Reva 


1 
p=- 
Hence, for z € l 


C(z) = J Aot, + d exp (^m) dr, 


z exPill — F(p, s) + bt; — 0. 


1 — 22 1 — 2? 


and thus, using (4.67), for z € | we obtain 


ü(z,t) = exp (; E j | EO, 


" d isp (- 23 dr. (4.68) 


The function f(p,s) is continuous in some neighborhood of the curve l (we 
recall that l is closed and (1,0) ¢ l) and on | satisfies (4.65). It is easy to 
see that there exist 0 > 0 and a segment L lying in the region Rez > a and 
parallel to the line Rez = a such that for z € L 


z2 
Re (5x) +b=1-f(p,s)+b< -6. 
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We note that 0 = 0(a,b) and L = L(a,5,0). (If a > 1, the segment L can be 
chosen arbitrarily close to the line Rez = a; its length depends on a, b, and 0. 
If a « 1, then, generally speaking, the segment L must be chosen close to the 
point z = 1, and in this case its length depends on b and 6.) 
For z € L, using (4.66) and (4.68), we find that 
al) 


. z? em z 
X exp (- 2 ; +8) | dt 
m 
< C(a,b)e (Re 1 


=| 
;-5) ex» | (Re 5 — Kr 
< C(a, b)0ce"t. 


Thus, for z € L C {z: Rez > a} we have the inequality 
lá(z,t)| € C(a, bje. (4.69) 


(Here and henceforth we use the notation C for various positive constants.) 
We note that in the half-plane Rez > a for the function à(z,t) we have the 


estimate 
oo 
/ e ^*u(z,t) dz 
0 


lü(z, t) 


Let w(z, L) be the harmonic measure of the segment L, relative to the half- 
plane on the boundary of which L lies, at a point z of this half-plane. For what 
follows we need a lower bound for the quantity minw(z, L) on the segment 
Rez = pi, Im z| € A for large À. We recall that w(z, L) is the angle subtended 
by the segment L at the point z, divided by v. If L = {z: Rez = po, 
[Im z — so| € A}, then 


d 1 
< J p PET CET OF dy = eot (4.70) 
~ Jo Pa 


o1 2A (Rez — po) 
w(z, L) = » arctan (Rez — po)? + Im z — so? — A2| 


Hence (pı > po, large) 
2A(p1 — po) 
(pi — po)? + A? — A? 
1 2A(pı — po) . A(pi — Po) 
Applying the theorem of R. Nevanlinna on two constants to the half-plane 


Rez > po and using (4.69)-(4.71), on the segment Rez = pı, |Im z| € A we 
obtain 


min w(z, L) = - arctan 
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t —w(z,L) 
là(z, t)| < [C(a, beet] (D (Z) 


ER C" (a, b) (po _ a) ttug w ebt 


C (a, b) A(p1 — po) 
< po-a ^P E Ine + bt 


(it may be assumed that in (4.69) and (4.70) C(a,b) > 1 and (po —a)~! > 1). 


Hence, 
1 pı +à 
ES / e**ü(z, t) dt 
271 p1—iA 


C(a, b) A(p1 — po) 
< ——— —————— ; 
< EED e| SV lne + piz + bt} A 
Integrating the equality 


TAE f e-7ty(z,t) dz 
0 
by parts and using (4.57), we find that 
il) = LA) 5 fot) J e-*%y,,(z,t)dz. (4.73) 
z Z 0 
hor (4.66), we obtain 


L f" —1A +f +100 
LS P1—100 pı +À 


(4.72) 


m git E D cossr t isinsr , 
pi +18 
_ - hl AË) os ( [C+ Zu 
y Pues oa fein tS 00000 LEID) a, 
pi +s? 
ai [Al oss [+ zu His i NE < geri ttt 
pi + s? ~ 


(4.74) 


with some absolute constant C (we recall that we assume A to be large). 


Similarly, 
f2 (t) pı— tà M r Td (4.75) 
27i P1—1t00 pitir 


122 IV. BOUNDARY VALUE PROBLEMS 


Further, 


1 Pr Pittoo\ gzr oo é d 3 
— + / — J € 7Sugel E, t)dEdz 
ami p1—100 p1--2A z? 0 x 


« 1 | B dau J e PıE+ag+bt dé ds = 1 epi z+bt " ds 
"TJA pits? Jo n(pi — a) a pice 


1 ?? ds 1 1 
pp z+bt a 7 opir-bt 
> (pi — a) : , 8 m(p —a) Pu (4.76) 


From (4.72)-(4.76) it follows that 
1 pı +100 
| e?*ü(z,t)dz 
p 


WD 


1 pı +à 
— J e^*ü(z,t) dz 
p 


271 ic 


1 Di eu pı +20 
2mi pi P pitir 
Cla, b) A(p1 m po) 1 1 piz+bt 
grotte Rl Rc € 
Increasing C (a,b) if necessary and setting for brevity A(p1 — po)/7 = a, from 
the foregoing inequality we obtain 


lu(z,t)| < cm D E e In e) A+ | ePit tot (4.77) 
We set here 
Inema V? 
m (u In =) (4.78) 


The preceding estimates were obtained only for sufficiently large A; therefore, 
(4.78) can be satisfied only if & is sufficiently small. Substituting (4.78) into 
(4.77), we find that 


ju(z, t)| 
Cla, b) —a Ine"? n Inine ve pir-bt 
< pers exl- lnlne ) (sees) za Ee € 
Las 1/2 
= C (a, b) C ES nine S a (ans | put 
PO — qA Ine & 


<C EP € (4.79) 
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with some new constant C = C(a,b). It is obvious that a = a(a,b, pi). The 
theorem is proved. 

There is an example which shows that a solution of problem (4.57), (4.58) of 
class U (a, b) with a — 0 and b « 0 is actually only logarithmically continuous 
with respect to any C™-norm of its Cauchy data. 


94. Cauchy problems with data on a timelike surface 
for hyperbolic and ultrahyperbolic equations 


In the space R"*+™ we consider the inequality 
|Lu| € A(]u] + |Vul), (4.80) 


where 


n+m n+m 
r= [Y- P: od (4.81) 


1 n+1 


(n* is the unit vector along the axis z;). We set » = mits z? and G(6) = 
{z: |z| < 6}. Let S be a surface of class C! passing through the point 
z = 0, and suppose that the normal to S at this point coincides with n!. For 
sufficiently small 6 the surface S divides G(6) into two connected regions. Let 
Gt (6) be the one of them which contains all points of the form (5,0,...,0) 
with sufficiently small 7 > 0. Suppose in G* (6) there is defined a solution 
u € C? of (4.80) with the properties 


€ forze SnG(é), 
u(2)|,|Vu(2)| < | Parisii 


We shall give conditions on S under which there exists a region W C G* (6) 
(depending only on S and 6) such that from (4.80) and the last inequalities 
it follows that 


J (u? + |Vu]?) dz < CyeC? M10: 
W 


with C; > 0 and 0 < C2 < 1 depending only on S, ó, and W. This esti- 
mate obviously implies uniqueness of the solution of the Cauchy problem for 
inequality (4.80) with data on S. 

In what follows we use the notation 


n+m 


D» IM fo) = Y2 


(on the other hand, z; is always the ith coordinate of the point z). 
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LEMMA 1. Let u(x) and y(x) be twice differentiable, let I(x) be thrice 
differentiable, and let 0(z) = expl(z). Further, let ki, 1 = 1,...,n +m, be 
constants equal to +1, and let L = Y, k;0^/0z2. Then 


0? (Lu) > 26? 2l; — x;(Ll+ p)]u? + 4 KK luus 
2 J” J 


1«:«j €nd4m 


1 1 
+ 20? Eg Tw) > kil? —L (X kil? — i) T > Kipili — d u? 
tk br i X kju? — 2u; X sjlju; + [4E Kgl? + s) uiu 
i j j j 


(ap, 


PROOF. Introducing the function 
v(z) = &(z)u(z) (4.82) 
and using the equality 
uj; = 07! [v — iv; + (I2 — Lado], 
we obtain 
P (Y us). = [Y os — ive 2 — kiol} 
> [E ewa + E elh — lajv- vv] 2 (Y riva) do 
-4 (Y riva) (SO wil ") + 2b V. kill — 14)v? — pv? 
- 4( los) [SO el — 1v 
> 2(S swa) Vo - 4 (Y nima) (X iis) + 2b Y el — lav 
— fv? — 4 (X rilivi) |S rl - v]. (4.83) 


We transform each of the terms on the right side so as to obtain expressions 
containing (up to a divergence) only v?, v;vj, and v?. We have 


2(>> Kivi) bu = —2 So vd S ripun? 279 (viv); >> Kal hiv? 
From (4.82) it follows that v; = 0u; + 0;u. Hence, 
2 ( ioa) Vv = — W) ` Ki(0u; + 0;u)^ + 6? D Kipu? 
+ ` Kk; 2 (8u; + 0;u)8u — v;0?u?]; 
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= —2y6? Y Kiu? 
t2 (0,00; + Y0? + 005)u? + V (P9); — 2902)? 
-2 Y Ki (V00;u7); + ` Kk; (0*[2uu;u + (24l; — di)u?)}: 
= —240* 5 ^ siu] +0? 5 [oil + 2902 + 2 (Li +1) 
t is — 2Ul2)u? + V ei {O?[2pusu + (2l; — di — 291;)v?]y 
= —240? S ku + 0? S (22 + 2l + Zhili + vii)? 
t ` Ki|0^ (2pu;u — piu? )hi. 
Further, 


—4 D kivi) D ilii) = u^ D 
— 12» sili HY Y snnm 
EN (Se V ji 43s [Se ws} . 


Returning to the nin u(x), we obtain 


— 4 (© o) (© divi) E) » > Ki Kl; (Ou; T 0;u)? 
i j 


+4 » ` KiKjli; (uj; + 0;u)(0u; + 0;u) 


: 
+2 » Ki b &;[l;(&u; + bju)? — 21; (Ou; + 6;u) (fu; + 65u)] 
= — 29? 2 Y kikjl;;u2 — 20? 2 D u? 
sä » = kiK;l;;00;uu; + 46? E 3 Kkikjlizuiuj 
+4 5 Y k;Kjlij0;0uu; +4 >, = kik;l;;00;uu; 
+ "35 kik;l;jlilju? o 
AE 


+2 ` Ki le X Kj |l; (uj + lu)? — 2l; (ui + l;u) (uj F l;u)] 
Ü J i 


(Continued) 


a 
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( Continued) 
= — 26? X Y kikjljju? + 49? x > Kj K5lij uiu; 
i j i J 
+2 > > KK; (5,00; + L502 + L005: — lj;;00; = l;;0;0; = l;;00;; 
t J 


= 15500; = l;50;0; = l;;00;; = 1,0212 + 2671; 51:1; Ju? 


+2 y» Ki le D Kj IL (u; + Lu)? — 2L; (ui + l;u)(u; + in| 


J 
—2 X Ki [E 2d +2 b» Ki [E d 
! 2 f : : : 


+ 2s (X Kil;500; u e) 
= a » 3 kiKjl;;u7 +40? » 2 KiKjlijUiUj 


+ 20? E 3 KiKj (l;;l? + lal; — e - 212, — 2L; ll; Ju? 


t J 
+2 ` Ki G y Kj lu; = 2l;uiu; RS 2l?u;u 
t j 


+ (-L,1? — lil; + aim . 


1 


Further, 
29 S rill — liju? — yv? = 290? 8 rill? — liju? — 2?u?. 
Finally, 
-4 (S sili) » kill? — la)o| = -4 3 2 isl (D — lj;)viv 
=2 » 2 Kit; (Lisl? — liäljj + 2lil;liş — li L 


EA o (Ê — Lj)v v 


Ü 
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= 267 2 2 Kik;(l ul lá b. 
+ QL Lj li; = lil;ji)u? — 2 Y Ki ob ` Kl; (0 = zl : 
a j 


1 


Collecting the expressions obtained for the terms of (4.83), we find that 


6? (Lu)? > 20? y (s. — K4 ` Kjljj = «| u? + 40? 25 > Kil; uius 
j 


+ 26? b > Ki (lil? — 2l;l; — — 2l2. 7) 
t J 
tM ki 30g a s zl u? 
- 1 i ibi 9 ii 9 
+2 Y Ki le t > kju? — 2u; 3 Kjljuj T E > E + J uu 
i j j j 


+ e 3 Kyl? + 2 Kjlijl — 3 J 


= 20? is — k(Ll + 4)]u2 + 46? Y 3 Ki Kjl;juiuj 
~ 2743 


ð 
+26? Ere (nat - E ur) 
t ki (2U2 + vil; + ann - ly u? 
E 1 A (Aki 9 12 9 
+ 230 Ki G D NI muni Us + [ES + J uiu 
a j 
1 
+ Z 2 kil? + 2 K;lijl = M J i 


a 


It is easy to see that the last sum coincides with the right side of the inequality 
to be proved. Lemma 1 is proved. 
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Below we use the notation 


ntm n n n+m 
Se Lea as. ES! 
2 2 1 2 2 n+1 
For real a2,...,Qn+m and € we set 
p(z) = (z1 — £ + X aiz?. (4.84) 


2 


LEMMA 2. If u(x) is twice differentiable, then for any real À and p the 
following inequality holds (L is defined in (4.81)): 


ePe(Lu)? > 8Ae?e la - pju? + Y (o; - pju? + X (o; + zi 
2 


eio pe la - t (7-7 Jat 


(x-x 4e?^e Lh (Ao;z;u? — 22ojz;u;u; 


2 24,7) 


` o?z zjuju— Ao juu — 82? OO LiL; U 


J 


— 2\pu;u + AMajz,u" 
i 
where the expressions a;,a; and z;,z; wn the divergence term for 1 = 1 or 
7 = 1 must be replaced by the expressions 1 and x; — € respectively. 
PROOF. Setting in Lemma 1 


Ky = = Kn = 1, Kn+1 =*''=Knim =—l, 


l(z) = Av), w= —2A ( + » Qi — y «| + 4p, 
2 


we arrive at the inequality to be proved. 

Below we denote by C constants depending only on n + m (generally 
speaking, these constants are distinct). If it is necessary to emphasize the 
dependence of a constant on some parameters, we indicate this dependence 
explicitly. 
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THEOREM 1. Let T, R,z, and ¢ be numbers such that 


0« T « R, 0<¢<z2<R-VR-T?. 
Set 


| 2ks — $ 
w) (z, ¢) = - (zı Ry *2. t; =R, D is PL. 


(s) = fa: (a R? +Y ai o E =R- 


and denote by Q(z,¢) the region of the space R”+™ bounded by the surfaces 
w)(z,¢) and w'?)(z,¢). Suppose in the region Q(z, z) there is defined a so- 
lution u(x) € C'!(Qi(z, z)) n C?(Q(z, z)) of inequality (4.80) such that 
€ for z €w')(z, z) 
« un 
(ey) Vata] sit fore e a (4.85) 


Then there exist Cy = Ci1(R,T,z, A) > 0 and C; = Co(R,T,z) > 0 such that 
for any € with In(1/e) > Cı and any ¢, 0< ¢ <z, 


2R¢ — c? 
2 E = mos In | ; 
PROOF. The surface w‘!)(z, ¢) is a circular polycylinder with base of radius 
R and height 


i (|Vul? + In? eu?) dz € Cz In? e exp 
Q(z,¢) 


2TA/ (2R¢ — ¢?)/(2Rz — z?); 
w'2)(z,¢) is a hyperboloid. The surfaces w'!)(z,¢) and wl?) (z,¢) intersect 
along spheres whose points satisfy the relations 


/ H 2R 
Demon 2,5 =P 


We assume that the Cauchy data for inequality (4.80) are given on the poly- 
cylinder 


wH) (z, z) = in (m-RY? +> =R, E gs 3i 
2 


and admit the first of the estimates (4.85) on it; we estimate the solution 
in the region ()(z, c). It is here assumed that a solution exists in the region 
Q(z, z) D O(z,¢) and admits there the second of the estimates (4.85). 

In the inequality of Lemma 2 we set 


EE R; 02 =" = An =l, Ont1 — +++ = An4m = -T ?(2Rz — 2°), 
p = (2T?) -1 (T* + 2Rz - 2°). 
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In this case 
! 2Rz — z? ww 
#2) = à - RY +), a T, 


and hence the surface w'?)(z,¢) is a level surface of the function p(z) and 
thus also of the function exp[2A p(z)]. 
We shall show that for 2 —2,...,n and7=n+1,...,n+m 
0 « »,1-— p, Qi — p,—-A;,a; +p<1. (4.86) 
From the inequality z < R — V R? — T? it follows that 
v R? -T? < R- z, R? — T? < (R- z)*, T? +z? — 2Rz > 0, (4.87) 
whence 
T? + 2Rz — z? « 2T*. (4.88) 
Since z < R, it follows that z? — 2Rz < 2Rz — z?. From this inequality and 
the last inequality of (4.87) we have T? + 2Rz — z? > 0. The inequalities 
0 « p « 1 and analogous inequalities for 1 — p follow from this and (4.88). 
Since a; — p = a; + p = 1 — p, the same inequalities hold also for o; — p and 
Qj t p. 

Further, —o; = (2Rz — z?)/T?. Since z < R — / R? — T? < R, it follows 
that —o; > 0, and from (4.87) it follows that —o; < 1. The inequalities 
(4.86) have been justified. We apply the inequality of Lemma 2 to the region 
Q(z, z) with the £, o;, and p chosen above. By (4.86) 


-4 QJ - z (x-x o zi > -Q, 
jae + (3-7 ata 


= (zı — Ry 4 x a? —T-?(2Rz — z^)" y r? 
2 


> inf, Ke -RPaW 2? -T-2(2Rz- 2)? a =(R-2z)?. 
z,z 2 


From this and Lemma 2 it follows that 
e?^P (Lu)? > 8A(1 — p)e?^*|Vu|? 
C 
3, 52A E o ae 2 2j 
+ 64A? pe le z) a u* + div e^? U, 


where the modulus of the vector-valued function U, as is easily seen, for A > 1 
admits the estimate 


IU (z)| < CA? (1 + R? + TS)[|Vu(z)|? + u?(z)]. 
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Thus, 
C 
Wp B 2 3 E a 2 
e [ea p)|Vul* + 64\°p (r z) s u* — (Lu) | 
< —dive?^?U. (4.89) 

From (4.80) we obtain 

(Lu)? < A?[|Vul? + v? + 2|Vul jul] < 24?(|Vu|* + u?). 
From this and (4.89) we find that 


ee fia — p) — 2A*]|Vul? 


C 
3 ya _ 9 42| 42 ae 2d 
+ Z p (œ z) i] 2A | u | < —dive^^?U. (4.90) 


Let A be so large that 


8\(1 — p) — 24? > AA(1— p), (4.91) 
C 
3 "n o a —.9 42 3 (D »)2 
64A*p (r z) c 2A* > 322? p(R — z)*. (4.92) 
It is easy to see that (4.91) and (4.92) are satisfied if, for example, 
à > C(R,T, z, A), (4.93) 


where 
2 2 1/3 
C(R,T, z, A) = max ja mF aro raed (4.94) 
(we recall that we restrict our attention to A such that A > 1). For such A 
(4.90) gives 
e?^e[4A(1 — p)|Vul? + 32A3p(R — z)?u?] < —div e?^?U. 
We integrate this inequality over Q(z, z). We have 


| ee[4X(1 — p)|Vul? + 32\3p(R — z)?u?] dz 
0 (z,z) 


< (/ «f | e?^* |U| ds. 
wu) (z,z) w (2) (z,z) 


Noting that for z € wl?) (z, z) we have p(z) = (R— z)? while for z € w")(z, z) 
we have max o(z) = R?, from this and the inclusion N(z,¢) C O(z,z) we 
obtain 


J e?^e[4A(1 — p)|Vu|? + 322?p(R — z)?u?] dz 
Q(z,c) 


< exp(2A R?) J 


w(1) (z, 


IU| ds + exp[2A(R — z)? J alas: (495) 
z) w 2) (z,z) 
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Using the estimate for the vector U and (4.85), we have 


IU(z)| < | CA3S(1-- R3 4-T3)e? for z € wv?) (z, z), 
T |Cd3(14 R5 +T?) forze Oz, z). 


Noting that 
meas uU) (z, z), measw')(z,z) < CR"- 1T", 

from (4.95) we obtain 
[ e?^P[4A(1 — p)|Vul? + 32A°p(R — z)?u?] dz 

= < C(1 + RÌ + T)R^- T" 33Lexp(2AR?)e? + exp[2\(R — z)*]}. 
Since p(z) > (R—¢)? for z € N(z,¢), from this we get 
Ja d — p)|Vu|? + 322?p(R — z)?u?] dz 

2,6 


< C(14- RÌ + T)R^- T" Y? {exp[2\(R? - (R - c)?)]e? 
texp[-24(R - 9)? - (R-2))]). (496) 


Let € be so small that 
In(1/e) > (R* — (R - 2)*]C, 
where C is defined in (4.94). Setting in (4.96) 
A = [R* - (R - z)*] * In(1/e), 
we then obtain 
I AC- p)|Vu Sap(R - 2 Rs — £2) In? ev?) da 


< C(14- R? + T?)R" "V T"(2Rz — 2?) ? Ine 


Nr 
X exp 2 (1 - 2-55 Jine] 


Cı(R,T, z, A) = (2Rz — z*)C(R,T, z, A), 
C»(R, T, z) = C(1 + R? + T^)R"-'T"(QRz — z*)~? 


x min"! 4(1 — p), 32p(R — z)*(2Rz — z^) *], 


Setting 


we arrive at the assertion of the theorem. 
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COROLLARY. If a solution of (4.80) of class C1(M(z, z)) N C*(Q(z, z)) 
is defined in the region Q(z,z) and vanishes on w")(z,z) together with its 
gradient, then this solution also vanishes in Q(z, z). 


Indeed, it follows from Theorem 1 that in this case u(x) = 0 in any re- 
gion f1(z, c) for ¢ < z, whence our assertion follows. This assertion is valid 
for any z < R — v R? — T?. If the function u(z) and its gradient van- 
ish on w(t) (R — vR? — T?, R — VR? — T?) and a solution of this class ex- 
ists in Q(R — v R? — T?, R — v R? — T?), then this solution obviously van- 
ishes in Q(R — vR? — TZ, R — VR? — T?). We note that the region Q(R — 
VR? — T?, R — v R? — T?) does not exhaust the entire region bounded by 
wh(R — VR? — T2, R - VR? — T?) and the corresponding characteristic 
conoids. At the same time, it should be expected that the domain of def- 
inition for w(t) (R — /R? — T?, R — /R? — T?) is precisely the latter region. 
Theorem 1 confirms this assumption only in the case R = T. Indeed, the 
conditions u(z) = Vu(z) = 0 on w")(R, R) in this case imply that u(z) = 0 
in the region Q(R, R) bounded by wl) (R, R) and w'?)(R, R). However, the 
equation of wl?) (R, R) is 


(zı — R) + » r? — y r? =0, 
2 


i.e., w(?) (R, R) is the characteristic conoid with vertex at the point (R, 0, . . . , 0). 

We have considered the question of uniqueness and stability of a solution 
of inequality (4.80) in the case where the Cauchy data are given on the entire 
lateral surface of the cylinder 


(zı - RP + y r? = R?, 5. pic qe 
2 


Study of this problem in the case where the Cauchy data are given only on 
part of this surface is also of interest. As previously, the consideration of this 
question will be based on Lemma 2. 

Suppose there is given a collection of positive quantities R, T,r with the 
condition r « 2R. We shall assume that the Cauchy data for inequality (4.80) 
are given on the surface 


w(R,T,r) = E (xy -RP+Y d =R, DE « r^, DE <r} 
2 


In subsequent considerations there are no distinguished variables among those- 
contained in each of the groups 22,...,2%n and z441,...,Z44m. Therefore, 
it is natural to choose the coefficients a; appearing in the definition of the 


134 IV. BOUNDARY VALUE PROBLEMS 


function p(z) (see Lemma 2) so that ag = --- = an = @ and Qn41 = = 
An+m = D. Thus, 


p(t) = (n - €? ca 2? +h)~ zi, 
2 
and the level surfaces of the weight e?^? have the form 
pla) = (eg? tad d eB doe 
2 


Use of Lemma 2 makes it possible to prove uniqueness of a solution of inequal- 
ity (4.80) in the region €) C (z: zı > 0} bounded by the surface w(R,T,r) 
and the surface p(x) = c (more precisely, by parts of these surfaces). Here 
it is natural to require that the region Q for given R, T, and r be maximal. 
If the point of intersection of the surface p(z) = c with the line zı = s, 
T2 = --- = Tn4m = 0 is (a,0,...,0), then maximality of the region Q corre- 
sponds to maximality of a. In this case the level surface of the function p(z) 
bounding the region Q has the form 


(zi €? +a 2? +B) zi =(a-€). (4.97) 
2 


The intersection of the support w(R,T,r) of the Cauchy data with the plane 
In+1 = 264 uc l is 


/ / 
2 


and the boundary of this intersection is the sphere of dimension n — 2 defined 
by the equations 


r2 


1 r2 
mo M4t(um) meet 
2 


We shall require that this boundary belong to the level surface (4.97). For 
this it is necessary that 


I] = 


whence 


r2 \ T? r? r? 
Q = r~? (: = "I (a = zx) (a = 2€ + zs) $ (4.98) 


We also require that the surface (4.97) contain the boundary of the inter- 
section of w(R,T,r) with the plane z2 = --- = £n = 0, i.e., the sphere 
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j= ++: = Tn = 0,7" z2 = T?. For this it is necessary that €? + BT? = 
(a — €)*^, whence 
a(26 —a 


The surface (4.97) in which the parameters o and f are defined by (4.98) 
and (4.99) we denote by 4(R, T,r,a, €). The part cut out on w(R,T,r) by 
the surface »(R,T,r,a,€) and containing the point (0,...0) we denote by 
vU) (R, T, r, a, €). Equations of the boundary of w(U (R,T,r,a,£) can be ob- 
tained by jointly solving the equation 


(t1 -R} +Y 2? =P? 
2 


and equation (4.97) and using the fact that for z € w(R,T,r) we have 0 < 
zı < r?/2R. After executing this procedure, we obtain 


2 
1 nd js: T » 2 ud 
X (Trad [ron IR - rz; = —r11 + 2Rz1, 


D'a? = 3l- -aaf +€ -aR)z]+T?}. (4100) 


That part of the surface 4(R,T, r,a, €) which is bounded by the surface (4.100) 
and contains the point (a,0,...,0) we denote by w'?)(R, T, r,a, €). The region 
bounded by the surfaces w(t) (R, T, r,a, €) and w'?)(R, T, r,a, €) we denote by 
OQ(R, T,r,a, £). Thus, 

AN 240 Uw?) 


(in the sequel we shall also omit all or part of the indices R,T,r,a, € where 
it causes no confusion). The character of Lemma 2 shows that for uniqueness 
E i solution of (4.80) in Q it suffices to give the Cauchy data on the surface 
uM), 

It follows from Lemma 2 that to be able to obtain an estimate guaranteeing 
uniqueness in 1) the quantities a, 8, €, and a defining the function p(x) should 
satisfy the following conditions: 

a) d(z1 — €)? /dzı < 0 for0< zı € a; 8 « 0; 

b) there exists p,0 < p < 1, such that o — p, B + p > 0; 

c) (z1 —£? 027432 2 3" 2? > 6 > 0 forze. 

Conditions a) and b) are equivalent to the conditions 


E>a, 8 «0; a » —D, -—p«, 


while condition c) follows from a) and b). Indeed, since by a) and b) a > 0, 
a > —f, and 0 < —8 < 1, it follows that for re 2 
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(n - E +a? 97 3 - P7 sd» (m 0 a P+ A>” z(e) 
2 2 
> — B min p(z) = —B(a — £)? > 0. (4.101) 


Thus, to obtain an estimate guaranteeing uniqueness in Q it suffices to re- 
quire that the quantities a, € and a, 8 (defined by (4.98) and (4.99)) satisfy 
conditions a) and b). 

The second of conditions a) follows from the first by (4.99). Thus, con- 
ditions a) and b) lead to the following three conditions on the quantities a 
and £: 
a(2é — a) 

T2 


zi 
(8-2) 2) one)» EA. am 


We rewrite these inequalities as follows: 


€» a, « 1, 


€» a, E< ; T E 
1 r?/2R? | us r AR" 
r*/AR? r* /AR? 


= 1+ (r2/T2)(1 — 72/4R2) i [1 + (r2/T2)(1 — r?2/AR2))?- 
Thus, conditions (4.102) are equivalent to the following conditions: 


a T? 
E > a, d « 2 + Ja’ 
1 r?/2R 
633 fas T+ GTA- ARS 


8 | r4/4R? 7 r*/AR? | 
1 + (r2/T2)(1—72/4R2) [1+ (r?/T?)(1— r?/AR2)? 


x a- zzi r^ [2R E 
1 + (r?2/T?)(1— r2/4R?) 
r?/2R 
(s = Tx (my -77. 2) 5109) 
The (open) region c(R, T,r) of variation of (a, €) satisfying these conditions 
is bounded by the segment |r?/4R, oo) of the £-axis and the two segments of 
the hyperbolas 


(4.104) 
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1 r?/2R 
UV. (e+ T+ (2/0 77/4) 
B | r* /AR? E r* /AR? | 
1+ (r2/T2)(1—1r2/4R2) [1-4 (r?/T?)(1 — r?/AR?2)? 


r?/2R Y 
x la- Coe uen | (4.105) 
The segments of the hyperbolas intersect at the point with coordinates 


2 2. — V(T? + 12)? — T?r^]R2 7 
i= a E E= R(1+T?/r2). (4.106) 
We note that 

Q@= sup a. 
(a,£)€o 

Thus, if for given R, T, and r (r < 2R) the pair (a, £) is such that (a, £) € 
c(R,T,r) and the quantities a and B are defined by (4.98) and (4.99), then 
conditions a)-c) are satisfied for the collection (£, a, 8). 

After these preliminary considerations we proceed to the formulation of 
theorems on estimating a solution of the Cauchy problem of interest to us. 


THEOREM 2. Suppose there are given positive numbers R, T, andr (r < 
2R), and the numbers a and € are such that (a, €) € o(R,T,r). Suppose that 
on (R,T,r,a, €) there is defined a solution u(x) of class C! (0) à C2(Q) of 
inequality (4.80) with the conditions 


[u(z)], IVu(z)| < | 1 forzc€wO(R,T,r,a,£€), on 


where In(1/e) > C1(R,T,r, a, €, A). Let 
N(R, T, r, a, Ela’) = O(R, T, T, a, £) N ix: p(z) > (a’ ES €)?}. 
Then, for any region Q(R,T, r,a, &la') with 0 < a’ <a, 


| (|Vul? + In? eu?) dz 
0(---|a’) 


< Ca(R,T,r,a, €) In? e exp 2 (1 — ae) hne (4.108) 

— ) 37357) 2ak "E a? z ° 
PROOF. Since (a, €) € o(R,T,r), conditions (4.102) are satisfied. Defining 
a and f by (4.98) and (4.99) and setting p = (a — 8)/2 if a < 1 and p = 
(1—)/2 if a > 1, we satisfy all conditions a)-c) guaranteeing strict positivity 
of the leading terms on the right side of the inequality of Lemma 2 and the 
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“regular” character of the decay of the function p(z). Indeed, suppose that 
a < 1. Since 0 < —f < 1, it follows that 


0«p- $2 «1; 
Qji—-p-a-— = StF 59, 1 a J 
acp Bp 24" >o, 1=nt+1,...,n+m 
(a+ B > 0 because of b). If o, > 1, then 
0«p- 4E <i, 
p—a p=a- Ë pK REN 25 ores 
EN 


a +p=B+p= — —>0, t=nH+1,...,n+m. 


The leading coefficient of u? on the right side of the inequality of Lemma 
2 by (4.101) admits the estimate 


64pA?[( (zı — 24 E oz 2 5" a22?]e?^e > 648p? (a _ £)2e2A¥ 
in the region 0(R, T, r, a, €). Since 


(n - £)? <0 for 0< zı <a; o»0,]0«90, 
1 


the function p(x) achieves a maximum on f1(R, T,r,a,£) at a point of the 
support of the Cauchy data wlt) (R,T,r,a, €): maxq(z) = (0) = £?, and 
for z € w'?)(R,T,r,a, €) we have p(z) = (a — €)? < €. 

Proceeding just as in the proof of Theorem 1, for à > Ci1(R,T,r, a, €, A) 
we obtain 


J e2%0(|Vu]? + A?u?) dz 
O(R;,t,r,a,€) 
< C(R,T,r,a, €) A? texp(2£?A)e^ + exp[2(a — €)^A]. (4.109) 
Let 0 « a’ <a. It is easy to see that then 
Q(R, T,r, a, |a") C Q(R,T,r,a, £) 
and for z € N(R, T,r, a, Ela’) 


min p(x) = (a' — €)? > (a — €)’. 
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Because of this, from (4.109) we obtain 
J (IVu|? + 32u2) dz 
0(---|a’) 
< C(R, T, r,a, £)A? {exp[2(€? n (a m=. €)*) Ale? 
+ exp|—2((a" - £)? — (a - £)?)]). 


In this inequality we set 
A = = In(1/e), 
g-(a- ep Ms) 
which is possible if 


g-u-m In(1/e) > C1(R, T, r, a, €, A), 
1.€., 

In(1/e) > [£? — (a — €)*]C1(R,T, 7,4, €, A). 
We obtain 


2 1 2.2 
M fiva toca- g a | n 


2C(R, T, r, a, C) 2 l = e = (a! Zz 2 | 
S z(a gap n € exp 2|1 & —(a— £9 Ine}. 
From this we obtain the assertion of the theorem with some C,(R, T,r, a, €, A) 
and C2(R,T,r,a, £). 


THEOREM 3. Suppose there are given positive numbers R, T, andr (r < 
2R), and the numbers a and € are defined by (4.106). Suppose in the region 
QO(R, T, r, à, £) a solution u(z) € C1((1) nC?(Q) of inequality (4.80) is defined 
such that 

u(r), Vu(z) 20 forz € wQ?(R,T,r,a,£). (4.110) 
Then 
u(z)-0 forzc€CQ(R,T,r,a,£). (4.111) 


PROOF. The point with coordinates à,€ lies on the intersection of the 
hyperbolas (4.104) and (4.105), i.e., (a, €) € Oc (R, T,r). We recall that 


a= sup a. 
(a,€)€o 
If a and f are defined by (4.98) and (4.99), then 8 = —1 and a = 1, and 
hence the surface 4(R,T,r,a,£) (defined by (4.97)) has in this case the form 


y 2-5 x? = (a — $}, 
2 
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while the boundary of the surface w(t) (R, T, r, à, €) (cut out on the cylinder 
(z;— R)? + Y, x? = R? by the surface 4(R, T, r, à, £); see (4.100)) is given 
by the equation 


Ow? (R,T, r, à, €) = fa 0 < zı < 3p pL r? = —z*? + 2Rz,, 


DEE I; 2(€ — R)z; + Pl 


Suppose the point (a, £) is such that (a, €) € o(R,T,r) and 
(a aj + (E-E <6? (4.112) 


with sufficiently small ó > 0. Using the method of Theorem 2, it is then easy 
to obtain from (4.110) the equality 


u(z)-0 for z €N(R,T,7,a, €) AQ(R,T,r,a, €). 


Points of the regions ((R, T,r,à,£) and Q(R,T,r,a, £) are precisely those 
points for which 


-Rya-VT 2? < R?, (zı — Qus -\~ a? > ( 
2 
and 


-R}+Y uem. (zi — Prada +y z? » (a—€ 
2 


respectively. From (4.98) and (4.99) it follows easily that if (a,€) — (a, £), 
then o(a, €) — 1 and (a,€) — —1. Therefore, for all z € OQ(R,T,r,ā, £), 
there exists a 6 > 0 such that from (4.112) it follows that 


T € N(R, T, T, a, &)n N(R, T, r, a, 3 
whence we obtain (4.111). 
THEOREM 4. Let 


N(R) = fa (zı — R?) PE: < R? (zı - 2R}? La >o}, 


sa) tf RP +9 x? i-e] 


Suppose that a solution u(x) € C1(Q)NC2(Q) of inequality (4.80) is defined in 
the region N(R) and satisfies the condition u(x), Vu(z) = 0 for z € w® (R). 
Then u(z) = 0 for z E€ N(R). 
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PROOF. N(R) is a region of the type Q(R, T, r,a, £) of Theorem 3 for which 
T = r = 2R. The boundary of the support of the Cauchy data w(!)(R) is 
described as follows: 


dw) (R) = fa 0 € z1 € 2R, » r? = —z? T 2Rz,, 
2 


Sa? = -2Rz, + are) | 
The region N(R) is the part of the interior of the cylinder 
(zi -RP-Y 2? = R, 
2 
cut out by the characteristic conoid 
(zi -2RP +Y 2? - V 2? =0. 
2 


Let r' be such that 0 « 2R — r' « 6. Applying the method of Theorem 2, we 
prove that u(z) — 0 in any region of the form 


N(R) n Q(R,T, 1’, a, €), 


where (a, €) € c(R, T, r') and (a — a)? + (€ — €)? € 6? (the quantities à and 
€ are determined by (4.106) in terms of R, T, and r’). Since 


Q(R, T, r', a, €) ^ Q(R,T,r',ā, €) 
as (a, €) (a, €), and i 
Q(R,T,r^,à, £) > A(R) 
as r' — 2R, the equality u(x) = 0 holds for any point z € N(R). We note 
that the region N(R) contains the entire ball 


(zı - R)ó + D gem. D z? =0. 
2 


It is easy to see that if the set N is compactly imbedded in Q(R, T, r, a, £) 
or N(R), then the L^(N)-norm of a smooth solution of the Cauchy problem 
in question for inequality (4.80) with an a priori bounded C!-norm depends 
in a Holder-continuous fashion on the C!-norm of the Cauchy data. (Indeed, 
if N € Q, then there exists a pair (a,£) such that (a,£) € o(R,T,r) and 
N € Q(R,T,r,a,€). It remains to apply the method of Theorem 2 to the 
intersection (((R, T,r,a, €) N(R, T, 1, a, €) or Q(R, T,r,a, €) A Q(R).) 

It follows from our results that a nonhyperbolic Cauchy problem for an 
inequality containing the wave operator possesses the property of Holder sta- 
bility if we restrict ourselves to a suitable class of solutions. The Cauchy data 
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are here given on the surface of a cylinder with generators parallel to the 
time axis, and the solution is estimated inside the cylinder. It is natural to 
call such a problem an interior problem. As the following example due to F. 
John shows, the analogous problem in the case where the solution is sought 
outside the cylinder (it is natural to call it an exterior problem) possesses 
essentially different properties. Namely, a solution of this problem depends 
on the Cauchy data logarithmically even in the case where the solution is an 
entire analytic function of all variables. 
EXAMPLE. We consider the equation 


1 1 
Olu = ui — Urr — fUr — mpuee = 0. (4.113) 


It is obvious that for each natural number n the function 
Un = Ja (nr) exp[im(t + p), (4.114) 


where J4(£) is the Bessel function of order n, is a solution of (4.113). Clearly 
Un is an entire analytic function of the variables t, r, and o. For0<r< 1 


nr 


(4.115) 


([73], 88.7, formula (1)), and for such r the modulus on the right is less than 
one. From this it follows that un decays exponentially with increasing m at 
any point of the cylinder r « 1, and this decay is uniform in any smaller 
cylinder. On the contrary, for r = 1 


lun| = |Jn(n)| = T(1/3)272/3371/6571471/$ + Q(m-5/3), (4.116) 


while for r > 1 
Jn(nr) = V Z — 1) ^ cos -7 +n (ve — 1 — arccos 3)  o(n-1/2) 


uniformly on each compact subinterval of the ray r > 1. Thus, for r > 1,u, 
decays like a negative power of n. Analogous estimates hold also for the 
derivatives of un. For derivatives with respect to t and ¢ this follows from 
(4.114)-(4.116), while the derivatives with respect to r can be estimated by 
using the formula 2J7; = Jn_1 + J441. Proceeding in this way, it can be 
shown that the derivatives of u,, of order s can be estimated by a quantity of 
order n?71/3 uniformly with respect to r, t, and q. 

We now consider the problem of extending a solution u from a cylinder 
So of radius rg < 1 to a cylinder Sı of radius 1, and we shall consider only 
solutions that are entire analytic functions in t, r, and p. By Holmgren’s 
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principle, a solution u is defined for all t, r, and p by giving its Cauchy data 
on S,. We introduce the norms (—oo < t < oo, 0 € p € 2x) 


|u| = sup|D?u| (0« r« oc), 
a<s 
[uli =suplul (r=1), |lullo= sup |D*u| (r= ro). 
a< 


By the foregoing we have 
lunllı > an7, [unl] < bne— 1/5, lunlo € q^, a,b 50; q«l. 


From this it follows that there exists a constant C > 0 such that for u = un 


and sufficiently large n 
lull (in lul BL) 
eO 
lull ~ lullo 


This shows that u on Sj is at best logarithmically continuous with respect to 
the norm of its Cauchy data defined on So. 

It is of interest to construct classes of solutions for which the exterior non- 
hyperbolic problem possesses the property of Holder-continuous dependence 
of solutions on the initial data. We shall show that such a class is formed by 
functions u(t,r,q) twice differentiable with respect to t and r which admit 
analytic continuation in q to a fixed complex domain containing the segment 
[0,27] and which are bounded in this domain by a fixed constant. For this we 
need some preliminary results. 


LEMMA 3. Suppose that the functions u(t,r) and v(t,r) are twice differ- 
entiable with respect to t andr, l(t,r) is differentiable three times with respect 
to these variables, and 0(t,r) — expl(t,r). Then 


0^ (use — urr)? > 20? (AI — yu? + (Al + v)u2 — Al; uiu, 
+262 Ea - 2) - C2 — 2) 29 (12 — 12) 


+ Welt — Yrlr + 50% zz j^ u? 
+ {26 Inc — u 2)- 2u; (leu: -l rur) + (2(12 = i2) + Yusu 


-((u-8)«-2+45)e} 


+ [oe Il. (u2 — u?) — 2u (Lu, — leus) — (2(1? — 12) + b)uru 


"(Qe z)e-meim)u 


(A -(02/88)--(02/8532) | C = (82/02) — (8? /ðr?)) . 
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PROOF. Lemma 3 follows from Lemma 1 if we set kı = 1,k9 = —1,z =t 
and I9 =T. 


LEMMA 4. Suppose u(t,r), l(t,r), and 0(t,r) satisfy the conditions of 
Lemma 3. Then for any real n 


2 2 
6? (u — Urr — Ti + =) 
r r 
> 29 IC -IL4 zi) ul + y sipa 5) ul (-4u. + 2 4 
+ 20" pong- I?) + B; + 31, — <= -UR - 1?) - iu u^ 
+ [or I (u2 — u 2) — 2u; (lius — l-Ur ) 


1 d i 
gut NO -Bju (0 - 5) 6 - s) 


ZU L (u? — u?) + 2u, (lius — lu.) + — 
ð n? 1m? 
2 72 LN 2. 72 DENS LA ov^ 
PROOF. We have 
2 1 n? í 2 2 21.2 ,n* 2 
0 Utt — Urr — Ur + yu = 0^ (ui — Urr)” + Our + Ou 
T T T 


H2 we 
_ 9921 = (Utt — urr )u, + 207 =z (Un — Urr U — 26° zuur. (4.117) 


We transform the M three terms to obtain expressions containing (up to a 
MEN only u2, v2, and v?. - have 


— 2921 = (Utt — ur,)u, = 2921 z UtUtr + 406,1 z Ut Ur 


- (zs! : ei) ul - Cae + Uu 
r t r r 


"t -g 5) (ub +02 ) + 400, S (atu 


«pasa 
(i)e 


AP Leu, — (20? " le (u? +u 2 ; 


t 
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2 
n 

20* — (Utt = Urr )U 
n? 2 
= -20° -z us oe 299 ue — 400,5 uui, 
22 - n2 
2 (02 — d uu, + (w “ut — (a unt 
T T T ; T : 
n? n? 
= -20° (uz a u2) + P + 004.) gu 
- (ws + 206,, X ca nt) 
n? n? » 
+ (20? —u,u — 200, —u 
72 72 ; 
2 2 2 
+ EL (209.5 - 207 | “| | 
T T T " 
Since 6,,/0 = 1,, + 12, it follows that 
2 
n 
26° — (uui = Urr u 


n? n? 4 3 
= -20° (uz — u2) + 20* E - I + 0l + aly — 2 u? 


2 2 
+ 20° (us - ia) + {20% E + (i - 3 | | | 
T : T T " 


2 2 2 2 
— 20 uu, = gz — s) u? + uu) 
2 2 2 
_ 992 n on 2 20V. 2 


Using Lemma 3 with Y = —n?r^*? to estimate 0?(u;; — urr)? and substituting 
the result into (4.117), we obtain the lemma. 


Further, 


LEMMA 5. Suppose that for 0 « a «1, R25 1, andT>1 
0(t,r) = expl(t,r) = exp(A[-at* + (R+T — r)?]), 
Na = {(t,r): -T<t<T,R<r<R+T-vV(1-a)T? + at?). 


Suppose, moreover, that 


A22(-a)!  N-cz(1-2a)/2, In| <N. 


E 
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Then for any point (t,r) € Qa 
(1 — a)O?(u? + u?) + (1 — a)330*u? 
1 n2 V? 
< 6? | un — Ur — Fu, + mu) -divU, 
r r2 
where 
IU| < CAST36? (u? + u2 + u?) 
with some absolute constant C. 


PROOF. We note that (1, is the region of the half-plane r > R bounded 
by the level line of the function I(t,r) passing through the points (T, R) and 
(-T,R). If v is the triangle with vertices (T, R), (0, R + T), and (-T, R), 
then Na C m and Na — r as a — 1. The inequality of Lemma 4 in the 
present case has the form 


2 2 
0? — — i 
Utt Urr pt + pue 


R+T 1 
se {fn (22. 2 Ut 
Ea E (Z= = a) + J u? — d 
r r 
2 
+ 20? [ie +a)X (R+T - r)? - o?£| - 2(1 +a)A~5 


n? 3 n? 
-6X(R T - 7), — 8(1 + a)\? -$4| u?+divU (4.118) 


(we shall write out the components of the vector U later). 
Since 


- 4o urur 2 -2aA (u? t u2), 
the first term on the right side of (4.118) can be bounded below by the quantity 
440? (44 - alt - a) (u? + u2). 


In the domain Qa, the function 


f(t,r) = —— -a—-a 


has no extremal points (f; = —asgnt-r-! Æ 0, and f,(0,r) = -(R-- T)/r? £ 
0). Therefore, to bound f(t,r) below on Qa we consider its behavior on Of1s. 
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Let 
D dryer St <7, orem 
I" ={(t,r): -T «tx T, -ot? -(R-T- rj? = (1- a)T^). 
Then I^, UTY = 0f)4. We have 
R+T-alt| |. RtT-oT- 
R = R 
=(1-a)=** > 1-0 
For (¢,r) € T” we have 


t^ =a ![(R-T-ry -(1-o)T*], 


ftr), = 


whence 
Jt} =a 172 J(R-T-—7r72-(1—0o)T? « a-!?(R - T — r), 
and so 


f(t,r)|re 2 


-(1- 


>1- at? > X(1—a). 


I ae ie a = 
T T 


Jis TA 4 g1/2 
T 


> (1— gm ETT 


Thus, f(t,r) > ¿(1 — o) for (t,r) € Na, and hence the first term on the 
right side of (4.118) can be bounded below by the quantity 


2(1 — o)A0^(u2 + u2). 


The second term on the right side of (4.118) on the basis of the hypotheses of 
the lemma (T, R > 1,|n| € N) can be bounded below by the expression 


20? Leva -T-r?-ao?|—-4AN?R7 —6AN?TR ^? 
—16 — jv] u? 
2 


> 20? hie - aj T? — N? (4. +6AT + 3) — D u 
> 20^ [16(1 — a)A?T? — 12AT N? — 1622]? 


20" {sar ja —a)r? — j| + 8A? [(1 — a)À — | u? 


If à > 2/(1 — a) and N = (å/2)V1 — a, the last expression is not less than 
8(1 — a)430?u?. 
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We shall bound (this time above) the modulus of U in (4.118). We have 
U; = 26? {2a\t(u? — u?) + ufatu — (R+T - r)u,] 
— (1/r)u,u, + 8A7[(R + T - r}? — o?^t?]uu 
+ |-1600?t((R + T — r)? — a?t?) + 80?X?t + 2aAn?(t/r?)| u? ) , 
whence we easily obtain 
|Ui| < CA?T?8? (u2 + u2 + u?), 
and, since 


Uz = 26? [2 +T - r)(u2 — u?) + 4u, |-otu; + (R+T - r)u,] 


+ x (u? +u?) — 8A7[(R+T — r}? — o^t?]u.u 
+ faex R+T - r)((R-T -r)* - a?t?) 


2 ? 1 inlis 
— 8A (R+T —r) - 2n (R+T—-r) 5-53 u* t, 


it follows that |U5| admits the analogous estimate |U2| < CA?T?8?(u2 + u2 + 
u?). The lemma is proved. 
Below, for functions of the form f(t,r, p), we use the notation 


2T 1/2 
uto - Lf eso del 
THEOREM 5. Suppose the coefficients and solution of the equation 
Utt — Urr — (1/r)ur — (1/r? Jupo 
= a(t,r, pjut + O(t, 7, p)ur + c(t, r, p)up + d(t,r, pju 


are defined for (t,r) €.(T, R) and 0 € p € 2r, where T, R > 1, and satisfy 
the following conditions: 

1) lal, [b], |c], |d| € A; 

2) U, Ut, Ur, Utt, and urr for (t,r) € Ng(T, R) are analytic in p in some 
(open) region 9 of the complez q-plane containing the real segment |0, 27], 
where for (t,r) € Q4(T, R) and p E€ 6 

sup(|ul, |ui], [ur], [upl) € 1; 

3) for t € |- T, T| 


|u(t, R)I, |us(t, R)I, [us (t, R)I < e. 
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Then there exist positive constants x(a, A, 6), C(o, T, A), and G(a,T, ) 
(< a), such that for £^! > «(a, A, 4), 


| lul? dt dr < C(o, T, A)e 
w(B) 


(w(B) = ((t,r): - /B/aT € t € y B/aT, 
R<r<R+T-vV(1-6)T? + at?}). 
PROOF. Let 


1 27 1 [. 
prm do, n = —= Snodp, n=1,2,.... 
From condition 2) of the theorem it follows that there exists ø > 0 such that 


lus, Unt), [uns], Inu] € Ce?" (4.119) 


with some absolute constant C. Exponential decay holds for unt; and Unrr as 
well. 
Because of condition 1) of the theorem, we have 


au: + bu, + cup + dull’ € 4A" (uil? + lus lI + lue + lull’) 


OO 
= 44? S [ur +u2,+(n?+1)u2]. (4.120) 
— OO 
Suppose the function 0(t,r), the region Qa, and the numbers n, N, and A 
satisfy the conditions of Lemma 5. Integrating (4.120) over Qa and applying 
Lemma 5 to u,(t,r) for |n| € N, we obtain 


J 0^ jau: + bu, + cup + dull? dt dr 
Q 


a 


< 4A? (qi 0^ (u2, + u..) dt dr + 4A?(N? +1) LI 0^u? dt dr 
Na Qe 


In| E N In|<N 


+ wu | 0" > [u2, + u2, + (n? + 1)u2] dt dr 
» In|>N 


2 
< 44*(1— a)7147! ` j 6? (unt —Unrr — Lnr + (n2/r?)un) dt dr 
In| <n 7 e 


+ 4A*(1 — o) 1 CX? T? M J 0^ (u2, + u2, -- u2) ds 
80, 


In| £N 
+ 4A*(1 — o) 1A? (N? +1) > J 0^ (usi — Unrr — (1/r)Unr 
In|£N * Pe 
+ (n?/r?)un)? dt dr 
( Continued) 
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( Continued) 
+44?(1- 0) CT(N? +1) X J ^ (u2, + u2, + u) ds 
In|eN * 98e 
+ 4A? J 0? S [u2, + v2, + (n? + 1)u?]dtdr 
Qa ln|>N 
= 4A*(1 — a)~1A73(A? + N? +1) 2; | 0^ (Untt — Unrr 
Na 


In| <N 
— (1/r)unr + (n?/r?)un)? dt dr 
+ 4A*(1 — o) 1 CT? (X? + N? +1) ` 0? (u2, + u2, + uz) ds 
In|eN " OMe 


+44? J 0? S [u2, + v2, + (n? + 1)u?]dtdr 
Na In| >N 


< 4A*(1— a) 717! (: jeu + x?) J 38a —Unrr — (1/r)uUnr 
4 Q 


a —oo 


+ (n? /r? jun)? dt dr 


+44? (1-a) 1CX?T? (1 4 € £x) $0? (u2, + u2, + v2) ds 
ou L 


+44? J 0 XO [u2, - u2, + (n2 + 1)u?]dtdr. 
Q 
a |n|>N 


Since 

2 
1 1 

Utt — U = —Ur — m 

TT r T r2 Ppp 


t 0 109 ue 


ðt? ðr? rr r2 dy? 


2 


1 irc . 
x | ——uo + — Un cosny +u_y,sinn 
E 0 Js 2. n p n Z 


= 1 n2. M 
= > (us — Unrr — —-nr + zu) , 
pet r r 
oo 
uell? + url]? + lul? = V (ue, + u2, + ud), 
— OO 
l-a 1-o | (1—ay 


iiia: mE d lid 
1+ 1 XA < 1+ 1 zz 1 


<2, 
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it follows that 
J 0? lau; + bu, + Cup + dull? dt dr 
Qe 


2 
<84?(1- a) ta f g dt dr 
Na 


1 1 
Utt — Urr — ir: = [2 Lee 
+ 8A*(1— oj?cym | 0° (llull? + llur]? + llull?) ds 


+ 4A? J XO [2, + u2, + (n? + 12] dt dr. 
Na inj>N 
Since 


lur — urr — (1/r)ur — (1/1?) up| = ||au: + bur + cup + dull, 
from the last inequality it follows that 


[1 — 84?(1— a) 1471] J 0? au, + bur + cup + dull? dt dr 
Na 


<8A?(1- a) 90X79 | Pul? + lur? + lu?) ds 
ð 


Q 


+ ue f 0? S [u2, + u2, + (n? + 1)u2 dt dr. (4.121) 
Na  [n|2N 
Let 
à > 16A*(1— a) !. (4.122) 
Under this condition 1 — 8A?(1—a)—1A~! > 1/2, and from (4.121) we obtain 


| 6 |lau; + bu, + cup + dull? dt dr 
Qa 
< CAL a) 2°78 | Ql + fuel? + ll?) ds 
ON. 


+ 8A? J 0? X. [u2, + v2, + (n? + 1)u2] dt dr (4.123) 
Q 
& In|2N 


with some new constant C. We have estimated the right side of the original 
equation. We shall use this estimate to obtain an analogous estimate of the 
solution u(t,r, p). Again applying Lemma 5, we have 


J 0° |u||* dt dr = x Pub dear + | 0" » u2 dt dr 
Qe Qe 


In|<N Na In[oN 
€ (1—20)7147? 3 | 0? (usi — Unrr — (1/r)Unr + (n?/r? jun)" dt dr 
In|eN * fle 
( Continued) 
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( Continued) 
-C(1—-a) !T? D 0? (u2, + u2, -- u2) ds 
In|«N Ya 
«| 0? > u2 dt dr 
Qe 


ln|>N 
< (1 -aync | 0? 
Na 


£ C(1- a)-1 T8 [ (fuel + furl]? + lll?) ds 


«[ 0 X` u2 dtdr 
Na 


ln|>N 


1 1 
Utt — Urr — Ur — WU 
TT Ý r ;2 py 


2 
dt dr 


= (T= ox | 0^ lau, + bu, + cuy + du||* dt dr 
Qe 


+C(1- o? [ 6? (uell? + url]? + llull?) ds+ f 0? ` u2 dt dr. 
Oe |n|>N 
If A satisfies (4.122), it follows from the last inequality and (4.123) that 


J ul? dtdr < [CA?(1 — o)-2471T? + C(1 — a)! T3] 
x ff Ol + ur? Ilf) ds 


--8A*(1— a)-1A7 H. 0" D [u2, + u2, + (n? + 1)u2] dt dr 
ln|>N 


+ J 0? V u2 dtdr. (4.124) 
Na  In|l-N 
By (4.122), 
C A*(1 — a)? AIT’ + C(1— o) 1T? 
< CA2(1 — a)-2 79 A-2718 + (1 — o)-1T? < C(1 — a)" 1 T$, 


and, since À satisfies the conditions of Lemma 5, 


8A?(1— o)- 1473 ` [u2, + u2, + (n? + 1)u2] + > u2 


pe In|2-N 
< 84?(1 - o)-1 C "y [u2, + už, + (n * +1) uz] + » už 
In|l2N In|2N 


< (A? +1) ` [u2, + u2, + n?v2]. 
In] >N 
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From this and (4.124) we obtain 
J Phul? dtdr scam [.— Pul? + url? + lul?) ds 
Qe ON. 
+(A? + | 0? » [u2, + u2, -- n^u2] dtdr. (4.125) 
Q 
a In| >N 


Suppose 0 < 6 < a and let w( 8) be the region lying in the half-plane r > R 
and bounded by the line r = R and the left branch of the hyperbola 


—at? + (R+T - r}? = (1— B)T? 


(this branch intersects the line r = R at the points (—4/ 8/oT, R), (v 8/aT, R) 
and the line t = 0 at the point (0, R + (1 — /1— B)T)). It is obvious that 
w( B) C Qa. For the regions Na and w( 8) we have 


0? = max 0? = 02?(0, R) = exp(2AT?), 
ma max (0, R) = exp(2AT") 


min 0? = §?(+4,/B/aT, R) = exp(2A(1 — 8)T?), 

max 0? = 6°(0, R) = exp(2AT?), 

max 0? = 9? (+T, R) = exp[2A(1 — a)T?]. 
Further, by the hypotheses of the theorem 


3e? for (t,r) eT! 

2 2 2 ac 
af? + ue? + ful? < [T re ET 
Noting finally that 

meas I", = 2T, meas I4 < 4T, meas (1, < 2T", 


from (4.125) we obtain 


exp|2A(1 — era f lull? dt dr 
w() 


< C(1— a)7'T*e? exp(2AT?) + C(1 — a)! T* exp[2A(1 — o)T*| 
+ C(A? + 1)T? exp(2AT?) max D [u2, + u2, --n^u2]. (4.126) 
* |n|[>N 
It follows from (4.119) that 


X [u2, + uz, + n*u2] € C exp( -2e N). 
[n|»N 
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From this and (4.126) we get 


J l? ater 
w(B) 
< C(1— a)! T*&? exp(2ABT?) + C(1— o)-! T* exp[—2\(a — B)T?] 


+ C(A? + 1)T? exp(2ABT? — 2e N) 
< C(1— a)! (4? + 1)T* fe exp(2A bT?) + exp[—2A(a — B)T?] 
+exp |-2 (1 - aye — BT2)|}. (4127) 


Let 2 
EROS 2 (1. ,\1/22 
y = min (aT , (1 — a) 7). 


We set B = 14T-?. Then 
2X — B)T?, 2d |a - aua - gr? > 2A(4 — BT?) =M 
and from (4.127) we obtain 
n" lull? dt dr < C(1 — a)! (A? + 1)T*[e? exp(Ay) + exp(—Ay)]. (4.128) 
Let €^! be so large that 
In(1/e) > 4 max[2(1 — a)~!, 16A?(1 — o) 1]. 
Setting Ay = In(1/e) in (4.128), we then obtain 


J lull? dt dr < C(1 — o)! (4? + 1)T*e. 
w(B) 


The theorem is proved. 
Uniqueness of the solution of the Cauchy problem in question in the class 
of functions analytic in the variable p follows from the last theorem. 


CHAPTER V 


Volterra Equations 


The question of “Volterra” regularization of a Volterra equation of the 
first kind is considered in $1 of this chapter; 82 is devoted to the operator 
Volterra equations introduced by M. M. Lavrent'ev [149], [152] in connection 
with problems of integral geometry. The results of this chapter are due to V. 
O. Sergeev [245] and A. L. Bukhgeim [59]. The reader will find other results 
connected with the material of this chapter in [66], [113], [230], and [266]. 


91. Regularization of a Volterra equation of the first kind 


Suppose that the kernel K (z,t), z,t € [0, zo], of the Volterra integral equa- 
tion of the first kind 


r 


A K(z,t)p(t) dt = f(z) (5.1) 


vanishes on the diagonal together with its derivatives with respect to z through 
order n — 2, the function K,(z,t) = D?K(z,t) is continuous in z and t, 
K4-1(z, z) = 1, and |K,(z,t)| € Kn. 

After n-fold differentiation of both sides of (5.1) we obtain 


p(x) + [ K,,(z,t)o(t) dt = f(z). (5.2) 


If the function f € C§[0, zo] = (v(z): v € C"[0,z9],v(9 (0) = 0,7 = 
0,1,...,n — 1), then equation (5.2) has a unique solution p(z) € C[0, zo]. It 
is supposed a priori that p € C™|0, zo], m > 0. 

We consider the case where the function f(z) is known with some error 
which takes the right side of (5.1) out of the space C90, zo]. Then by a solu- 
tion one should understand either a quasisolution or a solution of a regularized 
equation. Methods of solving such problems presume passage to a selfadjoint 
operator which for (5.1) means that it ceases to be a Volterra equation. We 
shall give à method of regularization which preserves this property of the 
original equation. 
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We suppose first that the values DFo(z)|,—9 = ox, k = 0,1,...,m—1, are 
known. We consider the function 
nil "x gmt+k-1 
Mau up 
Using the Leibniz e. it is not hard to verify that 
W{)(0) =O for0<j<mtn, jzZm-L  Wí"--U(0)- I1. 
We define the operator Be € £(C9?|0, zo] — C8[0, zo]) by Beu = y, 


suap? | “Wade J  W("?(z — tult) dt. 


For € > 0 the operator B: has an inverse. Indeed, the kernel W(™ (z — t) 
of this integral operator vanishes on the diagonal together with its derivatives 
with respect to z through order n, while W ("UJ (z —t) for € > 0 is bounded 
and W(mtn+1)(Q) = —g-^- 242. Thus, for € > 0 (5.2) and the equation 


B. Kno = B, f? = Bio (5.3) 
are equivalent. Let fo(z) be a function of boundary-layer type: 


m-—1 
= 5 e Wn-*-D(s). 


k=0 
Integrating by parts, we find that 


p- fo- Bop = -fo(z) + | Wi? ( - get) d 
-HooW n7 9) (x ZI W.(x — typ C" (t) dt. 
Setting maxio,29] |p”) (z)| = m, we then obtain the estimate 


le — fo - Beellce € Pme”, A= Cm na: (5.4) 
We next consider the kernel of the integral operator B; Kn: 


u — B-Kny, u(z)- -| e | W(") (z — 7) K, (rt) dr dt. 
0 t 
The modulus of the kernel can be estimated as follows: 


| J W? (z — 7)K, (r,t) dr| < Kn i Wi) (t)| dt <2"K,A=B. (5.5) 
t 0 


The norm of B, f‘™) can be estimated similarly: 


|B f") lco < max |f m) (x)|2™A. (5.6) 
:T0 
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We consider the equation 
pe T BeKnpe = B, f(? + fo. (5.7) 
For € > 0 the right side of this equation is bounded, and by virtue of (5.5) we 


obtain existence and uniqueness of its solution y,(z). The difference we(z) = 
v(x) — v (x) satisfies the equation 


| Ue + BeKnwe = p — Beo — fo, 
and hence, according to the estimate (5.4), 
lo — esllco € E” AG, eP7. (5.8) 
Thus, as € > 0, pe — p uniformly on [0, zo]. Integrating by parts and using 
the fact that f 9 (0) = 0, i = 0,1,...,n — 1, we obtain for the function B, f™ 
the representation 


-f Wi (x — t) f™ (t) dt = -f Wt) — t) f(t) dt. (5.9) 


We extend the domain of the right sides of (5.7) according to (5.9). We 
estimate || Be f )|co in terms of || f||co: 


: Qnm A 
|.Be f) loo < ——|If lee. 


Suppose now that in place of f(x) on the right side of (5.7) there is given 
a function f(x) = f(z) +6(z), where ó(z) is continuous and ||5(z)|| < 6. We 
consider the equation 


p(z) - L p(t) / l Wi (x — 1)Kn(7,t) dr dt 


= folz )- Wirt) a — 4) f9(t) dt, (5.10) 


whose solution we denote by p(x). The difference u?(z) = pelz) — p(z) 
then satisfies the equation 


T ICM | * y(t) / “ WO") (z-1)Ka(r,t) dr dt = — /  wlm+n) (a — t)é(t) dt, 


and hence 


9ntm 
pelz) — y?(z)| s ePt0 6. (5.11) 
Combining (5.8) and (5.11), we obtain 
lo — eco € &" A0, eP7 ut : — anim AgBzo. 


À minimum of the right side of the NE is achieved for 


0)2:2 " ntm 12 
ey (zs) x ee) 
We thus have the following result. 
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THEOREM 1. Suppose the exact solution p of equation (5.1) is in C™, 
m > 0, and the values p(x), 1 = 0,1,...,m — 1, are known at z = 0. If 
the norm of the error 5(x) of the right side tends to zero, then the solution of 
the regularized equation (5.10) with € defined by (5.12) tends uniformly to the 
ezact solution, and 


le - e£ < 274cP*(1— m/n)b 7 (nô/m) ==. — — (5.13) 
We shall compare the order with respect to 6 of this estimate with the 
maximal attainable order of magnitude of the error under our assumptions 
regarding the error of the right side of (5.1) and the smoothness of the exact 
solution. 
We shall consider functions ó(z) € C”+™ whose derivatives up to order 
n +m vanish at z = 0. Passing to equation (5.2) with right side f"? (x) + 
69 (z), for its solution s(x) we obtain the estimate 


le — Gslloo € e7 ||6™ loo, 


and, since 6) € CR, 
l6 (z)llco < Cllé(z)liS" < Cóstu 


(see, for example, [137]). 
Thus, the order of the estimate obtained in regularization coincides with 
the maximal attainable order of error of the solution under our assumptions. 
If the values ox, k = 0,1,...,m — 1, are unknown we consider equation 
(5.10) with right side 


- | WE (a — t) f (E) di; 
0 


the difference w(x) between the solution (zx) of this equation and the so- 
lution pê (zx) then satisfies 


v | Gb) / WI? (z — 7) Ka (r,t) dr dt = fo(2), 


and can be represented in the form of the Neumann series 


m-—1 
ü.(z) = Ý exWfn-k- (a) 
k=0 
m-l T T 
t ve | win») | W() (z — 7) K,(r, t) dr dt +--- 
k-o "0 : 
However, 


J Winkie) J W("")(x -r)Kn(T,t) dr dt OREL A EREL 
0 t 
k=0,1,...,m-—1. 
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Thus, uU (z) is the sum of a function of boundary-layer type and a function 
which decreases together with €. 


92. Operator Volterra equations of the first kind 


Let X be a complex Banach space, and let £(X,X) be the algebra of 
bounded linear operators acting in X. 

We recall that a spectral measure is a set function E(6) defined on the Borel 
system of sets B of the complex plane with values in Z(X, X) and such that 
the following conditions are satisfied: 

1) E(6, N 69) = E(61)E (69), 61,69 € B; E(Q) = 0 and E(p) = (p is the 
entire complex plane, and J is the identity operator); 

2) | E(6)|| € M, 6 € B, and M does not depend on 6; 

3) E(6) is countably additive in the strong operator topology, i.e., for each 
sequence of disjoint Borel sets 


2n i) a= 3 s rcx. 


n=1 


An operator T € £(X, X) is called spectral if there exists a spectral measure 
E(6) such that TE(6) = E(6)T for 6 € B, and o(Ts) C 6; here Ts is the 
restriction of T to the subspace E(6)X, and o(T¢) is the spectrum of the 
operator Tg. 

The function E(6) is called a spectral decomposition of the operator T. 

An operator S having a spectral decomposition for which S = f AE(dA) is 
called a scalar operator. In particular, a normal operator in a Hilbert space 
is scalar. 

We shall need the following two theorems. 


THEOREM 1 (DUNFORD [303]). An operator T 1s spectral if and only 
Jf T — S--N, where S 1s a scalar operator and N 1s a quasinilpotent operator 
commuting with S. Moreover, this representation 1s unique, and the spectra 
and spectral decompositions of the operators S and N coincide. 


The operator S is called the scalar part of the operator T', and the operator 
N is called the radical part (an operator N is said to be quasinilpotent if 
limn—oo || N||!/" = 0). 


THEOREM 2 (FOGUEL [304]). Let R be a right (left) ideal of the algebra 
L(X, X) which is closed in the uniform operator topology. If T € R, then S, 
N, and E(6) (0 € 6) also belong to R. 


COROLLARY. If Tu=0, then Su = Nu = E(6)u = 0 (0 £ 6). 


160 V. VOLTERRA EQUATIONS 


Let L?(0, T; X) be the Banach space of functions defined on (0, T), taking 
values in X, and summable in norm to pth power: 


T 1/p 
|u|r»(o,7;x) = u lult)? a} , L<p<oo. 


Let N(t,7) be a two-parameter family of operators, N(t,r) € £(X, X), 
(t, T) EN = ((t,7))0«r «t « T). We assume that the formula 


(Nu)(t) = [ N(t,7)u(r) dr (5.14) 


(the integral is understood in the Bochner sense) defines a quasinilpotent 
operator acting in L?(0,T; X). For this, for example, it suffices to require 
that ||N(t,7)|| € M, (t,7) € Q, where M does not depend on (t,7). 

REMARK. If it is additionally assumed that the operators N(t, 7) are com- 
pact and X is a Hilbert space, then the operator (5.14) for p — 2 is a Volterra 
operator in the terminology of [95]. 

It is natural to begin the study of equations containing such operators 
from an operator Volterra equation of the second kind by which we mean an 
equation 


Su(t) + (Nu)(t) = f(t), (5.15) 
where S is a scalar operator not depending on t: 
S € £(X, X), ker S = 0, (5.16) 


and N is the quasinilpotent operator (5.14). 


LEMMA 1. If operators An € L(X,X) converge strongly to an opera- 
tor A, then the operators A, acting in L?(0, T; X) according to the formula 
(Anz)(t) = Anz(t), z(t) € L"(0, T; X), converge strongly to the operator A; 
that is, (Àz)(t) = Az(t). 


The proof is trivial. 


LEMMA 2. If SN(t,T) = N(t,v)S for (t, 7) EQ, then equation (5.15) has 
at most one solution u(t) € L?(0, T; X). 


PROOF. As above, we denote by S the extension of the operator S to the 
space L?(0,T; X). Since S is a scalar operator, S is also a scalar operator 
generated by the spectral measure E(6), where E(6) is the spectral decompo- 
sition of S. Indeed, conditions 1) and 2) for the operators E(6) are obvious, 
while condition 3) follows from Lemma 1. Further, since SN(t,7) = N(t,7)S 
for any (t,7) € Q, it follows that SN = NS. The operator N is quasinilpo- 
tent; it thus follows from Dunford's theorem that the operator T = 5+ N 
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is spectral. From this it follows that if (Su)(t) + (Nu)(t) = 0, then (by the 
corollary of Foguel’s theorem) (Su)(t) = 0. But by (5.16 o = 0, i.e., 
u(t) = 0 almost everywhere. The lemma is proved. 

REMARK. If S has no bounded inverse (for example, if S is compact), then 
problem (5.15), generally speaking, is ill-posed in the Hadamard sense. 

We now consider an operator Volterra equation of the first kind: 


(Ku)(t) = [ E u(r) dr = f(t), (5.17) 


K(t,r)€ L(X, X), (t,7) EN; O0< a <1. 


We assume that the integral in (5.17) exists for any u(t) € L?(0,T; X) for 
some p € |1, oo). 

As a rule, in cases interesting for applications the derivative of the oper- 
ator K(t,r) with respect to t is already not a bounded operator in X. It is 
nevertheless often possible to choose a Banach space Y imbedded in X such 
that K(t,T) is strongly continuously differentiable with respect to t from Y 
to X in (1. The formula 


Kz (t,7)y = [K(t,r)yle 
then defines an operator K;(t,7) € L(Y, X) strongly continuous in 1. 


THEOREM 3. Suppose the operator K(t,r) 1s strongly continuously differ- 
entiable with respect to t in l from Y to X, where Y is a Banach space imbed- 
ded in X. Suppose the operator K(t,t) has a bounded inverse, | K ^! (t,t)|| < 
M, where M does not depend on t. If there exists an operator S such that 

1) S € £(X,Y), SK(t,r) = K(t,7)8, (t,7) EQ, 

2) S as an operator X — X 1s a scalar operator, and 

3) ker $ = 0, 
then (5.17) has at most one solution a(t) € L?(0, T; X). 


PROOF. Suppose first that a = 0. Applying operator R = K~1(t,t)(d/dt)S 
to both sides of (5.17) and using condition 1, we obtain the equation 


O+ f Nt, rut dec RE. 


where N(t,7) = K-!(t,t)Ki(t,7)S. Since S e £(X,Y), Ki(t,7) € £(Y, X), 
and K-!(t,t) € £(X, X), it follows that N(t,r) € £(X, X). From the condi- 
tions imposed on K (t, 7) it follows that || N(t,7)|| is uniformly bounded, i.e., 


the operator 
t 
=| N (t, r)u(T) dr 
0 
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is quasinilpotent. It remains to appeal to Lemma 2. In the case a > 0 we set 
R = K-!(t,t)(d'-^/dt!-*)S and again use Lemma 2. Here d!-^/dt!-^ is 
the operator of differentiation of order 1 — a (see, for example, [86]). 

REMARK 1. The condition of strong continuous differentiability in Q can 
be relaxed. In particular, A;(t,7) may have a singularity on the boundary of 
Q. If this singularity is weak, i.e., 


Ist, 7)llecv,xy < M(t -7) f, 0€B«1, 


then quasinilpotence of the operator N is preserved. Uniqueness is thus also 
preserved. 

REMARK 2. If Y = X, then for S it is possible to take the identity operator. 
In this case we arrive at an operator version of Volterra's classical theorem. 
If Y C X and Y # X, then an operator S satisfying conditions 1)-3) exists 
for far from all operators K(t,7). It is therefore important to distinguish a 
class of operators K (t,7) for which such an operator certainly exists. 

Let H be a separable Hilbert space, and let G = {Un} be a strongly 
continuous group of unitary operators in H: 


Un dg. =O pa hkz hy, h2 € (—00, 00); Uo = I. 


By Stone’s theorem the group G has a generator A, and ^1 A is a selfadjoint 
operator. We introduce the Hilbert space H! with norm 


lul = (Z — A2) ulla, 12 0. 


It is easy to see that H^ C H^» (lh » 12), H? =H. 
We recall that an operator B € £(H, H) is called invariant relative to G if 
U,B = BU,, he (—oo, oo). 


THEOREM 4. Suppose a family of operators K(t,r) invariant relative to 
the group G is strongly continuously differentiable with respect to t from H' 
to H in (1 and 

|K-1(t, lean <M, 


where M does not depend ont. Then equation (5.17) has at most one solution 
u(t) € L?(0,T; H). 


PROOF. It suffices to establish the existence of an operator S satisfying 
conditions 1)-3) of Theorem 3. We shall verify that S = (1— A?)-'/? possesses 
these properties. Since 

[Sulh = [Iul n, (5.18) 


it follows that S € £(H, H!). Further, because of the invariance of K(t,7) 
relative to G, K(t,r)A = AK(t,7), and thus the operators K(t,7) commute 
with S. Therefore, condition 1) is satisfied. The operator ?^!A is selfadjoint, 
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and hence the operator S is Hermitian (and a fortiori scalar). Thus, condition 

2) is also satisfied. Condition 3) follows from (5.18). The theorem is proved. 
We consider the question of stability of problem (5.17). Let X be a normed 

space. We consider the problem of finding u € D(A) from the equation 


Au=f, (5.19) 


where A is a linear, generally speaking, unbounded operator X — X. Prob- 
lem (5.19) is often ill-posed in the Hadamard sense. We define a set of well- 
posedness Mt by means of a nonnegative, homogeneous functional / with do- 
main D(l) = D(A): 

M = {u € X:l(u) € 1}, 
and we call problem (5.19) conditionally well-posed if there exists a nonde- 
creasing function w(£) € C[0, oo), w(0) = 0, such that 


Vu € M: |lul] € w(IAul|). (5.20) 


If, for example, Mt is compact and A is a continuous operator or an operator 
with closed graph, the existence of such a function w(£) follows from general 
topological considerations. 

We are interested in the problem of constructive determination of the func- 
tion w(£). For this in a number of cases it is convenient to alter the above 
definition in the following manner: problem (5.19) is called conditionally well- 
posed if there exists a positive, nonincreasing function y(e) € C(0, o), a > 0, 
such that 


Yue X, | Vec(0,oa) Jul < el(u) + e(e)lAu ll. (5.21) 


REMARK 1. If u ¢ D(A), then by definition we set the right side of (5.21) 
equal to infinity. 
REMARK 2. If problem (5.19) is ill-posed in the Hadamard sense, then 


lim (s) = oo. 


We shall compare these definitions. Suppose (5.21) holds. Then for u € Mt 
from (5.21) we have ||u|| € e + e(&)|| Aull. Setting 


(£) = min[e  e(c)] 
we obtain (5.20), where w(£) possesses the required properties. Suppose now 
that (5.20) is satisfied. It may be assumed with no loss of generality that 

w(£) € C*(0, a), w” (E)« 0, 0«£«a. (5.22) 
We set 
p-w(&), | H(p)-—w(&) — p£, (5.23) 
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where € is found from (5.23). Up to sign the function H(p) coincides with the 
Legendre transform of the function w(£). It is well known (see [85], Chapter 
IV, 815.1) that if we consider the expression H(p) + pé as a function of two 
independent variables which for p = w’(€) coincides with the function w(£), 
then 


w(£) = min[H(p) + p), 
and hence 
w(t) < H(p) + pé. (5.24) 


The function H(p) is called the Young dual of the function w(£). We set 
€ = H(p). Because of conditions (5.22), this equation defines in some interval 
(0, o.) a continuous, nonincreasing function o(c) = p. Inequality (5.24) can 
then be rewritten as follows: 


w(£) € € + v(s)€. (5.25) 
Let u € D(L), l(u) Z 0. Then u/I(u) € Mt, and from (5.20) and (5.25) we have 
Aj - 


wl <. (xl) e+e [An 


whence we obtain (5.21). If J(u) = 0, then Au € M for all A > 0, and from 
(5.20) and (5.25) we obtain 


Allull S w([|Adull) € € + (e) Aull. 


A 


) 


Dividing both sides by A and letting À — oo, we again arrive at (5.21). Thus, 
the definitions (5.20) and (5.21) are equivalent, and the functions w and —y7! 
are dual in the Young sense. 

An analogous assertion holds also for a nonlinear, homogeneous operator 


A. 
We now proceed to obtain estimates of stability for spectral operators. 


THEOREM 5. Let T =S+WN be the canonical decomposition of the spectral 
operator T in the Banach space X. Then 


lul] € eS ^ ul + ee) Tul, Ve > 0, (5.26) 
where " 
(16M? \" E 
ele)=M (m) qw 
n=0 
(M is the constant appearing in the definition of the spectral measure). 


REMARK. If u € R(S), we set ||S^!u|| = oo. 
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PROOF. Let u € R(S), and let E(o) be the spectral decomposition of T. 
We set 
E: = E(ae), ae = {A: JA] < e}, Ere 1 = Be 
Then any vector u can be uniquely decomposed into a sum u = Esu + 
E1-gu = ue + u1-£. From the triangle inequality we get 
lul] < lue] + |[ur—ell. (5.27) 


We shall estimate ||ue||. Since u € R(S), it follows that u = Sv, v € X. 
Therefore, 


ue=Eu=E-Sv, E-S=E- J AE(dA) = J NE(d)). 


|Al<e 


Since [303] for any bounded, measurable function f(A) 


J 1095(2)| < 4M supl fO, (5.28) 
it follows that ||E.S|| < «4M. Thus, 
[uell <€-4M|lv|| = € - 4M|| Stul]. (5.29) 


We now estimate ||u1 «|l. We denote by Tı—e the restriction of the operator 
T to E,_,-X. By property 2) of a spectral operator, 


o(Ti-e) € Me = (1| > €}, 
and hence Ti... has a bounded inverse. We have identically 
Uj. = Ei-eu = T,2.T1-2E1-<u = T, iTE; ;u = Til E, Tu. 
Therefore, 


|ui-ell < | Tz, Es. Tul], 
i = (Si-e T NV)! E S: (-S11, NL C)", (5.30) 
n=0 
where Sı- and N,_, are the restrictions of the operators S and N to the 
space E1 ,X. (By Dunford's theorem o(S,_-) = o(Ti-e), i-e., S1. is in- 
vertible.) Further, 


Sm J A-!E(d2), 
|A|>e 
whence by (5.28) 
lS < -AM. (5.31) 
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By property 2) of the definition of a spectral measure we have 
|E1-el| < M. (5.32) 
The identity (5.30) and the estimates (5.31) and (5.32) give 


—1 —1 = 4M g n 
ITE LA < MITAI SMY (E) NE 
n=0 


oo n+l 
«MY (F) =e. 633) 
n=0 


Since N is quasinilpotent, (£) is an entire function of 1/e. From (5.27), 
(5.29), and (5.33) we obtain 


lull € €: 4MIS"*u|| + v(e)||Tul, 


which up to notation coincides with (5.26). The theorem is proved. 
In Hilbert space it is possible to obtain a more elegant estimate. Namely, 
the next result is proved in a manner similar to Theorem 5. 


THEOREM 6. Let X = H be Hilbert space, and let T = S +N be the 
canonical decomposition of the spectral operator T, where S 1s a nonnegative 
Hermitian operator, i.e., S* = S and (SU,u) > 0 for allu € H. Then 


Ve>0,6>0, llul] elS-?u| + es(e)IITul|, 
pele) = 2 eF IN” 
n=0 


(if u € R(S*), then we set ||S-*u|| = oo). 
EXAMPLE. Let T — RK, where K is the operator of (5.17) satisfying the 
conditions of Theorem 2, and 
dl-e 
dima” 
Since in this case S = (I — A?)-"/, it follows that 


R= K-!(t,t) 


lS- ull r2 (o,r; n) = [ull r2(o,7; n5) 
Therefore, the estimate of Theorem 4 gives us 
lullc2(0,7;#) S &llullz2(o,r;gs) + 95 (€) [RK ul]z2(0,7;H). 


Hence, if it is known a priori that the solution of our problem belongs to the 
set 

Ms = {u: ulz2(o,r;us) € Mj, 
then problem (5.17) becomes stable in the usual sense. 
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Just as for scalar Volterra equations, it is easy to show that ||N”|| < 
C" (n — 1)!]|-! ; hence, 


ys(e) < € *[1 + exp(Ce-1/)| < 27V? exp(Ce- /5). 


Here C depends on the number T and the maximum of the norm of the 
operators K -!(t,t) K,(t,7)S. 

Chapter VI is devoted to a systematic examination of problems of integral 
geometry. Now, however, we shall use one of the results of that chapter to 
illustrate possible applications of the theorems proved above. 

In §2 of Chapter VI it is shown that the problem of integral geometry 
of recovering a function u(x,t), t € (0, T), x € R”, from its integrals over a 
family of surfaces of "cap" type invariant with respect to translation along the 
hyperplane t = 0 under certain regularity conditions reduces to the solution 
of the following integral equation of the first kind: 


[ [RvR ule Enn) Msn = Ths) 9:99) 


Here g(t, p,v) = (91,---,9n) is a given smooth vector-valued function of the 
variables t, p, and v (v € R^, |v| = 1), dw, is the area element of the unit 
sphere in R”, and K(t,p,v) is a known weight function. We suppose that 
g(t,p,v) and K(t,p,v) are continuous and bounded together with their first 
derivatives with respect to t and p, and that 


g(t, 0,v) =0, K(t,0,v) dw, > 1/M. 
|v|=1 


We set X = L? ( R”) and define the two-parameter family of operators K (t,7) 

€ L(X, X): 

K(t,r)v(x) = J K (t, Vt—7,v) v [z +g (t, /t— r,v)] dwy, v e L?(R"). 
lv|-1 

Equation (5.34) can then be considered the operator Volterra equation (5.17) 

for a = 0. We set Y = W1(R^) and S = (I— A)! (A is the Laplace operator 

in R”). Then it is easy to see that 


|K? (t, t)|le(x,x) < M, || Ke(t, 7) || ecv,x) < Cit = pus 


and S K(t,r) = K(t,r)S. Therefore, by Theorem 1 (taking account of Remark 
1) the solution of (5.34) is unique in the space L^[(0, T) x R”], and it is easy 
to see that the function y(e) occurring in the estimate of stability in Theorem 
5 admits an estimate of the form (£) < exp(Ce"?). 


CHAPTER VI 


Integral Geometry 


We shall consider the following problem [83]. Let u(x) be a sufficiently 
smooth function defined in n-dimensional space x = (2j,...,%n), and let 
(9t(A)) be a family of smooth manifolds in this space depending on a pa- 
rameter À = (A1,..-,A,). Suppose, further, that about the function u(x) we 
know the integrals 


| uus (6.1) 
9n(A) 


where do defines the element of measure on M(A). On the basis of the function 
v(A) it is required to find the function u(z). 

The main questions that arise in the study of this problem are the fol- 
lowing. The first question and the most important in principle is: does the 
function v(A) uniquely determine the function u(x)? The next question is: 
how do we find u(x) from v(A)? Here, of course, it is desirable to obtain an 
analytic formula expressing u(x) in terms of v(A). We observe, by the way, 
that this is possible only in exceptional cases. Finally, there is a question re- 
lated in a natural way to the existence theorem for the problem: what are the 
necessary and sufficient conditions that v(A) belong to the class of functions 
representable in the form (6.1)? 

As is evident from (6.1), the problem of integral geometry is the problem 
of solving a special integral equation of the first kind. As we shall see below 
(see, for example, 81 of this chapter), among the problems of integral geometry 
there are problems which are strongly unstable. In connection with this an 
estimate of conditional stability of the problem assumes major importance. 
On the other hand, the question of constructing a function u(x) from the 
function v(A) in the general case requires the creation of special computational 
algorithms based on the general theory of ill-posed problems. In connection 
with this it 1s expedient, for example, to pose the question of constructing 
regularizers for a problem of integral geometry which take into account its 
special features. 
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Problems of integral geometry in the formulation (6.1) were first consid- 
ered at the beginning of our century. The Radon transform became widely 
known in mathematics. It assigns to a function u(z) its integrals v(A) over all 
possible hyperplanes. Finding the inverse transformation is the problem (6.1) 
of integral geometry for the case where {9t(A)} is the family of all possible 
hyperplanes in n-dimensional space. This problem was first solved by Radon 
[325]; it was then considered in various aspects by F. John [308], [309], A. A. 
Khachaturov [280], P. O. Kostelyanets and Yu. G. Reshentnyak [133], I. M. 
Gel’fand and M. I. Graev [80|- [82], and a number of other authors [79], [84]. 

The problem of integral geometry on linear manifolds turned out to be 
closely connected with the theory of representations of Lie groups (see |78]). 
This circumstance to a considerable extent explains the interest in this prob- 
lem. Among other problems of integral geometry the greatest popularity was 
enjoyed by problems of integral geometry on surfaces of second order: spheres 
and ellipsoids. For the case where the family {9t(A)} is a family of spheres 
of arbitrary radius with centers which run through the set of points of a 
fixed hyperplane, problem (6.1) was considered in Courant's book [139], while 
for a family of spheres of fixed radius it was considered in F. John's book 
[120]. Various formulations of the problem of integral geometry on ellipsoids 
are considered by F. John ([120, Chapter V]), G. I. Plaksin [201], [202], V. 
G. Romanov [209], S. V. Uspenskii [100], [270|-[274], and M. V. Klibanov 
[128]- [130]. 

For the case where M(A) is a more complex geometric object, problems of 
integral geometry have come to be studied relatively recently. The stimulus 
for this study was the connection found between problems of integral geom- 
etry and multidimensional inverse problems for differential equations. M. M. 
Lavrent'ev and V. G. Romanov in [158] first focused attention on this con- 
nection. Subsequently, Romanov constructed a number of examples in which 
the investigation of inverse problems for equations of hyperbolic type was re- 
duced to problems of integral geometry (see, for example, [159], [217], [223], 
and also the next chapter). The manifolds which arise here are connected in a 
natural way with the original differential equation. These are either sections 
of characteristic conoids or projections of the bicharacteristics onto the space 
orthogonal to the time coordinate. For an equation with variable coefficients 
these are rather complex geometric objects. 

Romanov [210] obtained the first results in integral geometry for a rather 
general family of curves M(A) in two-dimensional space which is invariant 
under the rotation group. This result was then generalized [217] to the case 
of families of curves and hypersurfaces in n-dimensional space which are in- 
variant under parallel translations of these objects along a fixed plane. The 
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theory of problems of integral geometry was further developed in the works of 
Yu. E. Anikonov [15], [20], [22], M. M. Lavrent’ev and A. L. Bukhgeim [60]- 
[65], [153], [154], V. G. Romanov [223], [224], [230], [236], R. G. Mukhometov 
[189], [190], and other authors. 


91. The problem of finding a function from its spherical means 


With the example of this simplest problem we shall show that among prob- 
lems of integral geometry there are problems which are strongly unstable, 
completely analogous in character of instability to the Cauchy problem for 
the Laplace equation. The exposition of the material of this section 1s based 
on results presented in Courant’s book [139], Chapter VI, 817. 

1. In n-dimensional space z1,...,z4 (n > 2) we consider the problem of 
finding a function u(zi,...,z4) in terms of its mean values over spheres (over 
circles for n = 2) of arbitrary radius r (0 < r < oo) whose centers run through 
the set of points of a fixed plane. For convenience we take this plane to be 
the coordinate plane xz, = 0, and we denote an arbitrary point of the space 
71,..., Tn by (z, y), where x = (z1,...,24 1) and y = Zn. Thus, u = u(z, y). 
The sphere of radius r with center at the point (z,0) we denote by S(z,r). 
In this notation our problem consists in finding a function u(z,r) from its 


integrals i 


m u(€,n) dw = v(z, T). (6.2) 
n JS(z,r) 

Here (£,5)) is a variable point on the sphere S(z,r); € = (€£1,..., £41); Wn is 

the area of the unit sphere in n-dimensional space: wn = 21?/? /T(n/2); dw is 

the element of solid angle connected with the element dS of surface area by 

the formula dS = r^^! dw. 

It is obvious that any function u(z, y) odd in the variable y is a solution of 
the homogeneous equation (6.2), i.e., of the equation in which v(z, r) = 0. In 
connection with this it is reasonable to pose the problem of determining from 
v(z,r) only the even part of the function u(z, y), i.e., the function u;(z, y) = 
llu(z,y) + u(z, —y)]. This is equivalent to considering a class of functions 
u(z, y) even in y. There is the following uniqueness theorem. 


THEOREM 1. Any function u(z,y) continuous in the region D(xo,ro) = 
((z, y): |z—zo|?+y? < rà) and even in y is uniquely determined in this region 
by giving the function v(z,r) in the region Ge(xzo,ro) = ((z,r): |z — zo| < €, 
0«r«ro- |z — zol}, where € is any fized positive number such that € < ro. 

The proof is based on calculating all moments of the function u(z,t) cor- 


responding to the variable z on each fixed sphere S(z,r) such that (z,r) € 
Ge(zo, ro). The region Ge (zo, ro) is reminiscent of a sharpened pencil (Figure 
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Figure 6 Figure 7 


6). For € = ro this “pencil” degenerates into a piece of a cone (Figure 7). For 
any point (z,r) € Ge(zo, ro), 0 < € € ro, the sphere S(z,r) lies entirely inside 
the region D(zo, ro). 
We consider the result of applying the operator 
ð 
On; 


to equation (6.2). Carrying out a number of computations in succession, we 


find 


Ajv = 


| T^-le(z,r)dr, i—1,2,...,n- 1, 
0 


1 o f 
Ajv = — pues J u(€,n)dw| dr 
U wy Ot: Ip | TE (€,7) | 


18 N miu? 
Wn OF; J\g—2|24n2<r? LI yrn Tea 


x dn dg, ...d&-1 d&i41---dEn-1 


sb u(€, n) cos(n, i) dS 
Wn JS(z,r) 
pee 

Wn - u(& m)(& — zi) do 


Here |£ — z|; denotes the expression //|£ — z|? — |é; — z;|? which, in the inter- 


mediate computations, coincides numerically with the length of the projection 

of the segment of the line joining the points (£,0) and (z,0) onto the plane 

ti = 0, y = 0; n denotes the unit vector of the outer normal to S(z,r). 
Denoting now by L; the operator defined by 


i An + s (sr), 12 o mL 
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from the formula we have obtained we find that the result of its application to 
(6.2) is equivalent to computing the spherical mean of the function u;(z, y) — 


z;u(z, y). Indeed, 


Liv = = u(€,7)& dw. 


Wn J S(z,r) 
It is clear that the result of applying the composition of operators L;L; to the 
function v(z, r) is equivalent to computing the spherical mean of the function 
u(x, y)z;z;. Generally, if P,,(x) is a polynomial of degree m with constant co- 
efficients, then the result of applying the operator P(L), L = (Li,..., Ln-1), 
to equation (6.2) leads to the equality 
Pm(L)o= >| un) Pale) de 
n J S(z,r) 
We now fix z and r. Let Do(z,r) = {€: |£—z| € r}. On the sphere S(z,r) 
our equality can be represented in the form 
Peu f... Plz Pnl) dt, (6.3) 
otz,T 


where the function q(£,z,r) (x and r are fixed!) is connected with u(z, y) by 


the formula : ; 
Vr? - Iz - él 
plé, z,r) = = ulg u BE E 
WnT yr? — |£- z|? 
Here the parity of u(z, y) in the variable y has been taken into account. 

The function o(£, z,r), and hence also u(z, y), is uniquely determined by 
the system of equalities (6.3) corresponding to distinct polynomials Pj, (£). 
The theorem is thus proved. 

For a constructive determination of u(z,y) from v(z,r) it is possible to 
take for Pm(£) a system of polynomials orthogonal in Do(z,r). The function 
v(€,z,7) can then be written out explicitly in the form of a Fourier series. This 
requires, however, more stringent conditions on u(z, y) in order to guarantee 
convergence of the Fourier series. 


COROLLARY. If the function u(z, y) is continuous in the region D(xo, ro) 
together with its partial derivative u,(z,y), then it is uniquely determined 
in D(zo,ro) by giving the spherical means of the function u(z,y) itself and 
of its partial derivative uy(z,y) over all possible spheres S(z,r) such that 
(x, r) E€ Ge(zo, ro), 0 « € € ro. 


Indeed, in this case the part of the function u(z, y) even in the variable y 
and the even part of the partial derivative u,(z, y) are uniquely determined. 
But any function of the class considered can be represented in the form 


ulay) = gus) + u(z,—y)} +5 [fuss (ns y) dy 
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and it is thus possible to determine it uniquely. 

From the theorem just proved it is evident that giving the function v(z, r) 
in the region G(zo, ro) for arbitrarily small positive € determines u(z,y) in 
D(zo,ro). But, knowing u(z, y) in D(zo,ro), we can compute the integrals 
over all possible spheres lying entirely inside D(zo, ro) and thus find v(z, r) for 
(z,r) € Ge(zo,ro) with € = ro. Thus, giving v(z,r) in Gc(zo, ro) determines 
it uniquely in the larger region G,, (zo,ro) D Ge(zo, ro). 

This bears witness to the fact that the function v(z,r) cannot be pre- 
scribed arbitrarily. Moreover, any function v(z,r) representable in the form 
(6.2) possesses a property analogous to a property of analytic functions: it 
is uniquely determined in G,,(zo,ro) by its values in an arbitrarily “thin” 
region Ge(zo, ro). At the same time, it is clear that to nonanalytic functions 
u(z, y) there correspond functions v(z,r) which are also nonanalytic. In con- 
nection with what has been said above, a constructive description of the class 
of functions v(z, r) representable in the form (6.2) constitutes a rather difficult 
problem. 

2. We shall now show that the problem of solving equation (6.2) is classi- 
cally ill-posed, namely, it is strongly unstable relative to small changes of the 
function v(z,r). This is most conveniently done for three-dimensional space; 
therefore, we henceforth assume that n — 3. Moreover, we assume here that 
the function u(z, y) is twice continuously differentiable in the entire space z, y 
and is even in the variable y. We introduce the function 


w(z,y,r) = — J u(£, n) dw, (6.4) 
W3 J\€—z|2+(n—-y)2=r? 


which up to the factor r is the spherical mean over a sphere of radius r with 
center at the point (z, y). From a course in equations of mathematical physics 
(see, for example, [199], [246] or [248]) it is known that the function w(z, y, r) 
in the half-space r > 0 satisfies the wave equation 


Ua = AN Ua. (6.5) 


Here Az is the Laplace operator in the variables z and y. It is evident directly 
from (6.4) that 


w(z, y,0) =0. (6.6) 
From (6.2) we obtain 
w(z,y,7)|y=0 = rv(z, ). (6.7) 
Finally, the condition that u(z, y) be even in y leads to the equality 
wy (z, y, r)|y-o = 0. (6.8) 


The problem of finding a function w(z, y, r) satisfying (6.5) and conditions 
(6.6)-(6.8) is a boundary value problem which is obviously equivalent to the 


174 VI. INTEGRAL GEOMETRY 


Cauchy problem (6.5), (6.7), (6.8) in the entire space z, y,r if v(z,r) is ex- 
tended to the region r « 0 as an even function. 


THEOREM 2. Problem (6.5)-(6.8) is equivalent to the problem of solving 
equation (6.2) in the class of functions even in y. 


Indeed, if u(z, y) is a solution of (6.2) such that u(z,y) = u(z, —y), then 
the function w(z, y, r) computed by (6.4) is a solution of problem (6.5)- (6.8). 
This solution is unique, since the homogeneous problem (6.5)-(6.8) has only 
the zero solution. Thus, to each function u(z, y) there corresponds one and 
only one solution of (6.5)-(6.8). 

We shall now show that the converse assertion holds. Namely, each solution 
of problem (6.5)-(6.8) generates one and only one solution of (6.2) such that 
u(z, —y) = u(z,y). Let w(z,y,r) be a solution of (6.5)-(6.8). We set 


w.(z,y,0) = u(z, y). (6.9) 


The function w(z, y, r) in the region r > 0 can then be uniquely represented 
in the form (6.4) as a solution of the Cauchy problem with data (6.6), (6.9). 
Comparing formula (6.4) for y = 0 with (6.7), we find that u(z, y) is a solution 
of (6.2). Computing the derivatives with respect to y of both sides of (6.4), 
setting y — 0, and using (6.8), we find that 


NT (6.10) 
S(z,r) 


From this and Theorem 1 it follows that the even part of u,(z, y) is equal to 
Zero: 

uy(z, -y) T uy(z, y) = 0, 
i.e., u(z, —y) = u(z, y). 

Thus, the function u(z, y) computed from the solution of problem (6.5)- 
(6.8) by means of (6.9) possesses the property that it is even in the variable 
y. By Theorem 1, to each solution of problem (6.5)-(6.8) there corresponds 
only one such function. 

We have thus proved that there is a one-to-one correspondence between 
solutions of (6.5)-(6.8) and solutions of (6.2) under the condition u(z, —y) — 
u(z, y). This constitutes the equivalence theorem. 

We shall now illustrate the instability of problem (6.5)-(6.8). Let 


1 sinkr 

v(z,r) = ks 

For sufficiently large k and s the function v(z,r) is small together with any 
finite number of derivatives. At the same time, it is easy to verify directly 


sin kz, sin kro. 
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that the solution of (6.5)-(6.8) in this case is given by 
1. : 
w(z,y,r)— jn kr sin kz; sin kz3 cosh ky. 


But this solution for any fixed y tends to infinity as k — oo. The function 
u(z,y) computed according to (6.9) and providing the solution of (6.2) has 
the same property: 


u(x, y) = € sin kx, sin kzz cosh ky, 


and this means strong instability of the solution of problem (6.5)-(6.8) and 
of the equivalent problem of solving equation (6.2). 

The problem of solving (6.2) nevertheless becomes conditionally well-posed 
if the class of solutions considered is restricted. Namely, we consider a set U 
of functions u(z, y) even in the variable y which is compact in the space C 
(for example, a bounded set of functions with first derivatives bounded by a 
given constant), and we let V be the set of images v(z,r) of the functions 
u(z, y) € U. Under the condition that a solution of (6.2) exists and belongs 
to U it will then be stable because of the familiar theorem from functional 
analysis regarding the continuity of the inverse mapping (see Chapter II, $1, 
Theorem 1). 


92. Problems of integral geometry on a family of manifolds which 
is invariant under a group of transformations of the space 


1. We shall consider the problem of integral geometry on a family of 
manifolds M(E) of the following type. Suppose in m-dimensional space t = 


(t1,...,tm), m > 1, there is given an n-parameter family of regions A(£) with 
smooth boundary ^(£), € = (1,...,&n), and let M(E) be the image of A(£) 
in n-dimensional space z = (21,...,2n), n > m, under a mapping given by 


a smooth function f(t, €). Suppose, further; that D = (zx: 0 < £n < H} and 
for the parameter £ it is possible to take any point of the region D. We shall 
assume that £ € M(E), and for any point z € M(E) with z Æ € the inequality 
0 < tn < n holds; moreover, the image of the boundary of A(£) under the 
mapping realized by the function f(t,£) belongs to the hyperplane zn = 0, 
i.e., to part of the boundary of D. Below we shall specify somewhat more 
precisely the conditions on the family of manifolds M(E), but now we give 
some explanations in connection with the manifolds introduced. 

For m = 1 each of the manifolds M(E) is an arc with support plane £n = 0. 
The point of the arc M(E) most distant from this plane coincides with the 
point €. Thus, to any point € € D there corresponds a curve M(E) having 
the point € as apex and joining some pair of points of the plane z, = 0. 
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For m = n — 1, n > 3, the manifold M(E) is a hypersurface of “cap” type 
in n-dimensional space lying in D = (z: 0 € zn € H}. The boundary of 
this surface lies on the plane zn = 0, and the point € € D is most distant 
from this plane. In the general case of arbitrary m the manifold M(E) is an 
m-dimensional surface with support plane z, = 0. 

The problem we shall study consists in the following. There are given the 
integrals over the family of manifolds M(E) of some function u(x) smooth in 
the region D: 


f waaa BED. (6.11) 
M(E) 


where p(t, €) is a given smooth function. It is required to find the function 
u(z) from the function v(£). 

Thus, our problem consists in solving the special integral equation (6.11). 
It can also be written in another form: 


f. EEEE), EED. (6.11) 
A(€) 


2. In studying questions of conditional well-posedness of the above prob- 
lem we shall make some additional assumptions regarding the structure of 
the manifolds M(E) and the weight function p(t, €). These assumptions will 
be different in the present subsection and the following one, but they have 
something in common which we now discuss. We shall assume without special 
mention that the mapping function f(t, €) has sufficiently high smoothness. 

We consider a neighborhood of the point € on the manifold M(E). Under 
the assumption that € is a point of elliptic type, we study the character of the 
analytic representation of the manifold M(E) in a neighborhood of this point. 
We shall explain, first of all, what we mean by the term “point of elliptic 
type.” Suppose to the point £ there corresponds, to be specific, the point 
t = 0—an interior point of the set A(£). Let fn(t, €) be the nth component 
of the function f(t, €). We call € a point of elliptic type of the manifold M(E) 
if there exist positive constants q(£) and Q(£) such that for any unit vector 
V = (vi,..., vm) the following inequality holds: 

m 92 
Du viv; € Q(£). (6.12) 


We shall assume in what follows that for the entire family M(E) there exist 
positive numbers go and Qo such that q(£) > qo and Q(£) € Qo, i.e., we 
assume a certain uniform ellipticity of the family of manifolds M(E) in a 
neighborhood of points €. Since by assumption 


Vif (t, £)li-o zs 0, 
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in a neighborhood of the point t = 0 we have 


= én + > fa- 9 aa ay, felts, Jp ds. (6.13) 


1,7=1 


Introducing the unit vector v such that t = rv, r = |t|, we rewrite (6.13) in 
the form 


-1/2 
r = (n — Tn)? - X fe S)viv; xà x 7 2 &)d (6.14) 


The denominator of this expression does not vanish at t = 0 because of as- 
sumption (6.12); therefore, considering (6.14) as an equation for the implicitly 
defined function r = r(/&, — Tn, V, €) and applying the implicit function the- 
orem, we find that in a neighborhood of t = 0 the variable r is a single-valued 


function, 
245 (Ven Ha. t) | (6.15) 


The smoothness of this function depends on the smoothness of f(t,£). It 
follows from (6.14) that 
ep, V, £)|p-o = 0, 
—1/2 
m ki 
ppp, v, E) p-o = e Da z (6.16) 
"e Ot; lig 
Using (6.12), we find that 
0 < y2/Qo € V2/Q(E) € e»(p,v. €)]pzo € v2/q(£) € V2/qo. — (6.17) 
Thus, with respect to the argument p = VEn — Tn the function (p, v, £) has 
a zero of first order at the point p — 0. 
We set r = (z,r,), T = (z1,..., 24-1), and similarly € = (Ẹ, €n) and 


f = (f, fa). In this notation the manifold M(E) in a neighborhood of the 
point € can be represented in the form 


z-g (Ven EV t) | (6.18) 


where 
g(0, v, €) = €. (6.19) 
Here g(p, v, €) = flvp(p, v, €), €]. 
We have thus shown that in the case of a sufficiently smooth mapping func- 
tion f (t, €) the assumptions made regarding the class of manifolds M(E) and 
the character of the points € lead to the situation that the analytic structure 
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of the manifold M(E) in a neighborhood of a point € can be described in the 
form (6.18), (6.19), where g(p,v, €) is a smooth function of its arguments. 
Here v is an arbitrary point of the m-dimensional unit sphere Sm with center 
at the origin. The analytic structure of the mapping in a neighborhood of € 
is described by the pair of functions g, p. 

Below we shall assume that formulas (6.15)-(6.19) describe the manifolds 
A(£) and M(E) not only in a neighborhood of a point € but also globally. 
The argument p here varies for each fixed € on the segment [0,./€,,], and to 
the value p = J£, there corresponds the boundary of the manifolds A(£) and 
M(E). This assumption can be weakened to a considerable extent, but it is 
convenient for us to adopt it for our initial considerations. 

We shall present some further clarifications connected with the case m — 1. 
This case can be considered special in a certain sense, since the analogue of 
the unit sphere S,, here is the set consisting only of the two points v = 1 and 
v = —1. Moreover, to positive values of t there correspond the value v = 1 
and the part of the arc M(E) from the point € to one of the endpoints of the 
arc (for £n = 0, i.e., p = /£,), while to negative values of t there correspond 
the value v = —1 and the part of the arc M(E) from € to the other endpoint 
of the arc. We thus obtain two single-valued functions g: one corresponds 
to v = 1, and the other to v = —1; they completely describe M(E); we also 
obtain two functions p describing the correspondence between points of the 
segment 0 € Tn < En and points of the segment A(£) = (t: -o(/£,, -1, E) € 
t < p(Vé,,1, €)}. 

3. We now proceed to study the problem of integral geometry in the 
formulation related to equation (6.11). In this subsection we consider the 
special case where the functions p and p do not depend on £, while the 
function g depends on £ in an additive manner, i.e., 


p = p(t, En), p = ve(p, V, tab g ET € + g(p, V, En), glp—-o z 0. (6.20) 


This corresponds to the situation that the family of manifolds M(E) and the 
weight function p are invariant under the group of transformations of the 
space z connected with parallel translation of the coordinate system to any 
point of the plane ztn = 0. 

We have the following uniqueness theorem. 


THEOREM 1. Suppose the function u(x) is continuous in the region D and 
satisfies the inequality 


lu(Z,In)| < CY(z), (6.21) 
where the function Y(T) € L1(Rn-1), while the functions 


d(p, V, Ex), g(p, V, in] po(p, V, En) = p(vo(p, V, En), £n) 
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are continuous in the region 
G = {(p, v, ĉn): p € [0, VH], v € Sm, En € [0, H]) 


together with their derivatives 


2 weneh ee ee ns 6.) 
ETSI Op, Opi deh 

ee E + 1 

140-28, S = (9 ) 


and the following inequality holds: 
p(0, n) Z0, £n € [0, H]. (6.22) 


Then the function u(z) is uniquely determined in the region D by its integrals 
(6.11). 


We write equation i 11’) in the form 


[ den f. u| €4+9 — VEn — In, V, En) > 24 
XK (VEn — zs, v En) do, = v(£), (623) 


where dw, is the element of surface area of the unit sphere Sm, and K (p, v, En) 
is found from the formula 


K (p, v, €n)  — (p vs En)lolp vs en)" espe En) (6:4) 


To obtain (6.23) and (6.24) it suffices, in (6.11), to pass under the integral 
sign first to a polar coordinate system r, v and then pass from the variable r 
to the variable zn, using (6.15). For m = 1 the role of the integral over the 
sphere Sm is played by the sum on v (v = —1, v = 1). We apply to (6.23) 
the Fourier transformation in the variable £. We set 


EAEn) = f. (E Ga) explia D dE (6.25) 


Changing the order of integration on the left side of (6.23), we obtain 


[3 (A, Zn) JR (Ve — Tn, Ên, a) di = D(A, En). (6.26) 
0 
Here 

R(p, En, À) = [ K (p, v, En) exp[—2A - g(p, v, En)| do. (6.27) 


Thus, (6.23) reduces to a family of Volterra integral equations of the first 
kind. The parameter of this family is the parameter \ = (A1,...,An-1) of 
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the Fourier transformation. We shall show that for each fixed A (6.26) has a 
unique solution. From the properties of the functions p, p, and g noted in the 
theorem it follows that the kernel R(p, En, A) can be represented in the form 


R(p, En, A) = p"? Ro(p, Ens A); (6.28) 


where Rọ has continuous derivatives up to order s with respect to the argu- 
ments p, Ên in the closed region Go = {(p, fn): p € [0, VH], & € [0, H]}, 
and 


Ro(0, En, x) EE -5p(0, én) J. ly, (0, V, em dwy # 0, En € (0, HJ. (6.29) 


From the theory of integral equations it is known (see, for example, [192] or 
[246]) that these properties of the kernel guarantee a unique solution of (6.26). 
This, in turn, means uniqueness of the solution of (6.11), and the theorem is 
proved. 

It is also possible to obtain a method of solving (6.26). For this it is 
convenient to go over from (6.26) to a Volterra equation of the second kind. 
To this end it suffices to apply to (6.26) differentiation with respect to n of 
order m/2. For m odd, and hence s = (m + 1)/2, this means that 


1 8 fE (Az) 
5(m/2) 
U (A, E EIE E és / VE S dz, 
where T is the Euler gamma function. Differentiating and dividing the left 
and right sides of the equality obtained by 


I (m2) 
15/2. Fo(0, 6.) 


we find the equation 


u(A, En) fri (A, Zn) T (VEn lasers à) dtn = w(A, Tn), (6.30) 


in which 
mh? 1 ~ 
w(A, Zn) = F(m/2) Rol0,&,A)” P2 (4, &), (6.31) 


while the kernel of the equation for m — 2s is computed from the formula 


r (VETE) = riana VET), (6 


and for m = 2s — 1 from 


i 1 os [€ R (Az — z4,2,A) 
T (VEn — Tn, Ên, \) = DROEN 28 s Ja, ——9—MRH——— dz. 
(6.33) 
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It follows from (6.32), (6.33), and (6.28) that the kernel of equation (6.30) 
can be represented in the form 


T (VEn — Tn» En, A = eh (v buc utu a) : 


where To(p, En, A) is a continuous function of the arguments p and £, in the 
region Go. Hence, if we iterate the kernel in (6.30) once, we obtain the new 
equation 


En 
H(A En) + fa, ns) (Vis En EmA) des = iOS in) — (6:34) 


in which the kernel T1( /£4 — Tn, En, A) computed by the formula 


T; (VEn = Em En À) =- J "T (VEn — 2, En, A) T (Vz En: 2, À) dz, 


(6.35) 
is continuous in Go. Therefore, to obtain a solution of this equation it is pos- 
sible to use the ordinary method of successive approximations. The function 
w1(A, £4) is computed here by the formula 


wi (A, En) = w( En) - [ (A, 2n)T (VEn Tnn À) des. — (6:36) 


4. We observe that the norm of the kernels of equation (6.34) computed in 
the space C (Go) grows like |A|3 with increasing |A|. Indeed, (6.32) and (6.33) 
contain s-fold differentiation of the function R which by (6.27) leads to the 
appearance of a factor estimated like |A|*. The iterated kernel T; already has 
order |A|^*. Such growth of the norm of the kernels for large values of |A| leads 
to the situation that convergence of the method of successive approximations 
becomes worse with increasing |A|. The estimate of stability of the solution 
of (6.34) also becomes worse. From this equation we can obtain no estimate 
of stability uniform in A and hence no estimate of stability of the problem of 
solving (6.11). Using (6.34), however, it is not hard to obtain an estimate of 
the conditional stability of this problem of integral geometry. This was first 
done by A. L. Bukhgeim for a problem of integral geometry on a family of 
curves. A general scheme of obtaining estimates is presented in [59]. 


THEOREM 2. Suppose that the function u(x) has continuous derivatives 
with respect to the variables z1,...,24—1 through order k > (n — 1) and 


J iD*u(z,z,)]dz < M, lol =k, (6.37) 
Rr-1 
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where M 1s a given constant, and D? 1s the operator of differentiation with 
respect to the variables z1,...,24—4: 


gla 


= Q1 Qn-1) 
oxi 0r 1 


TL— 


Dp? la] = ay +--+ + 0 1- 


Suppose, further, that the function (0(m/2)/0E%"/?))u(£) is continuous in D 
and 


J MEDE, e.g < e. (6.38) 
R^-1 


Then the following qualitative estimate of stability of the problem of integral 
geometry holds: 
lu(x)| € CM|In( M/e)|(n-*-1)/25, (6.39) 


Indeed, choosing a sufficiently large positive N and using the representa- 
tion of u(x) in terms of its Fourier transform with respect to the variables 
71,...,Tn-1, we have 

1 j 5 1 5 
u(z) < —— Uu(À, Tn D usa | u(A, £n)| dr. (6.40 
v) € eger |... EONA E quen Jy y ËO alda. (6:40) 


We shall estimate the first term in this formula using the integral equation 
(6.34) and the second using a priori information about the class of functions 
u(x). For sufficiently large N the right side of (6.24) can, by (6.36) and (6.38), 
be estimated in the form 


[wi (À, En)| < CiN%e, |A| & N. 


Since the norm of the kernel T; increases with increasing |A| no faster than 
IA|75, from (6.34) for the solution à(A, £n) we obtain an estimate of the form 


Kà(4, z4)| € CiN*eexp(C2N**), |A| <N. 


The a priori assumption about the class of functions u(x) leads to the following 
estimate: 


là, a)l < "a Al > 0. 
Using these two estimates, from (6.40) we find that 
|u(z)| < C4N**?- le exp(Co.N?5) + CAM N^ **?-1. 
We now choose N = N(M/e) so that 
C3N*** exp(C2 N?*) = (M/e)C4. (6.41) 


Then 
lu(z)| < [N(M/&)]^-* 2C. M. 
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It is clear that N(M/e) — oo as € — 0. It follows from (6.41) that the 
leading part of the infinitely large N(M/e) has order (In(M/&))*/2. From this 
we obtain (6.39). 

5. Above we considered the scalar case of the formulation of the prob- 
lem of integral geometry. The case in which a vector-valued function u(z) 
with components u;,...,u, is to be determined can be formulated in an alto- 
gether analogous way. The analogue of the scalar equation (6.11) is the vector 
equation 

R(t, £)u(x) dt = v(£), (6.42) 
M(E) 
in which R(t, £) is a square matrix of dimension r x r and v is a vector-valued 
function with components v1,...,u,. The next theorem is a total analogue of 
Theorem 1. 


THEOREM 3. Regarding the functions u, p, J, and R, suppose that the as- 
sumptions of Theorem 1 are satisfied with the natural replacement of condition 
(6.22) by the analogous condition 


det R(0, fn) Z0, £n € [0 H]. (6.43) 
Then the function u(x) is uniquely determined from equality (6.42). 


The proof of the theorem is sufficiently obvious, and we omit it. The 
estimate of stability has the same form. 

6. In the case m = n— 1 it is possible to consider a somewhat more general 
problem than (6.42); namely, suppose it is required to find the function u(z) 
from the equation 


En 
Rit, Quz)at | az | | R(t, 
M(E) 0 M(E,z) 


with known functions R and R,. This problem arises in the theory of inverse 
problems for equations of hyperbolic type (see the next chapter). Under the 
condition that R;, just as R, does not depend on € and possesses smoothness 
analogous to the smoothness of R, for equation (6.44) there is a uniqueness 
theorem analogous to Theorem 3. Thus, the part of the operator correspond- 
ing to the first term in (6.44) is like the principal part of the entire integral 
operator, which is responsible for its unique invertibility. 


€,z)u(x) dt = v(€) (6.44) 


§3. Integral geometry in special classes of functions 


In the preceding section the study of the problem of integral geometry 
was based on special properties of the family of manifolds and the weight 
function. It is of major interest for applications to study the problem of 


184 VI. INTEGRAL GEOMETRY 


integral geometry in the formulation of the preceding section while giving up 
these properties and restricting attention only to the assumptions regarding 
the family of manifolds presented in subsections 1 and 2. Unfortunately, there 
are so far no definitive results here. There are investigations of the problem in 
this rather general formulation only in special classes of functions. Exposition 
of the results of these investigations is the purpose of the present section. 

1. In a somewhat more general formulation than that of §2 the problem of 
integral geometry was investigated by Yu. E. Anikonov in a class of functions 
analytic in the variable zn [15], [22]. Namely, let M be the set of functions 
u(x) representable in the region D = (z: 0 € z, € H} in the form 


^A z$ 05 
u(x) = 3 + a: 0), (6.45) 
where the 0*u(z,0)/Oz$, are continuous for all values z € E"-! and the series 
(6.45) converges uniformly in D. There is the following uniqueness theorem. 


THEOREM 1. Suppose the weight function p(t, £) 1s continuous 1n tts ar- 
guments for all t € A(&) and € € D, and p(0, €) Z 0 for € = (6,0); suppose 
the mapping function f(t,€) is continuous for t € A(E), € € D, and that 
the region A(£) is measurable and contracts uniformly to the point t = 0 as 
En — 0. Then the solution of (6.11) on the set M is unique. 


For the proof we observe that the set M is linear, and thus it suffices 
to show that for v(€) = 0, equation (6.11) has on M only the zero solu- 
tion. We shall consider an arbitrary point (zo,0) and show that for any 
function Y € M which is a solution of the homogeneous equation the equal- 
ities O?u(z9,0)/O0z$, = 0, s = 0,1,2,..., hold. It is convenient to prove 
this by contradiction. Suppose that the derivatives 0?u(zo,0)/Oz$ = 0 for 
0 < s < k-—1, but O*u(zo,0)/0xk # 0. Then there exists an open half- 
neighborhood D, = (z: |T — zo|^ + z2 < €7, £n > 0} of the point (Zo, 0) in 
which the function u(z) preserves the sign of the derivative 0" u(Zo,0)/Oz*. 
We now consider a set M(E) entirely contained in De. It is obvious that for 
any € > 0 such a set M(E) can be found, since as € — (zo, 0) the set A(£) con- 
tracts uniformly to the point t = 0 which is the preimage of the point € under 
the continuous mapping f(t, €). From the properties of the function p(t, €), 
it follows that by possibly reducing € we can always arrange that p(t, €) 4 0, 
t € A(€). But then the product p - u preserves a definite sign on M(E), and 
therefore the left side of (6.11) cannot be equal to zero. Thus, the assumption 
made is false. It remains to assume only that the derivatives with respect 
to £n of all orders (beginning with the zeroth derivative) at the point (Zp, 0) 
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vanish. From the representation (6.45) it now follows that u(zo, zo) = 0, and 
the theorem is proved. 

The uniqueness theorem can be extended rather simply to the more general 
class of functions piecewise analytic in the variable z,. We do not dwell on 
this. 

2. The study of the problem of integral geometry in other classes of func- 
tions is based on obtaining some integro-differential equation. To obtain it 
we must use more stringent conditions on the manifolds IN(€) and the weight 
function than in subsection 1. Namely, we shall assume that the analytic 
structure of the surface and of the mapping function is given by (6.15)-(6.19). 


LEMMA 1. Suppose the function u(x) is continuous and bounded in D 
together with the derivatives 


gle me] 
A 


Q ee ges a l < 
D u(z) Oxf e or u(z), [7 A6, 9 
while the functions 


p(p,v,£), | g(pw&),  polp,v, £) = p(vp(p, v, £), €) 
are continuous and bounded in the region 
G= {(,v, €): pe o, VH V € Sm, T» 
together with the derivatives 
gstl "E ðs 
apria Pag” apg 
p(0, £) >a » 0, € € D. (6.46) 


to = S; 


If a function u(x) is a solution of equation (6.11), then it satisfies for m = 2s 
the equation 


vo E ode neg 
x D*u le (Ven — Es, 3 E du, = w(£), (647) 


and for m — 2s — 1 the equation 


E a n B 
Dt [^ m [ dy T. RB 2 
xD*u lg (Vz EI z) e E re ER reer) dð = w(£). (6.48) 
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In these equations the T, are bounded continuous functions in the entire do- 
main of variation of their arguments, and 


(m/2) 
m acm v(£) 


w(5) = ^rt2) pl, £) Je, es(0 v, E]? dis, (6.49) 


To prove the lemma it suffices to apply to equation (6.11"), which it is 
convenient to write in the form 


[ ien f, slo) a] K (Vot) ds, = (9. 


K(p,v, £) = -5po(p. v, &)le(p. v, OI"? ey, v, €), 
(6.50) 
the operator of differentiation with respect to En of order m/2. Since the 
function K (p, v, €) can be represented in the form 


K(p,v, €) = p" Ko(p, v, €), 


where Ko(p, v, £) is continuous in the region G together with its derivatives 
with respect to p and n through order s, and 


Ko(0. v, £) = ~50(0,8) (es (0, v, £)I" £0. 


it follows that in this differentiation, by differentiating with respect to the 
upper limit, we obtain the term outside the integral 


l'(m/2) 
at Je Kürd (6.51) 
Moreover, for m = 2s, calculation of the derivative of order s with respect to 
the variable &, of the product 


B (s (Ven = Tn, V, £) tn] Ko (Vin — Tn: V, £) (eoe? 


leads to the appearance of derivatives to order s of the function u(z) with 
respect to the variables z1,...,£n-1. The functions occurring as factors in 
front of these derivatives can be represented in the form of a product of 
functions (n — z4)-!/? with a function continuous in the region G. For 
m = 2s — 1, calculation of the derivative of fractional order s — 5 1 leads us to 
the necessity of calculating the following derivative: 


Qs En (z — £n)?! 


BE l.c eu] YF ten) el 
X Ko (V/z — z4, v, €, z) dz. 
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It is easily computed if the following change of variable is made in the integral: 


Entin | = 
= 2 


This explains the appearance in (6.48) of the inner integral with respect to 0 
from 0 to 7. In differentiating the integrand, all the derivatives Du, |a| < s, 
occur in a product with some factors having the same type of smoothness 
as in the case of even m. The difference here is that the factors, generally 
speaking, will depend also on 6. 

In order to bring the equation obtained after m/2-fold differentiation to the 
normal form (6.47) or (6.48), it suffices to divide both sides of the resulting 
equality by the factor standing in front of u(£) in the term outside the integral. 


" cos. 


LEMMA 2. Suppose the assumptions of Lemma 1 are satisfied and u(x) 1s 
a solution of equation (6.11) satisfying the inequalities 

sup |D^wz) X K sup |wWz), jal<s, fal =art--+an-1, 
ZCR^-1 ZcR^-1 


(6.52) 
with a constant K not depending on tn. In D there is then the following 
estimate for u(x): 


|u(z)| € C1(1 + K) exp(C2 K?z,) (6.53) 


C(D) 


Proceeding to the proof of the lemma, we set 
U(tn) = sup |u(z,z4)| 
ZER”! 
Using the boundedness of the functions Tą appearing in (6.47) and (6.48) 


and the fact that the functions p(0, £) and pp(0, v, £) appearing in (6.49) are 
bounded below, we find that for a solution of (6.11) satisfying (6.52) we have 


«ck [^ Tn) te U (tn) din 


C(D) Ven = in 


9i? 


^ lage s 


U(En) < 


Iterating once in this inequality, we find that 
gm/2 
og C(D) 

Cy = max(Cs,C,:2VH), Cp = nC. (654) 
Applying now Gronwall’s Lemma (see [200], §19, Problem 3), we obtain (6.53). 


U(En) € Ci(1+ K) v(£) + Cok? [ U (z4) dZn, 
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THEOREM 2. Let M be the linear set of functions u(x) continuous and 
bounded together with their partial derivatives with respect to z1,..., 24-41 
to order s = |(m + 1)/2] which satisfy inequality (6.52) with a constant K 
depending on the function. Then on the set M the problem (6.11) of integral 
geometry cannot have two distinct solutions under the assumptions of Lemma 
1 regarding the class of problems in question. 


Indeed, if u(x) and uz(z) are two solutions of the problem belonging to the 
set M, their difference u = u; — u2 also belongs to M because of the linearity 
of the set M. Because of the linearity of the problem of integral geometry, 
u(x) satisfies the homogeneous equation; hence it follows from (6.53) that 
u(x) =0, i.e., u(x) = u2(z). 

We note that on linear sets with a universal constant K for the entire set, 
Lemma 2 gives an estimate of stability of a solution of the problem of integral 
geometry. 

Proceeding from Theorem 2, it is easy to obtain assertions concerning 


uniqueness of a solution of the problem of integral geometry on concrete sets 
M. 


LEMMA 3. Let M be the set of functions u(x) which can be represented 
in D in the form 


N 
u(x) = M ax(T)bk(tn), (6.55) 


where ax(z) € CS(R*-!) and by (tn) € C[0, H]. Then for any function u(x) € 
M inequality (6.52) holds. 


Indeed, in the representation (6.55) we may assume that the functions 
ax(z), k — 1,..., N, are linearly independent in R”-1. Therefore, 


X Hkak(T 


_ sup > ao > 0 (6.56) 


on the set ((ui,...,uN): X£ luk| = 1}. Then for those £n for which 
Y 2 -1 be (2n)| Z 0 we have by (6.56) 


N 
sup uol- (Sete) sup 


ZER"-1 €R^-1 


ax (x) RS EL COME 
3 i n)| 


m MAC: 
N 
> ao ` |bk(£n)|. 
k=1 
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This inequality is obviously satisfied also in the case where xum Ibi (z4,)| = 0. 
At the same time 


N 
D9*u|€ m sup |D“a,(Zz bi (x 
Deul < mex, sup. [D*a(7) 9 l(t) 


1 
L CarlT 
RT e ee E 


and the lemma is proved. 


COROLLARY. On the set of functions representable in the form (6.55) 
where ax(z) € C*(R^-1) and bk(£n) € C[0, H], a solution of the problem 
of integral geometry 1s unique. 


In Lemma 2 we considered a set of functions satisfying for each fixed £n 
the inequality 
|.D^ullc(gn-1, < K]lullecre-1) 


with a constant K not depending on zn. It is possible to consider analogous 
sets connected with the norm in the space L2(R"^-1) for each fixed zn. The 
following lemma (analogous to Lemma 2) holds. 


LEMMA 4. Let u(x) be a solution of equation (6.11), and suppose u(z) 
satisfies the inequality 


|.D*ulr,(ga-:1) € Klulr,(ga-:) lel S s, (6.57) 


with a constant K not depending on tn. Then in D the following estimate 
holds for u(z): 


g(m/2) 
2 
|ul n, (Ro-:) < Ci(1+ K) exp(C2K zn) e EO H] aem" E 
n L3(R^-!) 
6.58) 


The proof is altogether analogous to the proof of Lemma 2, and we omit 
it. 

We shall present examples of linear sets for which (6.57) holds. 

LEMMA 5. Let M be the set of functions u(x) representable in the form 


(6.55) where ax(z) € W3(R*-!) and b&(z4) € C[0, H]. Then the estimate 
(6.57) holds for u € M. 
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We obviously may always assume that the system of functions a&(z), k = 
1,..., N, is orthonormal in L2(R^-). Therefore, 


N 1/2r N 1/2 
|D*u|l r; (n1) < 5 ID" (Oe 5 en) 
k=1 


k-1 


z 1/2 
= B Droe ful za qnn) 
k=1 


LEMMA 6. Let M be the set of functions u(x) having a Fourier transform 
in the variable T which is continuous with respect to z, and has compact 
support uniformly bounded with respect to £n. Then for any function u c M 
inequality (6.57) holds. 


Suppose the support of the function 
u(A, Zn) = / u(Z, In )e* dz 
Rr-1 


is contained in the region |A| < N. From Parseval’s equality we then find that 


1 x 
| Dull, (1) = (27)n-1 Js leg? (1, tn) dA 


N?lel -2 ajali 2 
< (21)n-1 e (A, Zn) dr = N lulls s -1; 


< N**|u|[?  (ga-1). 


Thus, the set of functions u(x) with Fourier transform in z having compact 
support satisfies condition (6.57). Therefore, uniqueness of a solution of the 
problem of integral geometry on this set follows from (6.58). 

It can be shown that a uniqueness theorem in the problem of integral 
geometry holds also for sets which can be sufficiently well approximated by 
sets of the structure considered above (see [230] and |231]). 

Theorems analogous to Theorem 2 hold also with respect to equations 
(6.42) and (6.44) if condition (6.43) is satisfied. 


94. Integral geometry “in the small” 


The exposition of this section is based on results obtained by M. M. Lavren- 
tev and A. L. Bukhgeim [65], [153], [154]. We here consider a problem of 
integral geometry on surfaces which differs in formulation from the problem 
studied in $52 and 3. As will become clear below, this difference in the for- 
mulations predetermines a different degree of stability of the problems. In 
general, it turns out to be possible to classify problems of integral geometry 
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into two types according to the character of their stability. For some problems 
there are estimates of stability using finitely many derivatives, while for other 
problems there are no such estimates. 

1. We thus consider the following problem. Suppose in the space z = 
(z1,...,2n) there is given a bounded region D and Q is an open region be- 
longing to D. For the case of even-dimensional space we shall assume that 
the boundaries of D and Q are uniformly separated from one another by 
some positive distance h, and thus (1 lies strictly inside D. In the case of 
odd-dimensional space, D and Q may coincide. Suppose, further, that for any 
point z € D and any unit vector v = (v1, .. . , Vn) there exists a unique smooth 
hypersurface S(z,v) which passes through the point z and has normal v at 
this point. 

We denote by U the class of functions u(z) € Lə(Q) whose support is 
contained in Q. For a function u(x) € U we consider the problem of finding 
it from the equation 


I, AG z,v)u(é)dS =v(z,v), ze€D, |v|-1, (6.59) 


in which p(£, z,v) is a given smooth function of its arguments and dS is the 
area element of the surface S(z,v). 

Generally speaking, this problem is overdetermined, since the function u(z) 
depends on n variables, while the function v depends on 2n — 1 variables. 
We note, however, an important case where the number of essential vari- 
ables of the functions u and v coincide. We consider the surface S(z,v) and 
an arbitrary point zÜ € S(z,v). Let v? be the normal to S(z,v) at 2°. 
Then S(z09,79) = S(z,v). If p(6, 19,79) = p(&,z,v) for € € S(z,v), then 
v(x? 79) = v(z,v). Since each point z? of the hypersurface S(z,v) is char- 
acterized by n — 1 parameters, this equality shows that there are a total of 
n essential parameters on which the function v(z,v) depends in this case. 
Thus, if the weight function depends only on the point € € D and the surface 
S (z,v), then the numbers of essential variables of the functions u and v coin- 
cide. This suggests that there is apparently a better form for the formulation 
of the problem of integral geometry with the same family of surfaces that is 
related to another parametrization of this family, for which the problem is not 
overdetermined. 

In this section the problem of solving equation (6.59) will be considered 
under the assumption that the diameter of the region D is sufficiently small. 
This explains the title of the section. Below we shall assume that the equation 
of the surface S(z,v) can be characterized by means of a sufficiently smooth 
function y(€, z, v): 


S(z,v) = (€ e(& z,v) = 0}, (6.60) 
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where at points of S(z,v) we have |V ¿p| 4 0. 
The assumptions regarding the method of parametrization lead to the fol- 
lowing necessary conditions on the function q: 


p(z, T, V) = 0, Veple=z = V|V evle=z- (6.61) 
Obviously, it may always be assumed that 
Vele- = 1, (6.62) 


by dividing o by |Vew|e=z if necessary; therefore, below we shall assume that 
(6.62) holds. For the function p we then have the representation 


h 
plé zv) 2 v(E-z) * X ayle z, v)(& — zi) (6j — 25), (6.63) 
1,2—1 
where i 
ais(€, T, p) = J Qe; (T + t(£ — z), z,v)(1— t) dt. 


We shall use this representation below. 

In preceding sections it could be observed that the exposition of results for 
problems of integral geometry differs somewhat for even- and odd-dimensional 
spaces. We therefore first formulate the corresponding result and prove it for 
the case of odd-dimensional space; only afterwards do we prove it for the case 
of even-dimensional space. 


THEOREM 1. Let n be odd, let s = (n — 1)/2 > 1, and suppose that the 
function q(£,z,v) is continuous in the region G = ((£,z,v): £c D, z € D, 
|v| = 1) together with its partial derivatives to order n + 2, while the weight 
function p(€,x,v) is continuous in G together with its partial derivatives to 
order n and satisfies in G the condition 


p(z,z,v) > po >0, po = const. (6.64) 
Then there exists a number d* > 0, d* = d*(y, p), such that under the condi- 


tion diam D < d* a solution of equation (6.59) in the class of functions U is 
unique, and there 1s the estimate of stability 


v(z,v) 
< : = —— —— 
Idam Clan, — n) fe dy — (669 
Here dw, 1s the area element of the unit sphere, and A? 1s the sth power of 
the Laplace operator. 


Using the delta function and the fact that u(x) has compact support, we 
write (6.59) in the form 


[ e£, 2, v)u(é)Veol€, 2,v)|6(p(é, 2,v)) dé = v(z, v) (6.66) 
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and, dividing it by p(z,z,v), we average equality (6.66) for fixed z € D over 
all v. Using the notation (6.65), we write (6.66) as follows: 


J. K (z, €)u(€) d€ = vı (z). (6.67) 
Here 
Ke, |. Ale,2,»)6(0(6.2,»)) dv, 
H- "T (6.68) 
p(&, z,v) = zc EPA 


The kernel of equation (6.67) can be studied rather simply for points z and 
€ close to one another. This is also sufficient, since in the proof of the theorem 
it may be assumed that the diameter of the region D is small. We make use 
of the invariance of the measure dw, under orthogonal transformations of the 


Space L1,...,v, and carry out a transformation with an orthogonal matrix 
Q. The formula for calculating the kernel here assumes the form 

K(z,£) = / 6 QUALLE, s QY) dos (6.69) 
We introduce the unit vector v? = (€ — z)/|£ — z|, v? = (v9,...,v9). In 


evaluating the integral (6.69), we use two distinct orthogonal transformations 
depending on the position of the vector v? on the unit sphere. Namely, sup- 
pose that e! = (1,0,...,0). For v? - e! > 0 we then take the transformation 
defined by 


v.v rv.el 
Qv = yV + 2(v x el)? = que al + el). (6.70) 


It is easy to verify directly that (Qv-Qv) = 1 for any unit vector v. Moreover, 
Qe! — V9. (6.71) 


For v? - e! < 0, to evaluate the integral we use the transformation (6.70) in 
which e! is replaced by —e!, and hence Qe! = —v”. 

It obviously suffices to investigate the case of a position of the points z and 
€ for which v? e! > 0. Below we restrict our attention to just this case. The 
equation o(£, x, Qv) = 0 for fixed x and € defines a surface of dimension n —2 
on the surface of the sphere |v| = 1. Indeed, dividing by |x — £l, this equality 
by (6.63) can be written in the form 


V? - Qv + |z — €| Y ai;(z + |x — &|v?9,z, Qv)v2 v? = 0. (6.72) 
1:321 
We represent the vector v as follows: 


y = qe! + V1- q?v, (6.73) 
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where 7 is a unit vector orthogonal to e!. Then by (6.71) 
y .Qv2Q*/9.p 2el.y =q, 


and (6.72) assumes the form 


q+ |z- £l 3 Qij (z + |z — €|v9, z,qu? + /1— Qr) vv? —0. (6.74) 


2,7—1 
The next lemma follows easily from the contraction mapping principle. 


LEMMA 1. If the function p satisfies the conditions of the theorem, then 
for any qo € (0,1) there exists do = do(q,qo) such that for regions Q with 
diamQ < do the equation p(x, €, Qv) = 0, for z € Q and € € Q, defines q 
as a single-valued continuous bounded function of the arguments x, |x — £l, 
V9, and V having with respect to these arguments continuous and bounded 
derivatives to order n and satisfying the inequality 


la(z, |z — £l, v9, v)| € qo < 1. (6.75) 


Indeed, since o satisfies the conditions of the theorem, the a;;(£, z, v) are 
uniformly bounded for £, z € D and |v| = 1 by some constant M. Therefore, 
writing (6.74) in the form q = A(q), we see that under the condition M do < qo 
the operator A takes the set of continuous functions satisfying (6.75) into 
itself. The condition of uniform boundedness of the derivatives of a;; with 
respect to 11,...,v, leads to the situation that for |x — €| small the operator 
A is contractive on this set. Thus, equation (6.74) defines q as a continuous 
function of the arguments z, |z — €|, v°, and v satisfying (6.75). The existence 
and boundedness of the derivatives of q with respect to its arguments to 
order n follow easily from (6.74) itself, since the functions a;; and the matrix 
Q = Q(v9) defined by (6.70) have the corresponding derivatives. 

It also follows from (6.74) that q — 0 as |z — €| > 0. 

We now choose a fixed go € (0,1) and assume below that diamQ < 
dolp, qo). Formula (6.73), in which q is the solution of (6.74) for an arbi- 
trary unit vector V, V - e! = 0, defines (for fixed z and Ẹ) v as a smooth, 
single-valued function of 7 and thus defines a surface of dimension n — 2 on 
the sphere |v| = 1. We denote this surface by X(z,£). If z — € so that 
(£ — z)/|£ — z| — v9, then the surface X(x, £) in the limit coincides with the 
section of the sphere |v| = 1 by the plane passing through the center of the 
sphere and orthogonal to the vector e?. 

Let n be the unit vector of the normal to X(z, £) lying in the plane tangent 
at v to the sphere |v| — 1. Taking account of what has been said above, we 
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can write formula (6.69) for the kernel K (zx, €) of equation (6.67) in the form 


z do 
Kc9- |. AEEA 
Y(z,£) SE 
where dø is the area element of the surface X(z, £). Since on X(z, £) the vector 
n is parallel to the vector 


Vuol, 2, Qv) — v(v - Viel, x, Qv)), 


(6.76) 


it follows that 


x = [IVe(&z, Q9)? -lv- Vee(6,, QUI] ^. — (6.77) 


From (6.63) we find that 


1 n 

roa ipeo Qv) = et + pec 3 Vai; (€, T, Qu) vd. 

Using (6.77) and the circumstance that v = v(z,|€ — z|,v°, v) on X(z, £), we 
obtain the representation 

àp[! 1 


ME M = oU + 
On| pad 
on X(z, €) in which b is a continuous bounded function of its arguments to- 
gether with its partial derivatives to order n — 1. Similarly, we have the 
representation 


1,j=1 


b(z, |€ — z|, v9, v) (6.78) 


P(E, T, Qv) =I+ |z ad &|e(z, |z ES el V», v) (6.79) 


on X(z, £), where the function c possesses the same properties as b. 

The vector 7 is orthogonal to et and has unit length; it is therefore com- 
pletely characterized by the angular spherical coordinates V,..., 1,2 in the 
coordinate plane orthogonal to e!. The surface element do is computed by 


the formula i 
Ov Ov Qv 
do = |I | —, —.,...,——_ di, 6.80 
| s. Ope’ Os 2 ) y (6:80) 


in which d = dy ---dtn—2 and I denotes the Gram determinant con- 
structed for the vectors Qv/Ow,... , ðv /OUn—2: 


ðv ðv v Ov Ov Ov 

Od; Or Op: 0; O1 OWn—2 

Ov OV Ov Ov Ov Ov Ov ðv 

CE Ibs Od: Dba Dds Bj; 99.2 
QV Qa -2 eec ots] |] | | isi | |] s s] À t] | n gs s s] |] |] n6 s À t] | sn n n 

Ov Ov 


Ov Ov Ov Ov 
Ovn-2 91  Oy4-20y2 OU4-2 O%n-2 
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From (6.76) and (6.78)-(6.80) it follows that the kernel K(z, £) can be repre- 
sented in the form 


K(z, €) = oa - + Ko(z, |z — e|, v9), (6.81) 


where Ko is a bounded continuous function of its arguments together with its 
derivatives to order n — 1. Applying then the operator A?, s — (n — 1)/2, in 
the variable z to equation (6.67) and using the fact that (|120], p. 43) 


£o (6 data z— W ee 
Ata CD e-e- E ona = quy 


for u(x) we obtain the equation 


r? EG Dt A$v 
+ [ Kis, 9w(0 dé = kA nla). (6.82) 


Here 


K(z, €) = D" A* Ko(a, lx — €], 9). 


2nq 2s 


The kernel K(x, £) of equation (6.82) has an integrable polar singularity. 
Indeed, computation of the operator A? leads to differentiation of Ko to order 
2s with respect to the variables z, |z — ¢|, and v? and to differentiation to 
order 2s of the arguments |x — £| and v? with respect to z. But 2s = n — 1, 
and hence the derivatives with respect to the arguments of the function Ko 
are continuous and bounded; at the same time, it is obvious that for the 
derivatives of |z — ¿| and v? with respect to z we have the estimates 
ok c aK o 
T) < [z — £[F-v ncn s ^ dz ge 

a 
JE 


From these arguments it follows that the kernel K(z, £) is continuous every- 
where except for the set of points z and € on which z = €; in a neighborhood 
of this set we have the following estimate for K (z, £): 


1] € k «€ 2s. 


C 


K(z, €)| < z — emt: 


It is known that equation (6.82) with a kernel of this type has a unique 
solution in L2(Q) if the diameter of the region Q is sufficiently small. The 
estimate (6.65) for the solution of (6.82) is obvious. 

2. We now consider the case of even-dimensional space. As mentioned 
above, in this case we assume that (1 lies strictly inside D, so that the distance 
between Q and the boundary of D is larger than some h > 0. We additionally 
assume that h > diam(íl. We denote by Qpa the open set obtained by taking 
the union of all open balls of radius h with center at points z c Q. 
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THEOREM 2. Let n — 2s, s > 1, and suppose the functions p and p satisfy 
all the conditions of Theorem 1 with n replaced by n -- 1. Then there exists a 
number d* > 0, d* = d*(o, p, h), such that under the condition diam) < d* 
a solution of equation (6.59) in the class of functions U 1s unique and there 
ts the stability estimate 


|u(z)lza oy € CIIA?vol rs (o; (6.83) 
in which aia 
U1\Y) Gy 
vo(z) = — L, 6.84 
2l ) - |z a yet ( 


and v;(x) is computed in terms of v(x, v) by (6.65). 


We note that the estimate (6.83) differs qualitatively from (6.65). Only 
values of the function v(z, v) for z € Q enter in the estimate (6.65), while in 
(6.83) values of v(z, v) from the larger region Qp» of the variable z are taken 
into account. 

This theorem is proved according to the following scheme. First, just as in 
the case of n odd, we obtain (6.67). For the kernel K(z,£) of this equation 
there is the representation (6.81), where the smoothness of the function Ko, 
because of the hypotheses of the theorem, is one greater, namely, Ko with 
respect to the arguments z, |z — £|, and v? = (€ — z)/|£ — z| has bounded 
continuous derivatives to order n. We now apply the operator of averaging 
over a ball of radius h defined by (6.84) to both sides of the equality. We then 
obtain 


J ATOAN E) (6.85) 
in which 
K(y, €) 
T(z,£) = J, acq d (6.86) 


We further show that for T(z, €), x € Q, € € Q, there is the representation 


T(z, £) = —Wn-1Wn In |z g q t To (£ |E — z|, zt) ) (6.87) 


in which To(£, p, v?) is a continuous and bounded function together with its 
derivatives to order n everywhere except the set p — 0, in a neighborhood of 
which To(£, p, v9) satisfies the inequalities (|a| + k € n) 


OF a Inp, k=1, 
Hpk D, To(5, o. v V?) < of} ok k > 2. (6.88) 


Applying to (6.85) the operator A? and using the fact that (see, for exam- 
ple, [120], p. 44) 


A$ In|z — ¿| = (- 1): 19n— 1 m*(s — 1)!6(z — £), 
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we obtain an equation of Fredholm type analogous to (6.82) with a singularity 
of the form |z — €|^-! In |z — €|. From this follows the validity of the theorem. 

It thus remains for us to verify that the kernel T(z, £) actually possesses 
the properties mentioned. For this we evaluate the integral (6.86) separately 
for each of the terms in (6.81) for the function K(z,£). Evaluation of the 
integral of the first term is equivalent to evaluating the integral 


1 1 
J =j —— — 
o) meulah E= gn hee : 


h 
= j| du, | a 
|v|-1 0 yr?-4 p? t 2rp(v® -v 
= [In |h + p(v? - v) + vh? + g? + 2hp(v - v9)| 
\y|=1 


—In|l+v-v°|] du, — wn ln p. 


Here we have introduced spherical coordinates y = z + rv and denoted by p, 
—v® the spherical coordinates of the point € in this system, i.e., p = |Ê — zl, 
y? = (xz — £€)/|z — €|. As is evident from the formula obtained, evaluation 
of the integral (6.86) of the first term of the function K(z, €) leads to the 
appearance of the principal part of the kernel T(z, £), namely, ln p and some 
smooth function (even analytic for p « h) depending only on p. Here essential 
use was also made of the fact that p < diam() < h for z € (1 and € ERN. 
We shall now show that evaluation of the integral (6.86) of the second term 
of the function K(z, €) leads to a function possessing the properties of Tp. 
To evaluate the integral it is here convenient to introduce a P system 
with center at the point £ (y = £ + rv, v = (vi,..., Vn), z = € + pv?): 


h(€,p,v") J Ko (v. ly — €], e), 
,p,v-) = — M 
TM |Iz-y| €h |z — ie : 
ef dw ma e 'Ko(€ rv, r, v) 
pei Jo [r? + p? — 2rp(v - 9)](n7 072 
r(p,v : v?) = p(v - v9) + Vh? — pfi — (v -v9)7]. 
As we have already done once, we introduce an orthogonal’ transformation 
of the coordinate yam with matrix Q, so that Q*v? = e! = (1,0,...,0) (un- 


der the condition v9 - e! > 0). Setting Ko(£ + rQv,r, -Qv) = m v, v9), 
we then find 


r(p,v1) p li (£ r, V, VO) 
0|. INE ANNE. VLC NB 
Ja, p v) = "A | (r? + p2 — 2rpy4 )(n- 072 dr. 


dr, 
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From this it is immediately evident that the derivatives D? ,oJ2, la| € n, are 
continuous and bounded for € € Q and z € Q. Indeed, 


r(p,v1) rn-l N 
Q u Q 0 
M E " à», | (r? + p? — 2rgy4 )(n- 072 Do Ko(6,r v, v) dr. 
(6.89) 


It remains for us to deal with derivatives containing differentiation with re- 
spect to p. The change of variable r — pr; in the inner integral immediately 
shows that for p > 0 the integral J2(£, p, v?) depends continuously on £, p, 
and v? together with its derivatives to order n. However, as p — 0 the deriva- 
tives which contain differentiation with respect to p are unbounded. Indeed, 
for sufficiently small p we can always choose 6 > 0 so that 


p(1 +ô) < r(p, Vi), Vi € [4L 1]. 


Breaking the inner integral into two—one over [0, p(1 + 6)] and the second 
over [o(1 + 6),r(p, v1)]—and making the change of variable r = pri in the 
first, we then obtain 


14-6 n—1 
0) _ 7 ; 0 
Ja(& p, v =o ff a] Fi- Bru, je DA Holds pni. v v ) dry 


do, [^n D K 0) dr. (6.90 
+f doe PEP agen Ëo )dr (690) 


The first of the integrals in this formula is a bounded continuous function 
together with its derivatives to order n. All singularities in the derivatives are 
generated by the second integral. We now note that in the second integral 
the factor standing in front of Ko can be represented in the form 


pri p 
(r2 + p? —2rpy,)(n-0/2 — " B n) ' 
where $(z, vı), as a function of the arguments z and v4, is bounded together 
with any finite number of derivatives in the region |z| € (1+6)~1, v € [-1,1]. 
Hence, for its derivatives with respect to p we have the estimates 


ðE = /p 
559 n) 
To compute the derivatives (0^/0p*)D2 „o of the second term in (6.90) 
we can take the symbol DŽ „o under the inner integral sign. Computation of 
the derivative 0*/Op* of the inner integral leads to (i) the appearance of a 
number of terms due to computation of the derivatives with respect to the 


upper and lower limits, and to (ii) an integral due to differentiation of the 
integrand. The first of these terms are obviously bounded, since the function 


C 
«S. r2p148, veli (691) 
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$(o/r, v1) at the lower limit is bounded and does not depend on p, while at 
the upper limit it coincides with the analytic function h!7"[r(p, v1)]^-!. The 
integral arising from differentiation of the integrand has the form 


r(p,v1) ok . 
——- p Q 0 
Ive apr? (Eu) D$ ,o K(6,r, v,v-) dr 


and by (6.91) it can be estimated by the integral 


[77 €. [nane - 
C1 = Lr , hg 
p(s) f^ rix(r(o, n) - [o(1-6))7*  k» 1. 


From this follows (6.88). The proof of Theorem 2 is thus complete. 
REMARK 1. We denote by D(z,v) the set of points of the region D for 
which Q(£,z,v) > 0. The problem of finding u(x) from the equation 


l AG z,v)u(£) i| niens v)u(é) dE = v(z,v), z € D, |v| =1, 
is more general than the problem of solving (6.59). Theorems 1 and 2 hold 
for this problem under the condition that the smoothness of p1(£,z,v) is at 
most one worse than the smoothness of p(€, z, v). 

REMARK 2. If in (6.59) the weight function p(£,z,v) is replaced by a 
matrix-valued weight function R(p, z, v) of arbitrary finite dimension m x m 
and the function u(£) is replaced by a vector-valued function u(£) with com- 
ponents u1,...,Um, then we obtain a vectorial problem of integral geometry. 
Theorems 1 and 2 hold for it with the natural replacement of condition (6.64) 
by the condition 


det R(z,z,v)| > po » 0, po = const, 


and replacement of the function 1/p in (6.65) by R^ !(z,z,v). 
REMARK 3. From Theorems 1 and 2 we obtain as a corollary the estimate 
him $C sup bilem, 1-32, (69) 
which is valid for any n > 2. 

3. Until now we have considered a formulation of the problem of integral 
geometry for the case where through each point x € D and for any direction 
v there exists a smooth hypersurface S(z, v) with normal v passing through 
z. A more general formulation of this problem is possible where through x 
there pass surfaces S(z, v) only for v belonging to a set w(x) of points of the 
unit sphere. The set w(x) here, generally speaking, does not coincide with 
the unit sphere. It turns out that the question of the character of stability of 
the problem of integral geometry is closely related to the structure of the set 
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w(x) [65]. For simplicity we consider the case where w(x) does not depend 
on T: w(x) = wo. Let w&o = (v: |v| = 1, |v -a| € 6} be a spherical band. If 
for some unit vector a and 6 > 0 the condition wage N wo # Ø holds, then an 
estimate of the type (6.92) (with the set |v| = 1 under the supremum replaced 
by the set wo) for the problem of integral geometry cannot exist for any l. 
From this it follows, in particular, that estimates of the form 


llullweny € ood lolz, v)llw:icpy (6.93) 


also cannot exist for any finite k and | and constant C > 0. 

We shall demonstrate this for the particular case n = 2, setting o(£,z,v) = 
v(€ —z) and p = 1. The principle of the proof is manifest to full extent in this 
example. Suppose ws N wo = Ø for 6 > 0, and let a = (0,1). We introduce 
a function u, € C§°(Q) of the form 


u(x) = sin Azy(z), 


where (x) is an infinitely differentiable, compactly supported function with 
support in Q which is not identically zero and A is a sufficiently large numerical 
parameter. Then 


1 1 
Illi. = lilia — 5 f 008 2Azrv"(2) dz. 


Integrating by parts a sufficient number of times, we obtain 


Ck 
2 
Jena (z)dz| < "a 


On the other hand, for z € D and v € wo we have 
zb qn E 
valz, v) = [val A Ux le "S zJ d& 
= uj. sin AE E T2 — ai x: 2) dé 
LA — oo V2 l 


Since for v € wo, we have the inequality |v - o| = |v2| > 6, it follows that 
1/|v2| € 1/6, and hence 


|D2 v (z, v)| < P LE D, V € wp. 


Letting A tend to infinity, we find that ||vallws(p) — 0 uniformly with 
respect to all v € wo and any finite l, while 


1 
luvalla) > ltl 7 0. 


This implies the assertion made above. 
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We note that for wo coinciding with the half sphere |v| = 1, vı > 0, 
estimates of the type (6.93) may nevertheless exist, as individual examples 
show (see [60] and [61]). 


95. The problem of integral geometry on plane curves 
and energy inequalities 


For the case of the problem of integral geometry on plane curves in a 
formulation analogous to that considered in 84, the strongest results have 
been obtained by Mukhometov [187], [189]. In particular, he succeeded in 
proving a uniqueness theorem and in obtaining an estimate of stability without 
assuming smallness of the region in which the problem is studied. These 
stability estimates are based on reducing the problem of integral geometry 
to an equivalent boundary value problem for a partial differential equation 
of mixed type and using the method of energy inequalities to study it. It is 
also possible to investigate the problem of integral geometry on the geodesics 
of a Riemannian metric in n-dimensional space by means of this technique 
(see [46], [190], and [236]). In this section we partially present Mukhometov's 
results, following [187]. 

In the plane z = (x1, 22) we consider a bounded, open, simply connected 
region D with boundary I’. Suppose that the boundary is given by an equation 
of the form x = g(s), where s is the arc length measured from a fixed point 
on T' in a positive direction consistent with the choice of orientation on Ty 
and g(s) is a function of class C![0, T], g(0) = g(T); T is the length of T. 
Suppose, further, in the region D there is given a two-parameter family of 
curves IN = { L(t), t = (t1,t2)) possessing the following properties. 

1. A unique curve of the family Wt joins each pair of points z!,z? of 
the region D; each curve L(t) intersects I at points g(t1) and g(t2), while 
other points of L(t) belong to D; the lengths of the curves L(t) are uniformly 
bounded. 

2. The equation of the curve passing through the point z? € D in the 
direction v? = (cos ĝo, sin ĝo) is 


z = f (s,09,29) = a9 + sv? + s? f (s, v9, 2°), (6.94) 


in which f(s,v°,2°) and its derivatives are continuously differentiable and 
bounded functions of the arc length s measured from z? and with respect 
to the parameters ĝo € [0,27], and z? € D; f(s,0,2°) = f(s,2n,z9), and, 
moreover, 


1 of 
8 O(s, bo) 


in the entire domain of the variables s, 09, and 2°. 


> co > 0, co = const, (6.95) 
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We note that for s close to zero, inequality (6.95) follows in an obvious 
manner from (6.94); therefore, (6.95) is essential for finite s. In this case it is 
equivalent to the positivity of the Jacobian Of /ð(s, 0o). 

The following lemma holds with regard to the family of curves M. 


LEMMA 1. Suppose that the family of curves satisfies the conditions noted 
above and, moreover, the function f(s,v9,z9) has continuous and bounded 
derivatives to order l > 1. Then equality (6.94) defines s and v? as single- 
valued functions, continuously differentiable | times, of the points x? and x 
for all 39, x € D with x Æ x°, while in a neighborhood of the set t = 2°, 
2° c D, the following estimates hold for them: 


|D2 ,03(z°, z)| < ree 
oe i (6.96) 
ID2 zor (x, z)| < Iz zofio” jal <l. 
For the proof we observe that, by (6.94), 
H Iz — 2°| 
|? + sf (,v9,29)] 
f(s, v9, 2°) 


0. za 0 f 0 0 240 
pe Tl +sf(s,v",T ) + |z T| 


|z iv + sf (s, v0, z0) 


Hence, by the implicit function theorem we find that in a sufficiently small 
region |z — z9| < ô the functions s and v have the structure 


40 
$= lz — 2°| à + |z — zoo @ |z E y". 2m) ’ 


T 
T — 7° 0 0 0 r— q} 
” = Tr — 20] 1+|x-—2 le T z-z e) 
p — 7° 
tle- iii (29, le = 2°, 255), 


where p and w are functions of their arguments continuously differentiable 
| times. From this, in particular, we obtain (6.96). For |z — z?| > 6 the 
inequality s > ó is obviously satisfied, and hence so are the inequalities 
Of /0(s,00) 2 cod > 0. But in this case the smoothness of the functions 
s and v? stipulated by the lemma follows from the smoothness of f (s, v9, x9), 
while the fact that they exist and are single-valued follows from condition 1) 
on the family of curves. 

We denote by L(z?,z) the segment of the curve of the family Mt pass- 
ing through the points zÜ and z and contained between them, and by v — 
(cos0,sin 0) the unit vector tangent to L(z9,z) at z: v = f,(s,09, 29). The 
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vector v can also be considered a function of the points z? and z which pos- 
sesses the same smoothness properties as the vector v. Indeed, if v? = 
h(x°, x), then, because of the equal status of the points z and z, it is obvious 
that v = —h(z, 2°). 


LEMMA 2. 
2 a(a(ts), z)>0, t,€(0,7], ED. (6.97) 
1 

For the proof we note that 6(z°, £), considered as a function of z? for fixed 
r € D, has as its level lines segments of curves of the family It passing 
through z and contained between z and the boundary I; hence, V ,o0(z, £) 
is directed along the normal to L(z?,z) at z? in the direction of increasing 
0. Since the lines L(z9,z) for fixed x intersect only at the point z, on any 
closed curve encircling the point z € D (and, in particular, on I’), increasing 
Ó corresponds to the positive direction. Setting z? = g(t1), we find that to 
larger tı there correspond larger values of 0(g(t1),x). From this we obtain 
(6.87). 

For functions u(x) € C!(D) and p(z9,z) € C!(D x D) we now consider 
the function w(z?, x) defined by 


wey f Eee) ds s eDzeD, (698) 


and we pose the following problem: find u(z) on D for given functions p(z, x) 
and v(t): 
v(t) = w(g(t1),g(t2), | t€Q—|0,T] x [0, T]. (6.99) 
THEOREM 1. If the family of curves satisfies assumptions 1) and 2), and 
the weight function p(z9,x) € C! (D x D) and 


p(a9, x) > po > 0, 2 eT, zeD, (6.100) 


ð ð 
(Ê molta) <aqeHlolts).2), OSa<t, (6101) 
1 1 
then a solution of the above problem is unique for u € C1 (D), and for it there 
1s the stability estimate 


1 1 
L e : 
lullz2(D) € "Wis: Nd IVev(t)] llo; qo) (6.102) 
We shall first prove the estimate (6.102) for the case where the smoothness 
of u, p, and the function f contained in (6.94) is one greater than formulated 
in the hypotheses of the theorem. In this case the following lemma holds for 
the function w(z?, z). 
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LEMMA 3. Suppose the functions f, p, and u are twice continuously dif- 
ferentiable with respect to their arguments and are bounded together with their 


partial derivatives. Then the function w(a9,x) is twice continuously differ- 
s 
in a 


entiable with respect to z? and x everywhere except at points x = 2°, 
neighborhood of which 


|D% ,w(z°, z)| € Cla — z9|1- lel Jal «2. (6.103) 


The lemma follows from the representation 


s(x? z) 
w(z^,z) = / plz’, f (s, 8o(z^, £), x^)]u[f (s, 9o(z^, £), 2°)] ds 


by using Lemma 1. 
We now obtain a differential equation for w(z?, x). For this we note that 


w(z9, f (s,09,29)) = [ p[a9, f(s’, 0o, 2°)]ul f(s’, 0o, 2°)] ds’. 


Differentiating with respect to s and using the fact that f(z,09,2?) = z, 
fs(s,09, 29) = v(zx?, x), we find that 


V,w(zr°, z) - v(a9,z) = p(z?, x)u(z). (6.104) 
Dividing both sides of this equality by p(z9, x), setting z? = g(t1), and differ- 
entiating the resulting equality with respect to tı, we obtain an equation for 
the function w(g(t1), z) = w(ti, x): 


a | gua ELO P(t.2)]) = 0, t € [0,T], s€ D, (6.105) 


in which 
p(ti,z) = p(g(ti) z), — v(tuz) = v(g(t1), 2). 
(6.105) is an equation of mixed type, namely, of hyperbolic-parabolic type. 


It is satisfied in the cylindrical region [0, T] x D. On the boundary of this 
region we have the periodicity condition 


w(0,z)—-w(T,r), zeD, (6.106) 
and the condition following from (6.99) 
w(ti, g(t2)) = v(t). (6.107) 


The function w(t, x) is thus a solution of the nonclassical problem (6.105)- 
(6.107). We note that it follows from (6.98) and (6.99) that v(tı, tı) = 0, 
tı € [0,7]. If this condition is satisfied, problem (6.105)-(6.107) and the 
problem of integral geometry posed above are equivalent. It therefore suffices 
to find w(t;,z) in order to then find u(x) from (6.104). To investigate the 
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questions of uniqueness and stability of problem (6.105)-(6.107) we apply the 
method of energy estimates. | NEN 

For z Z g(ti), z € D and f = (—sin6,cos0), 0 = 0(t,,x) = 0(g(ti), x), we 
have the we obvious identities 


P(V z - Bl BZ J = (Vw - B)(V.w-%,) 
Hai Bain, v) - (Va: BI - 2) s inĝ, 
AV ati 8) hz J = gi (Vað: Bs £)] — (Veii- Pew ba) 


(Vath 0) (Vatir, B) - (Vat - Bai - 2) go In j 
Adding these identities and using the fact that 
: a6 . 06 
Vt, = Bae Be, T OE? 
" "I "P " E pis, D 
(Vw ` B)(V at, j p) 7 (Vzw í D)(V rwt, ] B) = Jz, Vti Wea) 7 35; wes Wer): 


we obtain 


= [eio + (ed 99] $F -ava zÜ- B) np 


5c (s £V - B)] + 3 (n) — 

The left side of this identity vanishes on solutions of (6.105). Under the 
assumption that w(t, z) is a solution of (6.105), we integrate (6.108) over the 
region G obtained from G = [0, T] x D by discarding the set {(t1, £): t1 € 
0, T], z € D, |z — g(t1)| € €) for sufficiently small positive e. Using the 
Gauss-Ostrogradskii formula, we then obtain 


PES 
üzg (we, Uri ). (6.108) 


0 = 20-0) + +(V gU ay — atv rw -V)(Vzw-: B) 


Ge 


x 2 z dz dt, «f {{(V,w-v)(V_w - B)| cos(n, t1) 
1 S. 
FU, (Wz, cos(n, z1) — Wz, cos(n, z2)]) dS. 


Here S; is the boundary of the set D,, n is the outer normal to S, and dS is 
the area element. 
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In this equality we pass to the limit as € goes to zero. Because of the 
estimates of Lemma 3, the integrals over Ge and Sẹ converge as improper 
integrals to integrals over G and S respectively (S is the boundary of G). 
The integral over the surface S can be broken into two parts: an integral over 
the upper and lower base of the cylinder G and an integral over the lateral 
surface [0,7] x T. On the lower and upper base of the cylinder cos(n, z1) = 
cos(n, z2) — 0, while cos(n, t1) has opposite signs at the corresponding points. 
The periodicity condition (6.106) leads to the situation that the sum of the 
integrals over the upper and lower base of the cylinder vanishes. On the lateral 
surface cos(n, t1) = 0 and for z = g(t2), 


" à ð 
We, = ve (t), Wz, COS(N, T1) — Wz, cos(n, z2) = 3t; w(t1,g(t2)) = ve, (t), 


while dS = dt, dt2. Thus, we obtain finally 
J GAA w - B)* Ld —2(V,w-v)(V EE dz dt, 
G Ot} Oti 


T T 
= -j dts f Ut, Ute dt. (6.109) 


By Lemma 2, 06/0t, > 0. At all points where 06 //0t, = 0 the expression in 
braces vanishes by (6.101). For points at which 06/dt, > 0, we have 


(Vð -P)^ + (Vz - B)? 2 —2(V,w-v)(Vzw- 8). inp 


. 9 | 06 Dex s 
= Va . eq (a. TEER 
oid E a? ks 


z à 
£j , 
: ao ag 
> (V,w-v)*(1-q V). 2p p3(1 — q^)u "(2)r-- 


Therefore, strengthening (6.109), we obtain 


27 
Ba- | u^ (x) dz 2! an < < <i a [Viv]? dta. 
D 0 


From this we obtain (6.102). 

To complete the proof of the theorem we note that the expression on the 
right side of (6.102) is meaningful for u € C!(D), p(z?,z) € C!(T x D), anda 
family of curves Pt satisfying conditions 1) and 2). Therefore, approximating 
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the functions u, p, and f satisfying the hypotheses of the theorem by functions 
Un; Pn, and fn for which (6.102) has already been established and passing to 
the limit in it as n — oo, we obtain the estimate (6.102) under the hypotheses 
of the theorem. From this estimate, in particular, we obtain uniqueness of a 
solution of the problem of integral geometry in the space C!(D). 


CHAPTER VII 


Multidimensional Inverse Problems 
for Linear Differential Equations 


With respect to differential equations, problems of the following type are 
called inverse problems: there is given a class of differential equations char- 
acterized by a finite collection of functions; there is given some information 
regarding solutions of one of the differential equations of the class in question; 
it is required to find this equation. The problem thus consists in finding a 
specific collection of functions defining a differential equation. With regard to 
linear differential equations, the inverse problem may consist in finding part 
or even all of the coefficients of this equation. According to the presently 
adopted terminology, an inverse problem is called n-dimensional if at least 
one of the functions to be determined depends on n variables. 


The definition of the term “inverse problems for differential equations" 
presented above is not the most general. This definition does not include, for 
example, such problems as the problem of determining boundary or initial 
conditions. Similar new "inverse" problems arise naturally if in place of a 
class of differential equations we consider the classes of differential operators 
connected with them (see, for example, 86 of this chapter). 


The creation of a theory of inverse problems for differential equations 
started comparatively recently. As we have already noted in Chapter I, one 
of the first inverse problems considered was the one-dimensional kinematic 
inverse problem of seismology. The study of another inverse problem, the 
inverse problem of potential theory, began in the forties of our century. The 
first result connected with this problem was obtained by P. S. Novikov in 1938 
[198]. It was subsequently studied by A. N. Tikhonov, M. M. Lavrent'ev, V. 
K. Ivanov, L. N. Sretenskii, A. I. Prilepko, V. N. Strakhov, and others. Math- 
ematically, this problem consists in determining a compactly supported right 
side of a linear second-order equation of elliptic type. 


209 


210 VII. MULTIDIMENSIONAL INVERSE PROBLEMS 


A problem that has become widely known is the one-dimensional inverse 
Sturm-Liouville problem connected with the ordinary differential operator Lg: 


Lay =-y"+q(z)y, zE [a,b], 
y'(a)— hy(a) 20,  y'(b)+ Hy(b) = 0. 


In this problem it is required to find L, on the basis of its spectral function (the 
formulation of V. A. Marchenko). Investigation of this problem was begun 
by V. A. Ambartsumyan and G. Borg in a somewhat different formulation 
(find L, from its spectrum) and was then continued by V. A. Marchenko, 
M. G. Krein, I. M. Gel'fand, B. M. Levitan, and others [165], [177]. There 
is also another inverse problem connected with a Sturm-Liouville differential 
operator—the inverse scattering problem where it is required to find L, from 
the scattering data at infinity. It was investigated mainly in the fifties [275]. 
Recently, interest in this problem has been renewed in connection with the 
discovery that by solving this problem one can obtain exact solutions of a 
number of important nonlinear equations of physics such as the Korteweg- 
deVries equation, the sine-Gordon equation, and others. 


The first result connected with the study of a multidimensional inverse 
problem distinct from the inverse problem of potential theory was obtained 
by Yu. M. Berezanskii |42]-|44| at the beginning of the fifties. The systematic 
development of the theory of multidimensional inverse problems connected 
with finding the coefficients of linear differential equations began in the mid- 
sixties. In connection with this we mention the papers of M. M. Lavrent'ev 
[147]-[150], V. G. Romanov [215]-[241], Yu. E. Anikonov [9]-[22], A. D. 
Iskenderov [116]-[119], N. Ya. Beznoshchenko [34]-[37], S. Elubaev [99], V. 
G. Yakhno [244], [293]- [296], M. V. Klibanov [125]-[131], L. P. Nizhnik [193]- 
[197], and A. S. Zapreev [101], [102]. 


One-dimensional inverse problems for equations in multidimensional space 
occupy an intermediate position between inverse problems for ordinary differ- 
ential equations and multidimensional inverse problems. Such problems often 
reduce to a Sturm-Liouville inverse problem. In this direction we mention the 
works of A. S. Alekseev [1], [2], [5]-[7], A. S. Blagoveshchenskit [47]-[53], B. 
M. Budak and A. D. Iskenderov [55]-[57], A. G. Megrabov [169]-[176], K. G. 
Reznitskaya {206]-(208], and V. G. Romanov [211], [214], [216], [220]. 


The chapter here submitted to the reader cannot, of course, claim com- 
pleteness of the exposition of material on this question. Its main purpose 
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is to give an idea of the circle of problems being solved and the methods of 
solving them. 


91. Examples of formulations of multidimensional inverse problems. 
Mathematical problems connected with investigating them 


In this section we present several examples of multidimensional inverse 
problems for the simplest equations of mathematical physics. For simplicity, 
here and below we assume that the point z is a point of three-dimensional 
Space z,,22,23. We remark that a number of results for two-dimensional 
space z,,z9 follow from the considerations presented in three-dimensional 
space by means of the method of descent in inverse problems presented in $5. 

1. We consider the differential equation 


ug = Aut q(z)u + 4nó(x — 2°, t) (T.1) 
and the Cauchy problem for it in the whole space with zero initial data 
u(x, t, z2)|, o = ulz, t, 39), o = 0. (7.2) 


Here A is the Laplace operator in the variables z1, £2, £3, and 6(z — z9,t) = 
(x — x°)6(t) is the Dirac delta function concentrated at the point z? at time 
t — 0. For a known function q(z), problem (7.1), (7.2) has a unique solution 
depending continuously on q(x). The solution u(z,t, 2°) depends on the point 
z? as a parameter of the problem. We now suppose that the function q(z) is 
unknown; it is required to find it if a solution of problem (7.1), (7.2) is known 
at points of some plane S in z-space at all times t > 0: 


u(x,t, z?) = f(z,t,z, xz€39,t»0. (7.3) 


Regarding the parameter 1°, we assume that z? € S. We assume the function 
q(x) to be continuous in the whole space. 

We shall study the structure of the solution of problem (7.1), (7.2). For 
this we use Kirchhoff’s formula which for the inhomogeneous wave equation 


ure = Au + o(z,t) 
provides the solution of the Cauchy problem with data (7.2) in the form of a 
retarded potential 
1 / plé t — |x — £l) 
u(z,t) = — Dist = dt. 7.4 

est 41 J|x—e|«t ce s God] 
Here € = (£1, 2, €3) and d£ = d&, d&g déz. Applying Kirchhoff's formula to 
(7.1), we reduce problem (7.1), (7.2) to the equivalent integral equation 


|z—€|<t 


P 
uda es T ea 


dé. 
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Using properties of the delta function, we reduce this equation to the form 
btje) d / q(€)u(é,t - |z — €|, 2°) 
u(x,t, z?) = + = dE. (7.5 
| iz 47 Jis - e«t Iz — £| po 


This is an equation of Volterra type. To solve it we use the method of suc- 
cessive approximations. For this we represent u(z,t,z?) in the form of the 
series 


u(z, t, 2°) = 3 a2"), (7.6) 
where the terms us (z,t, x?) of the series are found from the formulas 
6(t — |z — 2° 
uo (Zz, t, z?) = wee, 
1 / q(£)un -1(&,t |x a d 
zc TM dé, n212,.. 
NNI d PE: à; 


(7.7) 
We shall now show that all u,(z,t,z?) = 0, n = 0,1,2,..., in the region 
t < |z — z?|. It is most convenient to do this by induction. For n = 0 the 
assertion is obvious. We now assume that it is true for all u(z, t, z?) with 
k= 1,...,n— 1, and show that for k = n it is also satisfied. By the induction 
hypothesis the integrand 


un—1(€,t — |z — £l, x°) =0, Vert = mel < em 
But in the region t < |z — zx?| for arbitrary € we have 
t < |z-z?| < |z - €| + |E — 29}. 


Hence, for |z — z?| > t the integrand in (7.7) is identically zero. Therefore, 
us (z,t, 2°) = 0 for t < |z — 1|. From (7.6) we obtain 


u(z, t, 2°) = 0, t < |z — x9]. 


From a physical point of view this result is altogether obvious. Indeed, 
perturbations in z-space propagate with finite speed equal to one; therefore, 
if the distance from the point z to the point z? is greater than t, then a 
perturbation created at z has not had time to reach z. If we tentatively 
picture the four-dimensional space £, 7 as shown in Figure 8, then the set of 
points satisfying the inequality 7 < |£ — z?| is the exterior of a cone having 
vertex at the point (z0,0) and directed upward. Outside this cone u = 0. 
The region of integration in (7.7) is the projection onto the plane 7 = 0 of the 
interior of the cone with vertex at the point (x,t) directed downward. 

From this it is clear that the actual region of integration in (7.7) (the set of 
points € at which the integrand is not identically zero) is the projection onto 
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Figure 8 


the plane 7 — 0 of the interior of the intersection of these two cones and has 
the form of the interior of an ellipsoid of rotation with foci at the points 2° 
and z: 

D(z,t,z?) = (&|z — €| + |E - 2°| < t). 
Thus, 


— 1 q(€)un—1(€,t — lz — €|, 2°) zu 
us (zx, t, 2°) = An lus es |) d£, n = 1.2, etn 
(7.7) 


We now proceed to the analysis of how the u4(z,t, 19) depend on q. From 
the formula for uo it is evident that uo does not depend on q. From (7.7') for 
n = lit follows that u depends on q in linear fashion: 

Herne | «Qt -[-8-lé-TDae zg) 

4T J D(2,t,2°) jz — &[|& — 29] 

all the remaining u, for n > 2 depend on q in nonlinear fashion, and this 
dependence on q for q = const has the form q^. Each of the un in (7.6) 
has the physical interpretation of a term corresponding to n-fold scattering 
by inhomogeneities of the medium (the inhomogeneities are related to the 
function q(z)). It can be shown (see, for example, |217]) that the un, n > 1, 
are continuous in the region |z — z?| < t and 971^ un converges uniformly in 
each finite region of the variables z, t and ||u,||c can be estimated in terms 
of (||q||c)” and the dimensions of this region. We make use of this circum- 
stance and, under the assumption that ||g||c is small, we replace the original 
inverse problem by a linearized problem. The basis for the linearization is the 
approximate representation of the solution of problem (7.1), (7.2) in the form 


u(z, t, 2°) = uo(z, t, 2°) + ui(z, t, x?), (7.9) 


which is the more precise the smaller ||g||c. This representation, from the 
point of view of functional analysis, is equivalent to replacing the nonlinear 
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operator U (q) assigning to each function q the solution of problem (7.1), (7.2) 
by its first differential computed at the element q = 0. The linearized inverse 
problem is to find q(x) if in place of (7.3) the function u; is known on S: 


ui(z,t,z9) = o(z,t,z39), z€89,t»0. (7.10) 


Thus, in (7.8) for z € S the left side is a known function q; it is required 
to find q(z) from this equation. We note that the integrand in (7.8) is con- 
centrated on the boundary of the region D(z, t, x9), i.e., on the set of points 
belonging to the ellipsoid 


S(z,t,39) = (&:|r — El + |€ 9| = t). 


Therefore, the integral in (7.8) of a generalized function can be transformed 
into an integral over the surface 


0 iod q(€) dS 
uoc ix l-élé-s—Ivae-a--z 1 


Here dS is the element of area of the surface S(z,t, z?). The weight factor 
occurring here can easily be computed in terms of the cosine of the angle a 
between the vectors £ — z? and £ — z, and the latter, by means of the law of 
cosines, can be expressed in terms of t, |z — z?|, |E — z9|, and |£ — z|: 


m 0 m dan Jn; 
IVe(lz €| - Iz £l) E-z] Ea] 
= y 2(1 + cosa) 
- hh, Pree ee 
= M e 


t? — |z — 29}? 
Erea &[TE = aT 


Hence, (7.11) can be written in the form 


u(x,t, z?) = = = | X0 0 dS. (7.12) 
Ax JE — 5 — 3 Jst) Vn C19 E 

The formula for u;(z,t, z?) has the simplest form if the area element dS is 
expressed in terms of the element of solid angle with center at 2°. To this end 
we introduce a spherical coordinate system r, 0, p, r = |€ — 2°|, directing the 
polar axis through the point z. Using the fact that S(z,t,2°) is a surface of 
revolution about the polar axis, we represent dS as the product of two linear 
elements, one of which is the element of arc length of the section of the surface 
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S (z,t, x?) by the plane p = const and the other the element of arc length of 
the perpendicular section: 


rdó r? 
do cos(n, p OS cos(n, v) 
Here (n, v) denotes the angle between the normal n to the surface S(z, t, x?) 
and the vector v = (€ — r°)/|€ — x?|, and dw = sin0 dó dp. But 


- Velle =z’ +l =al) _ (£—2)/16 zl + (£—2/16 = 2l 
Velle- 29] + 1€ — 2) A ERES 


and hence 


1 E-r E-r Vt? — |z — 2°]? 
cos(n,v 1+ ——— lud 

m) = SLE ET AED VP 2 
For dS we finally obtain 


. 2yl& — x9 |5[& — z] 
et enr e 


The formula for u;(z,t, z?) then takes the form 


1 
ELI 4 rf Ode — Can 


We return now to considering the inverse problem in the linearized formu- 
lation. Taking z € S in (7.13), we find 


J E duh ES, 
S (z,t,x0) 
V(z,t,2?) = 2n(t? — |z — z9[?)p(z,t, a). 


Under the assumption that z? € S is a fixed point, the problem of determin- 
ing q reduces, as is evident from (7.14), to the following problem of integral 
geometry: for the function q(£), all integrals with weight function | — x°|? 
are known over all possible ellipsoids of rotation S(z,t,z?) having one focus 
fixed while the other runs through the set of points of the plane S; on the 
basis of these integrals it is required to find q(£). This problem was studied 
by V. G. Romanov [209] (see also [217]). It was shown that any continuous 
function q which is even relative to the plane S is uniquely determined by the 
function vy. It can be shown that evenness of q relative to the plane S can be 
given up; to uniquely determine q it then suffices to give, together with the 
function u(x,t, z?) on S, its normal derivative Ou;(z,t, z2)/0n, x € S; n is 
the normal to S. 


ui(z, t, z?) = 


(7.14) 
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Other formulations of the linearized inverse problem which refine the orig- 
inal formulation of the problem are possible as well. Namely, we suppose 
that the point z?, which is a parameter of the problem, itself varies, running 
through the plane S. Then v is a function of a substantially greater number of 
variables than q(x). In the space z, t, z9, z € S, zx? € S, it is possible to con- 
sider manifolds of the same dimension as the number of independent variables 
of the function q(x) (in the present case this number is equal to three) and to 
study the question of unique determination of q(z) from the given informa- 
tion. We consider, for example, the manifold Ito = ((z,t,z9):z = 7° € S, 
t > 0). The problem of finding the function q(x) on the basis of the function 
p(z, t, z?) given on Mo is then equivalent in linearized formulation to the 
following problem: given the integrals over spheres S(z9,t, z?) with centers 
at points z? € S of radius t/2, 


up f. doc dn), PES, 120, 


it is required to find q(£). We considered this problem in 81 of the preceding 
chapter. In particular, a uniqueness theorem for the inverse problem in the 
linearized formulation in the class of continuous functions g(x) which are 
even relative to the plane S follows from the results obtained there. It is also 
possible to consider still more general ways of defining the three-dimensional 
manifold Mt, for example, the following: suppose Ó is a fixed vector lying in 
the plane S; we set Mg = {(z,t,2°):2 E S, z? E€ S, z- x? = Bt > 0}. 
The manifold Mto we introduced earlier is obtained from this for 6 = 0. To 
the manifold Mtg there corresponds a family of ellipsoids of rotation invariant 
under translation of the coordinate system as a rigid whole along S. In this 
case we can invoke the results of Chapter VI, 82, to investigate the problem 
of integral geometry obtained here. From this, in particular, we obtain the 
following result: if S = (z:za = 0}, g(x) is known in the region z3 < e, € > 0, 
and if in the region z3 > €, it has for each fixed x3 a Fourier transform with 
respect to zı and x2 continuously depending on z3, then in the region z3 > € 
the function q(x) is uniquely determined by giving the function v on the set 
Mg. 

We have thus considered a linearized version of the formulation of the 
inverse problem for equation (7.1), and it turned out that its investigation is 
closely related to the problems of integral geometry in Chapter VI. It can, of 
course, be thought that this is a special feature of just the linear part of the 
problem, 1.e., it is a result of linearization. However, this is not the case. We 
shall see later that investigation of the inverse problem (7.1)-(7.3) as a whole 
(and not only the linear part) also reduces to a problem of integral geometry 
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which is somewhat more general than problem (7.14). To corroborate what 
has been said above we shall consider for equation (7.1) an example of a 
formulation of the inverse problem where in pure form it reduces to a problem 
of integral geometry. 

2. Suppose that, regarding a solution of problem (7.1), (7.2), the following 
is known: for points z,zÜ, running successively through the set of points of 
some closed, convex surface S, at all points z, z? € S the solution u(z, t, x?) 
is known for times t contained in the interval 


|z- z?| -e €t & |r- z?| - e, 


where & is any arbitrarily small positive number. On the basis of the given 
function 


y(z,t,2°) = u(z,t,2°), zeS, z? eS, te[lz—2a?| —e,|z — z"| - el], 


it is required to find q(z) inside the region bounded by the surface S. 

To investigate this problem we use the representation for u(z,t, xz?) in the 
form of the series (7.6). In this series the first term ug is known and does 
not depend on q. We transformed the expression for u, to the form (7.13). 
For our purpose a more convenient representation is the one obtained from 
(7.13) if in the integral over the variables of integration 0, p we go over to 
the variables of integration r, o (r = |E — r°|). For this we use the equation 
of the ellipsoid S(z, t, xz?) in a polar coordinate system: 


"TR t? — |z — 2°? 
— 2(t — |z — x9|cos 60) 
Hence, 
2 _ |» — y0]|2 2|. rO] a; 
ETE: Iz — z"| pe iind dde d Iz — 2°| sin 0 dé 


2(t — |z — z9| cos 0)? 


and (7.13) takes the form 


2-|z-az 


1 
4n|z DE 29 S(z,t,r°) dd a oe 


dr 4(t+|z—2°|) 
dr. 7.15 
wee Cepa MO (8) 


Continuity of u(x,t, x?) in the region t > |z — z?| and its boundedness in any 
finite region of the space z, t, z follow from this formula. If |g(x)| € qo, then 
U1 (z, t, z?) < 1 qo. 


u(x,t, z?) = 
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By means of analogous transformations the expressions for the un (n > 2) 
can be represented in the form 


1 t 
0) _ 
x = ) i 4n|z = z0| La rs "(Eni 


1 t 2T 
x(&t- le - l2) drde = Fay e] dp 


— q0| Iz 


à(r*lz-2^ |) 
«| a()un-a(G,t-|2—€l.2%)rdr, t> ol 

$(r-|z-z?|) 
From this we find that the un, n > 2, are continuous in the region t > |z — x°| 
and obtain the estimates 

1 
0 2 |. 40/2 0 
lun(z, tz )| € got |z- z] ) (c S BE, o inci nz Jl. 
It is also possible to obtain considerably finer estimates which show that the 
series (7.6) converges uniformly in any finite region of the space zx, t, x? (see, 
for example, [217]). 
We now consider the limit of all the u,(z,t, 20), n > 1, as t — |z — x9. 

The surface of the ellipsoid of revolution S(z,t, xz?) here contracts to the line 
segment L(z?, x) joining the points z? and z. As is evident from (7.15), here 


1 
0| 40 
uwizg-zpzx)e-———- q(£) ds, 
2lz 7 x9| L(z9,z) ) 
where ds is the element of length of L(z?,z). From the estimates for un, 
n > 2, it follows that all the un, n > 2, tend to zero as t  |z — z?|. We thus 
obtain 
1 

əl. 0l ds = li 1 0) — D^ 3 ) 

2|z E 70] L (2,2) q(£) 5 NO- ates T ) uo(z T ) 
and the integrals of the function q(£) turn out to be known along lines joining 
an arbitrary pair of points z, zÜ € S. From the results of Chapter VI, $5, it 
follows that q(£) is uniquely determined inside S by these integrals. 

3. We shall consider an inverse problem for the simplest equation of elliptic 
type. For this we use the wave equation. Suppose that at a point 2° of 
three-dimensional space there is a source of periodic oscillations with angular 
frequency w. The wave process is then described by the equation 


q(z)us = Au + 4nó(z — a9 )e^*,  q(x) > qo > 0. 


During the course of time, a periodic regime of oscillations with frequency w 
is established in space, i.e., 


u(z,t, x9) = v(z, 2°, wet. 
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0 w) satisfies the equation of elliptic form 


Av + w?q(z)u = —4nó(x — x?) (7.16) 


and a radiation condition at infinity. The inverse problem for equation (7.16) 
can here be formulated as the problem of finding q(z) from the function 
v(z,zÜ,w) given on some manifold. We shall give a more precise formula- 
tion of the problem a little later. We now suppose that the function q(z) can 
be represented in the form 


q(t) = qo + Q(z), qo >O, 


where qo is a given constant, and q(z) satisfies the inequality 


The function v(z,z 


x C 
a)l < Gyre 029250 


The problem of finding the function v(z, 2°, w) from (7.16) can be reduced to 
solving an integral equation by inverting the Helmholtz operator with wave 
number k = w,/Qo: 


exp (1w,/golz — x9) 


|z — 29| 


exp (iw,/go|z — £l) 2o 
tut [SPE Ve Eole aude. (717) 


v(z,2°,w) = 


Hence, obviously, 


lim £ ht 2°,w) — EET =j EdE — (7.18) 


w= w? |z — z°| s |z — &llz? — €] 


We shall now refine the formulation of the inverse problem. Suppose the 
function v(z,2°,w) is known for z and z? belonging to some fixed set m in 
the space z, z? for values of w arbitrarily close to zero; it is required to find 
q(x). In this case we can compute the left side of (7.18) on the set m and 
after this use (7.18) to find g(x). Thus, here the problem of constructing q(x) 
reduces to solving a Fredholm integral equation of the first kind. 

In particular, if m is a product of regions Dı and D» of the space z, 
where z € Di, z? € Do, and suppq(z) C D3, where D3 is a region having no 
common points with D; and De, then the continuous function q(z) is uniquely 
determined from (7.18) [147]. 

It turns out that the problem of determining the coefficients of a linear 
parabolic equation depending only on spatial variables also reduces to prob- 
lems of investigating Fredholm integral equations of the first kind. At the 
same time, the structure of the kernels of these equations is such that in cer- 
tain cases they can be reduced to problems of integral geometry (see the next 
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section). If the coefficients to be determined depend on the time coordinate 
t, then the equations arising are operator Volterra equations of the first kind. 


92. A general approach to investigating questions of uniqueness 
and stability of inverse problems 


In this section we present a general method for reducing questions of 
uniqueness and stability in inverse problems to questions of determining the 
coefficients of linear differential equations in a certain auxiliary linear inverse 
problem. The method is not new; it is usually used in investigating classical 
problems for nonlinear differential equations. 

1. We consider the equation 


ui — Lqu = f(z,t), (7.19) 


in which L, is a uniformly elliptic operator of the form 


3 3 
Lu = 3 0:5 (z)us;z; + X bi(z)ue, + c(z)u, Qij = Aji, 
7—1 


53-1 


3 3 
0 < uo € »» ai;(z)o;a; € Mo < oo, $3: =1. (7.20) 
1,j=1 1=1 


Here q denotes the ordered collection of coefficients of the differential operator: 


q= (011,012, 013, 022, 023,033, 01, b2, bs, c). 


Thus, giving L4, is equivalent to giving the vector q. We consider a set Q 
consisting of elements q, and pose the problem of distinguishing in the set of 
operators L4, q € Q, that operator which corresponds to the given information 
regarding solutions of (7.19). Rather than going into a very general situation, 
we consider a special case of giving such information. Suppose, to be specific, 
that all components of the vector q are unknown; from general considerations 
it isAthen clear that to determine all components of q (in the present case 
there are ten) it is necessary to provide information of no less dimension than 
the dimension of q. For example, it is possible to consider as many solutions 
of (7.19) as there are components of q and prescribe them on some three- 
dimensional manifold, or to consider a family of solutions of (7.19) depending 
on one or several parameters À = (Aj,...,Am) and prescribe them on some 
three-dimensional manifold in the space z, t, A. Concrete formulations of 
inverse problems are still more varied. To be specific, we shall consider the 
situation where as many solutions of (7.19) are given as there are components 
of q. Suppose these solutions for equation (7.19) are constructed as solutions 
of the Cauchy problem corresponding to different initial data and, generally 
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speaking, to different right sides. In this case it is convenient to introduce 
the vector-valued function U = (u;,...,u1o0) whose components consist of 
solutions of (7.19) corresponding to different initial data. For the function U 
we have the decomposing system of equations 


Utt e: LU = F(z, t) (7.21) 
with Cauchy data 
Ul:=0 = Uo(z), Uili-o = U;(z). (7.22) 


Suppose the solution of problem (7.21), (7.22) is known on some manifold 
Mt of the space z, t: 


Ulan = p(z, t); (7.23) 
it is required to find q € Q on the basis of the function y(z,t). The functions 
Uo, U1, and F are here assumed known. 


LEMMA 1. Investigation of questions of uniqueness and stability of the 
inverse problem (7.21)-(7.23) on the basis of the data (7.23) reduces to inves- 
tigation of analogous questions for the problem of determining the function 
q(x) from the relations 


Us — L4U = G(x) R(x, t), (7.24) 
U|i-o = 0, Uilizo = 0, (7.25) 
U|m = e(z,t), (7.26) 


in which L} is the given operator (q € Q); (x,t) and Rg(z,t) are given 
functions (Rg 1s a matriz). 


Indeed, if (q, U) and (à, Ü) are two solutions of problem (7.21)-(7.23) cor- 
responding to the same functions F, Uo, and U, but different data (7.23): 
p and Q, then, setting q = q— d, o = p — ĝ, and Ü =U —Ü, we obtain 
(7.24)-(7.26) in which 

LgU = G(x)R;(z,t). (7.27) 


The matrix E; depends on Ü, i.e., on the final analysis of d € Q and the 
functions Up, U1, and F. 

If for problem (7.24)-(7.26) an estimate of stability of q in terms of is 
known, then this stability estimate is thus also an estimate of stability on the 
basis of data (7.23) of problem (7.21)-(7.23). 

Thus, in the sense of investigating questions of uniqueness and stability, the 
problem of determining the differential operator L, reduces to the problem 
of determining a special right side of the differential equation. This is also 
an inverse problem, but it is now linear. Questions of its stability are to a 
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considerable extent connected with the function Rj(z,t). An altogether natu- 
ral and minimal condition here is the requirement det R;(z,t) Z 0. Actually, 
even in questions of whether a solution is unique we must impose more strin- 
gent conditions on R,(z,t). An altogether natural condition, for example, is 
that det Rg(z,t) be nonzero at all points of some smooth surface of the form 
t = t(x). Under particular conditions in place of R;(z, t), its partial derivative 
with respect to t of some order may satisfy an analogous condition. 

Problem (7.24)-(7.26) is a problem of integral geometry. Indeed, we invert 
the operator (U;; — L,U), using the fundamental solution G,(z, t; £, 7) of the 
Cauchy problem for SOMME (7.24). We then find that the problem of finding 
q(x) from conditions (7.24)-(7.26) is equivalent to solving the equation 


M 5 q()Rg(£,7)Gq(z, t; £r) dédr = G(z,t), (z,t) EM. (7.28) 


Here D(z, t) is the closed region bounded by a piece of the plane r = 0 and 
the characteristic conoid with vertex at the point (x,t) and having its lateral 
surface directed toward the plane 7 = 0. In the present case the set of points 
of the region D(z, t) can be described by the inequality 0 € 7 € t —7,(z, €), 
where T(z, €) is the distance between the points x and £ in the Riemannian 
metric in which the element d7 of arc length is computed by the formula 


P idi x) dz; dz;, 
2,7—1 


where the bj;(x) give rise to the matrix B inverse to the matrix of coefficients 
Qij, 1 < i, € 3, of the operator Lq. From another point of view r(x, £) is 
the solution of the first-order characteristic equation 


3 
X ai; (z)Tz, Tz, = 1, 


ij—1 
with Cauchy data corresponding to the degenerate case of a surface contracted 
to the point £: 
-O(lz-6) z> £. 
Using the fact that the fundamental solution G,(z, t; €, 7) in three-dimen- 
sional space has the structure (see, for example, [217] and [223]) 


Gq(z, t; & 7) = log(x, €)6(t — 7 — talz, €)) + Gq (x, € t — r)e(t — 7 — talz, €))], 


where e(t) is the Heaviside function, 


1, t>0, 
= [o t<0, 
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equation (7.28) can be brought to the form 
J a M Real 6.21) dE = ee). (nem, (72) 


in which the weight function R,g(é,2,t) is computed from the formula 


Fas(€, T, t) m Rg(E,t us Ta (z, €))oq(z, £) 
t 
" J G?(x,£,7)Ra(£,t —-7)dr. (7.30) 
Tq(z,€) 


Questions of uniqueness and stability of the solution of (7.29) depend 
strongly on the set St and properties of the weight function R,g(£,z,t); the 
latter are determined by properties of the functions Up, U1, F and the set Q 
to which q and à belong. 

We shall consider several cases among those which may occur in the study 
of inverse problems. We shall assume here that the set Pt is the direct product 
of a surface S in z-space with a segment (0, T] of the t-axis. This assumption 
enables us to compute the derivative with respect to t of both sides of (7.29). 

We additionally assume that the functions Up, U1 , F and the set Q are 
such that the solution of problem (7.21), (7.22) is sufficiently smooth. 

1) Uo(z) satisfies the condition 


det Rg(z,0) 4 0. (7.31) 


The fact that (7.31) is a restriction only on Uo(z) follows from (7.27) for t = 0. 
If (7.31) is satisfied, by differentiating (7.29) with respect to t, we reduce it 
to the form 


|, ORnG24S- | AORE zt) dE = à, 
Tq(z,€)=t Tq(z,€)<t 

(x,t) EM, (7.32) 
in which 


Ros (6, z) a R(z, O)og(z, £), (7.33) 


EUN A cq(z, e) Palet Ta (2; £)] 


Since oq(x, £) # 0 (see [217]), from (7.33) it follows that det RO; (z, €) 7 0. 
Equation (7.32) is the normal form of writing the problem of integral geometry 
when there is given a linear combination of integrals of the function q over 
surfaces and the regions they bound. The condition det RO (£ ,z) #0 on 
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the weight function, as was found in Chapter VI, is a sufficient condition for 
the investigation of questions of uniqueness and stability of the solution of 
problem (7.32). Because of this, equation (7.32) can be investigated for each 
specific M by the methods of Chapter VI. 

2) Ug(z) = 0, and Ui(z) satisfies the condition 


det ( $ fs t) = 0. (7.35) 
t t=0 


In this case R;(r,0) = 0, and hence R9;(6,z) = 0. Equation (7.32) has 
precisely the same form as (7.29), only in place of R,5(£, x, t) it contains 
ð 
Rig(€,2, t) = 2; Fai (6. t). 


Differentiating (7.32) with respect to t, we obtain an equation of the same 
type in which 


ROs(£, T) = 04(z, O5 Ry (z, t)|t=0, (7.36) 


2 
Ris(E, 2,0) = oale, €) s RG(E,t — nsn €) 
t 0? j 
y . aue. -— ? Go(x,&,7)dr, (7.37) 


while the right side contains Øy in place of Ø+. Condition (7.35) leads to the 
inequality det R2. (z, €) 4 0. 
3) Up = 0 and U; = 0; F(z,0) satisfies the condition 


2 
det (fa t) 0 £0. (7.38) 


In this case E;(z,0) = OR;(z,t)/Ot|ji-o = 0. Differentiating (7.29) three 
times with respect to t, we obtain an equation whose left side coincides with 
(7.32), while RO. and RI are computed from formulas analogous to (7.36) 
and (7.37) with the replacement of the first derivative of Rg with respect to 
t by the second derivative and replacement of the second derivative by the 
third. Under condition (7.38) we again have det RO. # 0. 

The more general situation, Up = U; = 0, F(z,0) = 0, Ó*F(z,t)/8t*|,-9 = 
0,k=1,...,n—1, while ô” F(z, t)/0t”|1~0 satisfies the condition 


ont? 
det ( Soa Ral: hzo) $ 0, 


is investigated similarly. 
The case where the Cauchy data or the right side of (7.21) are generalized 
functions (corresponding, for example, to a source of oscillations concentrated 
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at a fixed point of space) is of major interest for practical applications. In this 
case R;(r,t) is also a genearlized function. Accordingly, the weight function 
Rag(€, z, t) in (7.29) must be considered a generalized function. In connection 
with this, instead of integral geometry on surfaces 7;(z, £) = t, we may obtain 
integral geometry on other manifolds, for example, on ellipsoids [217]. 

2. We now consider the equation of parabolic type 


uz — Lqu = f(z,t), (7.39) 


in which the operator L, is defined by (7.20). For equation (7.39) we pose the 
problem of finding L,, q € Q, analogous in formulation to problem (7.21)- 
(7.23): the vector-valued function U, which is a solution of the Cauchy prob- 
lem 

U: — LU = F(z,t), (7.40) 


U|z=0 = Uo(z), (7.41) 
is given on some manifold M, 
Ulm = e(z,t). (7.42) 


It is required to find L,, q € Q, on the basis of p. 
With regard to the inverse problem (7.40)-(7.42) there is a lemma alto- 
gether analogous to Lemma 1. 


LEMMA 2. Investigation of questions of uniqueness and stability of the 
inverse problem (7.40)-(7.42) on the basis of the data (7.42) reduces to the in- 
vestigation of analogous questions for the problem of determining the function 
q(x) from the relations 


Ü, — L,U = G(z)Ra(z,t), (7.43) 
Uli-o = 0, (7.44) 
Ü|m = A(z, t), (7.45) 


in which L, is the given operator (q € Q); e(z,t) and R;(z,t) are given 
functions. 


The proof of this lemma is practically no different than the proof of Lemma 
1. The formula for computing R;(z,t) coincides with (7.27). 

With the help of the fundamental solution H,(z, t; £, T) of equation (7.39), 
the linear problem (7.43)-(7.45) can be reduced to a Fredholm equation of 
the first kind 


I. AE) Rogl E, x, t) d£ == e(z, t), (x,t) E M, (7.46) 
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in which ; 
Reg(,2st) = | Ri(ér) Hart 6,7) ar (7.47) 


Thus, the inverse problem (7.40)-(7.42) reduces to the Fredholm equation 
(7.46). 

We mention a case where the investigation of (7.46) can be reduced to 
the study of the problem (7.29) of integral geometry. Suppose M = S x 
[0, oo], where S is a surface in z-space. We restrict ourselves to considering 
only a class Q of differential operators (0/0t — Lq) and functions Uo(z) and 
F(z,t) to which there correspond solutions growing as t — oo no faster than 
exponentially: 


U(zt) < Cet, — Us, (z, t) < Ce^*. (7.48) 


In this case the Laplace transform in the variable t can be applied to both 
sides of (7.46). Denoting by f(p) the Laplace transform of the function f(t), 
using the fact that the function H,(z,t;£,7) in the case q = q(x) depends 
only on the difference t — 7, 


H(z, t; e. T) = H,(z,t — Tj E 0), 
and applying the Laplace transform to (7.46), we obtain 


f OT&(G.DH sedo pip, ses. — (149) 


We now use the rather obvious relation between the Laplace transforms of the 
fundamental solutions of the operator (0/0t — Lq) and the operator (07 /0t* — 
La): 

H,(z, v^; d 0) = Gals. D; E; 0). (7.50) 
Replacing p by p? in (7.49) and using (7.50), we find that 


I. q(£)Rq(€,p*)Gq(z, p; £,0) d£ = p(z, p°), xzeES. (7.51) 


We note that the functions R,(,p”), Gp(z, p; £,0), and p(z, p?) are analytic 
in the region Rep? > A^, i.e., in the region of the complex plane p = o + ir 
lying inside the hyperbola r = +o? — À2. For a function f(t) with Laplace 
transform f(p) analytic for Rep? > M^, we have 


f(t) = lim. [Pr 270) 


2 (7.52) 


p=n/t 
Applying the inverse Laplace transform (7.52) in the variable p to both 
sides of (7.51), we obtain 


J ICE) Ras, z,t)d& = ĝ(z,t), (x,t) c M, (7.53) 


83. HYPERBOLIC EQUATIONS OF SECOND ORDER 227 
in which 


^ t ^ 
fei | Ral, t — 1) Ga( 2,7; 6,0) dr, 


À, — tim [CIA ma Of rp. 
R(E, t) = jim. | "E gee : e ? ' R;(€,7)dr -— 
e(z,t)- lim CU, ap |, e ?"o(z,T)dr =, (7.54) 


Using the structure of the fundamental solution G(x, €;t,7), with the help 
of the first of formulas (7.54) we find that E,;(£,z,t) = 0 for t < 7,(z, €). 
Equation (7.53) thus reduces to the form 


J o OBa, (oem, — (758) 
which differs from (7.29) only in the weight function. 


§3. Inverse problems for hyperbolic equations of second order 


In this section we consider two formulations of the inverse problem for the 

equation 
ure = Lu, (7.56) 

in which the operator L, is defined by (7.20). Investigation of the problems 
will be based on using the fundamental solution for equation (7.56). We 
wrote out the structure of the fundamental solution earlier. Here we shall 
require finer properties of the function G,, namely, the connection between the 
smoothness of the coefficients of the operator L, and the differential properties 
of the function G,. In particular, we shall be interested in the behavior of 
the derivatives of G, inside the characteristic cone up to its boundary. In 
this chapter we restrict ourselves only to the case of a constant principal part 
of the operator L,; namely, we shall assume that a;;(z) = 6;;. Under this 
assumption, analysis of the differential properties of the function G, presents 
no special difficulties. The content of the present section is based on [67], [68], 
[217], [247], and [296]. 

1. We recall the structure of the functions G, for the case where the 
coefficients of the operator L, do not depend on t: 


G,(z, t; 6,7) = |og(z, €)ó(t — 7 — 74(z, £)) 
GU (z, €,t-—r)e(t -T —7,(z, €))]. (7.57) 
We henceforth omit the index q in investigating the properties of the func- 


tion G,. Moreover, since below we consider an operator L, with fixed princi- 
pal part and the function 7,(z, €) is defined precisely by the coefficients of the 
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principal part of the operator L,, the index q on the function T(z, £) is not 
needed at all. In the present case 7(z, €) = |x — €|, while the function o(z, £) 
is defined by (see, for example, [217], Chapter II, 81) 


] 1 f'&e 
a(z, £) = E- ël exp pi 2 (E t t(z — &))(zi — &)dt| . (7.58) 


As is evident from this formula, the product o(z,£)r(z, €) is a smooth 
function if the b;(r) are smooth functions; namely, if b;(z) € C*(D), then 
(c - 7r) € C*(D x D). We note that c(z,£) also has a similar property in the 
case of variable coefficients a;;(z) if a;;(z) € C**?(D) and the central field of 
rays corresponding to the function 7(z, €) is regular. For arbitrary, sufficiently 
smooth coefficients there is also the equality 


L*(o(z, &)r(z, €)) = T(z, £)L'o(z, €), (7.59) 


which in the present case can easily be verified directly. Here L* denotes 
the operator which is adjoint in the Lagrange sense to L. Equality (7.59) 
shows that the product r(z, €)L*o(z, €) is a smooth function of smoothness s 
if b; € C***(D) and e(z) € C*(D). 

We now proceed to the analysis of the function G°(z, £,t — 7). It satisfies 
the integral equation (see, for example, [217], Chapter II, 81, formula (15)) 


G?(z, £, t) = T Jus a(n, €)L5o(n z)é[t — (n, x) — T(n, €)| dn 
l * 
Tr [peso Ihet-renslbss(ns)dm, (7-60) 


in which n = (71, 2,13) is the variable point of integration, and D(z, £, t) is 
the region in n-space bounded by the surface S(x, €, t) = {n:7(n, x)+7(n, £) = 
t}. 

Singularities in the structure of G? (x, €,t) are connected only with sin- 
gularities of the first of the integrals in (7.60). We transform it to a more 
convenient form. We note that we were concerned with the transformation 
of a similar integral in §1. In the present case, to analyze the integral, it is 
convenient for us to represent it in a coordinate system connected with the 
points x and €. Together with the coordinate system 7 we introduce a Carte- 
sian system 7’ whose origin is placed at the point € and such that the 74-axis 
is directed along the line joining the points z and € in the direction of z. We 
denote the unit vector (x — £)/|z — ¿| by v? (z, €). We use a system in which 
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n and 7’ are connected by the transformation equations 


n=E+Qn', 
cos ĝo coso — sin ĝosinpo sin ĝo cos po 
Q = |; COS 0o sin (po sin bo COS (Yo sin 0o sin Qo il. (7.61) 
— sin 0g 0 cos ĝo 


Here ĝo, po are the angular coordinates of the vector v? in the spherical 
coordinate system connected with the Cartesian coordinate system 7 in the 
usual manner. 

We associate with the coordinate system 7’ the spherical coordinate system 
r, 6, p in the usual way. Comparing the first of the integrals of (7.60) with the 
integrals defined by (7.8) and (7.15), and using the invariance of the volume 
element dy and the distances 7(y,x) and 7(n, €) under the transformation 
(7.61), we find that 


Ja) us] olme Ezol al- rim) - rin, €) dr 
D(z,€,t) 


ters £) 


-l * 2 MR Pla, 6,9) dr 


P(z, 6,9) = zo £)o(n, £)r(n. z) Lo (m. z) 
is a smooth function of the diu z, €, and 7 belonging to C*(D x D x D) 
if b; € C***(D) and c € C?(D). The variable point 7 is connected with n’ by 
(7.61). In turn 


Here, 


n’ = r(sin8 cos p, sin 0 sin p, cos 9), 
where @ and r are connected by the single-valued relation 
if Em (z ) £) 
2(t — T(x, £) cos 8) 
In the last of the integrals we change the variable of integration from r to 
the variable z: 


7 — 


= (1/2)(t + r(z, €)z). 
Then 


2v 
J (x, €, t) -3], do f PI P(xz, £, n) dz, (7.62) 
and 7’ can be expressed in terms of the variables of integration p, z by 


= 5 VE — rf, EVI- zi cosp, 
9» = ; VB — 1?(z, £))V 1 — z? sin p, n3 = ;ltz + T(x, £)]. (7.63) 
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Formulas (7.61)-(7.63) enable us to completely characterize the analytic 
structure of the function J(z, £,t) and hence also the function G°(z, €, t). 
Namely, G°(z, £,t) is a jointly smooth function in arguments z, €, t in that 
region of the variables for which S(x, €,t) C D and r(z, £) Æ 0, r(z, £) Z t. 
In this region it has s continuous partial derivatives with respect to all ar- 
guments provided only that b;(z) € C**?(D) and c(<) € C?(D). Here the 
function G°(z, £,t) itself is continuous for each fixed € up to the boundary 
of the cone r(x, €) = t, while its partial derivatives have singularities deter- 
mined by the singularities of the corresponding derivatives of the functions 


V^ (x, €) /t? — r?(z, E) and v°(z, £), namely, 


|D2 G°] € K1|D2 (v? Vt — r?(z, €)| + Ka|D2 ev" (z, €)|, lal € s, 
(7.64) 
where Kı and Kz are constants depending only on the norms of the b;(z) and 
c(z) in the space C?(D). 

2. We now proceed to the formulation and analysis of inverse problems 
for equation (7.56). As already mentioned earlier, here we shall assume that 
ai; = Ójj, 1,7 = 1,2,3. In this case the operator LZ, is determined by the 
coefficients (b1, b2,b3,c) = q, so that the problem of finding the operator Lg 
consists in determining one or several of the coefficients b;, c. We shall here 
consider two formulations of the problem of determining all the coefficients 
of the operator L. These formulations are essentially a specialization of the 
formulations of $2. 

PROBLEM 1. Find the coefficients b;(z) and c(z) of the operator L, if 
solutions u;(z,t), 2 = 1,2,3,4, of the Cauchy problems for equation (7.56) 
with data 


ulizo = i(z), utl-o=Vi(z), i= 1,2,3,4, (7.65) 
are known on the plane z3 = 0: 
Uslce=0 = Ji(2ista;t), 1 > 0). 1,2,3,4. (7.66) 


It was shown in §2 that this problem reduces to the investigation of a 
problem of integral geometry. In the present case the set ‘Jt is the plane 
23 = 0 in the space z, t. Let (x) be the matrix 


(£1)z, (01) x» (1)zs Q1 


(o4)z (Y4)e2 (04)s P4 


let Dy = (z:|zx3| < H, H > 0}, and let Dyn = {z:h < 23 < H,0< h< H}. 
We say that a function g(x) belongs to the set M(H, h) if in the region Dyn 
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it can be represented as a finite sum of the form 


N 
g(t) = X gk(z1, 2)rk (23). 
k=1 
THEOREM 1. Suppose that the coefficients b;(z) € C?(Dy) and c(z) € 
C1(Dy) are known in the region Dy\Dypn. If pi(z) € C?(Dg), vi(z) € 
C*(Dg), and 
Idetéó(z) >uw>0, xe Dyn, (7.67) 
then in the region Dyn, coefficients b; and c belonging to the set M(H, h) 
are uniquely determined by giving the functions f;(z1, z2,t), 1 = 1,2,3,4, for 
values t € [h, H]. 


To prove the theorem we reduce problem (7.56), (7.65), (7.66) according 
to the scheme of $2 to the investigation of an auxiliary problem of integral 
geometry. To this end we introduce the two operators L, and L;, the solu- 
tions in u; and ù; of problems (7.56), (7.65) corresponding to them, and the 
differences q — d = d and u; — à; = uj. In accordance with the notation of 82 
we set 


(ü4)z, (ü4)s, (üa)z, ts 
The auxiliary problem of integral geometry then has the form (see (7.32)) 
| ORXGdte | HORE(E,2,1) dE 0 
T(z,€)=t T(z,€)<t 
(z,t) EM, h<t<H, (7.68) 


where 
R9,(E,2) = O(z)04(2, €), 
Ris (&2.f) = o4(2, £) E Ra (Est — r(a €) (7.69) 
: ð 
zm 3, F«(6.t — 7)G3(z, €,7) dr. 


We observe that the actual integration (7.68) goes only over that portion of 
the surface and interior of the sphere T(x, £) = t which is situated in the region 
Dyn, since d = 0 outside Dyn. Here the point € € Dyn and z € (z:za = 0]. 
Hence, 7(z, £) > h > 0, and the function o,(z, €) is bounded for any z and 
€. Moreover, it follows from (7.58) that o,(z,&) > B, > 0. Because of this, 
|det R2;| > 0/02 > 0. It follows from the hypotheses of the theorem that 
Ha(z,t) has continuous second derivatives, while the function GO(z, €, 7) has 
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first derivatives for values t Z r(z, €). In a neighborhood of the characteristic 
cone for G9 there is the estimate 


K 


It follows from the results of Chapter VI, 83, that in this case, by differen- 
tiation with respect to t, equation (7.68) can be reduced to an equation of 
the second kind, but the first derivatives of the function q with respect to the 
variables zı and z2 occur under the integral sign. It is not hard to verify that 
in this case the hypotheses of the uniqueness theorem for (7.68) are satisfied. 
Indeed, | det R9; (z, €)| > aß? > 0, the first derivatives of R9; with respect to 
the variable € exist and are continuous for € € Dyn and z belonging to the 
plane z3 = 0, and the function RI(£,z,t) has a continuous derivative with 
respect to the variable t. Due to the fact that the surfaces 7,(z, €) = t satisfy 
all the conditions we imposed on them in $3 of Chapter VI, these conditions 
are sufficient for uniqueness of a solution of (7.68). Thus, q = 0 in Dyn, and 
hence q = q. The theorem is proved. 

REMARK. In the case where in the data (7.65) p; = 0, 1 = 1,2,3,4, 
by one differentiation with respect to t, problem (7.56), (7.65), (7.66) can 
be reduced to an analogous problem in which the functions v;(r) play the 
role of the functions q;. Therefore, if p:(x) = 0 and the determinant of the 
matrix V constructed from the functions y; by the same rule as the matrix 
® is constructed from the p; is uniformly bounded away from zero, then a 
uniqueness theorem entirely analogous to Theorem 1 holds. It must only be 
assumed that v; € C3(Dy). 

PROBLEM 2. Find the coefficients b;(z) and c(z) of the operator L, if 
solutions of problems (7.56), (7.65) are known on the set Mt = S x [0, T], 
where S is a closed convex surface of class C? in z-space 


u; -fií(rt), SES TENT: (7.70) 

We denote by D the region bounded by $. 
THEOREM 2. lfsuppq(z) C 2, where (1 ts a region entirely contained in D 
and at a positive distance h > 0 from S, and b;(z) € C*^(€1) and c(z) € C? (Q), 
then under the condition that o; € C?(R3), pi € C*(R3), |deté(z) > u > 


0, z € XQ, T > diam D, and diam is small, the operator Ly is uniquely 
determined by the information (7.70). 


[Vz eG] < T(z, E) 2 h. 


In this case the proof of the theorem also reduces to establishing uniqueness 
of a solution of (7.68) with the sole difference that z € S and t € [0, T]. By 
the way, here it suffices to assume that t € [h, T], since only in this case does 
the sphere 7(z, £) = t, z € S, have nonempty intersection with the region 
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. We use the results of 84 to investigate equation (7.68). It is easy to see 
that through any point z? € D and in a direction orthogonal to any vector 
V? there passes exactly one surface r(z, €) = t for suitable choice of the point 
(z,t) € M. Indeed, through a point z? we pass a line in the direction of 
the vector —v® to the intersection with the surface S. Then z is the point of 
intersection, and t is equal to the distance from z? to the point of intersection. 
Here z = z(z?, v?) and t = t(z9, v?) are smooth functions of class C9(D' xw), 
where D is any closed region lying strictly within D and w is the surface of 
the unit sphere. As a result the equation of the surface passing through z? 
with direction of the normal v® can be written in the form q(£,z9, v?) = 0, 


where 

e (€, 29, v9) = r(z(z9,v9), €) — t(2°,v®). 
With respect to the variables z? and v? the function q has derivatives to fifth 
order, as the hypotheses of the uniqueness theorem require, and it is analytic 
in €. 

The weight function R?,(€, x) (here we have a matrix version of the problem 
of integral geometry studied in §4 of Chapter VI) has determinant uniformly 
bounded away from zero. By the conditions imposed on the functions p; and 
V; and the coefficients of the operator Lq, the function RO; with respect to 
the arguments € and z has continuous derivatives to third order and hence 
continuous derivatives to third order with respect to the arguments £, z?, and 
V). The function OR;(£,t)/0t is continuous together with its derivatives to 
second order. The function G2(s, €,t) is continuous and with respect to the 
arguments z, é, and t has derivatives to second order which are continuous 
for T(x, €) Z t. For its derivatives in a neighborhood of the surface r(z, €) = t 
we have the estimates 


ID2£,G?| < KEP —7(z,£) ^^, Jal 2 1, 
|De G°] < KE — 7?(z, 6] ??, lal 2 2. 


Using (7.69), from this we conclude that R?,(€, x, t) has continuous derivatives 
with respect to its arguments to second order for r(x, €) Z t, and the function 
itself and its first derivatives are continuous up to the boundary of the cone 
T(z, €) = t, while for its second derivatives in a neighborhood of the cone 


there 1s the estimate 


ID , Rag] < Kil? — 72(2,6)] 77, o] =2. (7.71) 
Thus, the requirements on the weight functions R9; and R}; almost coincide 


with the requirements on them in the hypotheses of the uniqueness theorem 
of Chapter VI, §4 (see Remarks 1 and 2 of that section). Only the condition of 
continuity of the second derivatives is not satisfied. It was shown in [68] that 
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this circumstance is not essential, namely, fulfillment of (7.71) is sufficient for 
the uniqueness theorem to be valid. We shall not consider the proof of this 
fact here. Thus, it follows from (7.68) that q = 0, i.e., g(r) = Q(z), x EQ. 
There are a large number of works in which specific formulations of inverse 
problems for second-order hyperbolic equations are studied (see [18], [47]- 
[53], [115], [122], [147], [158], [159], [205], and [223]). The majority of them 
are connected with the problem of determining one of the coefficients b; or c. 


94. Inverse problems for first-order hyperbolic systems 


Many physical processes are described by systems of partial differential 
equations of first order, for example, the system of equations of acoustics, or 
electromagnetic oscillations, or the dynamical equations of elasticity theory. 
As a rule, equations of second order are derived from them under certain 
additional assumptions. In connection with this it is desirable to create a 
theory of inverse problems for first-order systems of equations. Systematic 
investigations in this direction began comparatively recently. For hyperbolic 
systems one-dimensional inverse problems have been considered in the case of 
two independent variables by L. P. Nizhnik [193]-[197] and V. G. Romanov 
and L. I. Slinyucheva [243]; in the case of n variables by V. G. Romanov and 
S. P. Belinskii [41], [242]. In this section we present a survey of the results 
obtained in the theory of multidimensional inverse problems for hyperbolic 
systems. The exposition of the material is based on the work of Romanov 
1233|-|235], [238]-[240] and Belinskii [39], [40]. 

We consider the system of equations 


ut + M Ajuz, + Qu = F, (7.72) 

i-1 
in which u = (ui,..., Um), F = (F3,..., Fm), the A; and Q are m x m square 
matrices, and x = (21,...,2n). The coefficients of the system (7.72) and the 


right side are, generally speaking, functions of z and t; in each concrete for- 
mulation of an inverse problem for the system (7.72) the dependence of the 
coefficients on z and t will be of special nature and will be specifically men- 
tioned. Inverse problems for the system (7.72) consist in finding the matrices 
A; and Q or the right side F on the basis of a family of its solutions given on 
some manifold of the variables x and t. 

We shall henceforth assume that the system (7.72) is t-hyperbolic [199] or 
symmetric [139]. In the case where the results are valid only for a symmetric 
system this will be noted separately. 

In this section we study only questions of uniqueness of a solution for a 
number of inverse problems. However, for all formulations of the problems 
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considered here estimates of stability can also be derived rather simply from 
the method of establishing the uniqueness theorems. 

PROBLEM 1. Suppose G = {(z,t):0 < tn < h, t > 0}, h > 0, T is the 
boundary of G, and in the region G the matrices A; and Q depend only on 
In, While the vector F can be represented in the form 


F(z,t) = ®(2n, t) f(z), (7.73) 


where f = (f1,..., fm) and 9 is an m x m square matrix. For given matrices 
Ai, Q, and 6, find the vector F in the region G if it is known that a solution 
of system (7.72), continuous in G together with its partial derivatives u; and 
Uz,, coincides on I' with a given function v: 


ulr = v(z, t). (7.74) 


THEOREM 1. Suppose the matrices A;, OAs /Oz4, and Q are continuous 
on |0, h], det An 4 0, and the vector F is continuous in G together with its 
derivative OF /Ot, while F(x,0) has bounded support and det $(z4,,0) Æ 0, 
Tn € [0, h]. Then there exists h* > 0 such that for all h < h* the vector F is 
uniquely determined by giving the function v. 


The proof is based on applying the Fourier transform in the variables 
T1,...,Zn_—1 to the system (7.72) with subsequent investigation of the inverse 
problem for the system with two independent variables ztn, t by a method 
close to that of [243]. We set 


To = ((z,t:0 € tn € ht = 0), Dii ti:zs420,15»0H 
Ia = {(x,t):£n = h, t > 0}. 


Then l =T: UTo UL. 

Because of the linearity of problem (7.72)-(7.74), it suffices to show that 
to the function y = 0 there corresponds the only possible solution F = 0. 
Because the function f(x) is compactly supported, which follows from the 
hypotheses of the theorem, it follows that a solution of problem (7.72)-(7.74) 
for ~ = 0 is compactly supported for each fixed t. This is a consequence of 
the finite domain of dependence for system (7.72) for finite t. Therefore, the 
Fourier transform in the variables z1,...,214..1 can be applied for any t to a 
function u(x,t) which is a solution of (7.72). Denoting by u = (u1,..., A1) 
the parameter of the Fourier transform and by u(y, £n, t) the result of applying 
it to the function u(z, t), we transform (7.72) and (7.74) to the form 


n—1l 
fi, + Ans, + 2 - n ü F, (7.75) 


j=l 
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ulp — 0. (7.76) 


Here T denotes the projection of I’ onto the (z4,t)-plane. We additionally 
denote by [+ the projection of T% onto (£n,t) and by G the projection of G 
onto the (tn,t)-plane. We henceforth consider the system (7.75) in the region 
G, assuming p to be fixed. 

Because of the hyperbolicity of the system (7.72), the matrix A is similar 
to a diagonal matrix A = T~!A,T. The matrix T(z4) consists of columns 
which are the eigenvectors of A,. In connection with this (7.75) can be re- 
duced to the form 


v, + Av, + Dv = TIF, (7.79!) 
where 
n—l 
v=T Ou,  D-sT-|[Q-M inA;| T+ AST, |, vip =0. 
j=1 
(7.76/) 


We note that the smoothness of the matrix A, assumed in the hypotheses 
of the theorem suffices for the continuity of the matrix T,,, for £n c (0, A]. 
Therefore, the matrix D is continuous for all zn € [0, h]. The matrix A has 
the eigenvalues of A, as diagonal elements. We denote them by à1,..., An- 
Since det A, Æ 0, £n € [0, h], it follows that A = Ak(z4) Æ 0 for zn € [0, h]. 
The smoothness of the matrix A, implies continuity of all the A&(z,) for 
Tn € [0, h]. 

To simplify subsequent notation we denote the coordinate z, by z. We in- 
troduce the function w = v. The function w is a solution (generally speaking, 
generalized) of the system 


w: + Aw, + Dw = T-1 f, (7.77) 
which is continuous in GUT. By virtue of (7.75’) and (7.76'), its trace on I 
can be found by the formulas 


ae (7.78) 


We shall go over from (7.77) and (7.78) to integral relations for the functions 
w and F. To this end for arbitrary k = 1,...,m we consider the characteristic 
of the system (7.77) corresponding to A;,(z) and passing through an arbitrary 
point (29,t9) € GUT. Its equation can be represented in the form 


Z dz 


$4. HYPERBOLIC SYSTEMS OF FIRST ORDER 237 


Since A&(z) has constant sign along the characteristic, t is a monotone func- 
tion of z. Therefore, only the following two versions of the intersection of the 
characteristic with I are possible: 1) the characteristic intersects Io at one 
point and l'1 UT? at one point; 2) the characteristic has two points of intersec- 
tion with [; UT'? and none with To. In the first case we denote by (zg, tx) the 
point of intersection of the characteristic with I, UT's (thus, zk = O or zk = h), 
while in the second case (2x, tx) shall denote whichever of the two points of 
intersection with I; U I'3 corresponds to the smaller value of t. The oriented 
segment of the characteristic contained between the points (29, to) and (zx, tx) 
with positive direction from (zķ, tk) to (zo, to) we denote by Li(zo, to). 
We introduce the function 


e(u, z) = T^ (z)F(u, z,0). 
By (7.73) we have 
F(u, 2,t) = O(z,t)®-1(z,0)T(z)p(u, z) = R(z, t)p(u, 2). 


It suffices for us to show that p = 0 in order to demonstrate the validity of 
the theorem. 

For any point (zo, to) € G, integrating the k-component of (7.77) along the 
curve Li(zo, to), we obtain 


wx (L, zo, to) = J (T Rp — Dok a k=1,2,...,m. (7.80) 
Lx (zosto) Ak(2) 


On the other hand, performing an analogous integration along L;(z,0) for 
any point (29,0), we have, with (7.78) taken into account, 


ENTRE J (T-1Rjp- Dw), k-12,.,m. (7.81) 
Lilo) Ak(z) 


It is not hard to find a closed region contained in GUT such that the 
system of equations (7.80), (7.81) will be closed in it. Such a region (not the 
smallest possible!) is, for example, the rectangle II, = {(z,t):0 € z < h, 
0 € t € h/Ag), where 

^o = i2, mio, Mel) 
In this region we obtain estimates for w and p which follow from (7.80) and 
(7.81). To this end we introduce the norms 


le(u)l = max max, exu) 


loto) = max, , max. fae (H zt). 
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Moreover, for any smooth matrix S = (s;;), S = S(p, z,t), we introduce the 
matrix norm 


S (u)] = max [E max, leu 2, J . 


J 


From (7.80) and (7.81) we easily find that 
E h 
[w(u)l < (IT? Rell leu) n + DII eo) II) P 


2 h 
ou) I < (T7 Rell leu) II + [| DIleo(u)) i 
Adding these two inequalities, we obtain 


lwi) + ikole] < Alu, h) [lwll] + kolu], (7.82) 
where 


2 NP 
Alu h) = 55 (IT- R4] + IDI): 


Let h* be chosen from the condition A (0, h*) = 1. From the continuity of 
A in the variable p it then follows that for any positive h < h* it is not hard to 
find positive numbers e(h) and y(h) such that for all |u| € e(h) the inequality 
A(u, h) € 1—^/(h) holds. From (7.82) it follows then that |w(u)|| = [le(u)l| = 
0, |u| € e(h). Therefore, F(u, z,t) = 0 for |u| € e(h). But by the conditions 
imposed on the function F(z,t), its Fourier transform depends analytically 
on u, and hence F(y, z,t) = 0 for all p, and thus F(z,t) = 0. 


THEOREM 2. Suppose the matrices A;, Q and the vector F satisfy the 
hypotheses of Theorem 1 and, moreover, all eigenvalues of the matrix A, are 
negative. Then for any h the vector F is uniquely determined by giving the 
function y on T1 UT. 


Under the hypotheses of this theorem all curves Li(zo,to) intersect D 
Therefore, the system of equations (7.80), (7.81) can be written as a Volterra 
system with respect to the variable zo: 


M ur dz 
(73873 29, to) = j, (T Feo — Du) (onte) (zy k= 1,2; 1 
(7.80") 
zo d 
pk(H, zo) = J (T! Rip = Dw) |t=t,(z,20,0) MOL k= 1, 2, 0, TR. 
(7.81') 


In these equalities t&(z, zo, to) denotes the function defined by the right side 
of (7.79). 
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In the triangular region T, = ((z,t:0 < z < h, 0 € t € z/ào} the system 
(7.80), (7.81) is closed. Carrying out estimates for it in this region according 
to the scheme typical for Volterra equations, we obtain ox (p, z) = 0, z € [0, h]. 
Therefore, F(z,t) = 0. 

It follows from Theorem 2, in particular, that it is formally possible to 
set h = oo and consider the problem in the region G' = ((z,t):z4 > 0, 
t > 0). The vector F is here uniquely determined by giving the solution on 
the boundary of G’. 

A uniqueness theorem valid for any h can also be formulated in the case 
where the number of linearly independent components of the function f(z) 
is less than m. The conditions of the theorem can be stated most simply for 
the case of a diagonal matrix A,. We remark that any hyperbolic system can 
easily be reduced to such a form with a diagonal matrix An. 


THEOREM 3. Suppose the hypotheses of Theorem 1 are satisfied and, 
moreover, the first r (r > 1) elements of the diagonal matriz An are neg- 
ative, while the remainder are positive. If the components fr+1,..., fm of the 
function f(x) can be linearly expressed in terms of the components fi,..., fr, 


then the vector F(z,t) is uniquely determined by giving the function w on 
Fo UTi. 


A proof of this theorem is given in [234]; we shall not present it here. 
PROBLEM 2. For known matrices A;(x) and vector F(z, t) find the matrix 
Q(x) in the region G = ((z,t):0 < £n < h, t > 0} if m distinct solutions ut, 
| — 1,...,m, of the system (7.72) on the boundary T of the set G are known: 
ur = (zt), 1-1,2,...,m. (7.83) 


We denote by W(z,t) the square matrix composed of the yt, | = 1,...,m. 
Let T = l'SUT41U T5», where the l' have the meaning of the sets introduced 
earlier in the proof of Theorem 1. We denote by M(K) the class of matrices 
Q(z) such that the norm of Q(z) in C does not exceed K. 


THEOREM 4. Suppose the matrices A; = (aj;) are diagonal, 
akj = rik (2) OK; (7.84) 


Here ók; is the Kronecker symbol. Suppose the matrices Ai, Q and V, the vec- 
tor F, and their partial derivatives of first order are continuous and bounded 
in GUT. If, moreover, 


|detV(z,0) 200, (z,0)€ET»o, (7.85) 
Milt) Se 0. 1.2. f 


1.86 
Aus (zr) > 50, s=r+l,...,m, i 
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then for each class M(K) of matrices Q there exists h* > 0 such that for 
h < h* any matriz Q € M(K) is uniquely determined by the information 
(7.83). 


We prove the theorem by arguing by contradiction; namely, we suppose 
that for any h > 0 there exist at least two matrices Q and Q to which there 


corresponds the same information (7.83). We denote the solutions ul corre- 
sponding to the system (7.72) with matrix Q by ü!. We set ü! = u' — à! and 
Q = Q — Q, and obtain the relations connecting à! and Q: 
n 
ü +Y Au +Qa'+Qa'=0, 1=1,2,...,m, (7.87) 
i=1 
upebD. IS52»49 (7.88) 


It is convenient to use a differential consequence of the system (7.87). Setting 
l 


v! = ùl and ô! = ál, we find that 
a WR. ~ Aal — ES 
+Y AL + Qi +Q0°'=0, [=1,2,...,m, (7.89) 
7—1 
abe n zs Qu, (z, t) = Do, 
vIr | 0, — aner úr (en 


We now consider an arbitrary point (z?,t?) € GUT. Through it there can 
pass m characteristics connected with equation (7.72). 'To find the kth char- 
acteristic it suffices to solve the Cauchy problem 


dz,/dt = Aj (x), tlas z9, ee bey esos ds (7.91) 


The constraints imposed on the smoothness of the functions by the hypotheses 
of the theorem guarantee the existence of a unique solution of problem (7.91) 
and its extendability to any t both for t > t? and for t < 19, not taking the 
solution beyond the confines of the region G = GUT (see [200], $14, Remark 
3). It is easy to see also that conditions (7.86) ensure that any characteristic 
passing through the point (x, t?) hits the boundary T in finite time t. Indeed, 
it follows from (7.86) that on each characteristic between £n and t there is a 
one-to-one and strictly monotone correspondence. At the same time it follows 
from (7.91) that along a characteristic 


|En — z9| > ult — t?], 


and hence after a finite interval of change of the variable t not exceeding 
h/u, the point (z(t),t) hits either [9 or Tı UT». Because of the monotone 
correspondence between zn and t, there are only two possibilities for the inter- 
section of a characteristic with the boundary T': 1) a characteristic intersects 
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To at one point and l'i UL? at one point; 2) it intersects l; at one point and 
I') at one point. In the first case we denote by (£*,7^*) the point of intersec- 
tion of the kth characteristic with Tı U T2, and in the second case (£^, 7^) 
shall denote whichever of the points of intersection of the characteristic with 
I’; UT» corresponds to the smaller value of t. The segment of the charac- 
teristic contained between (£^, 1^) and (x9, t?) with positive direction toward 
(x9, t?) we denote by L,(x9, t9). 
Further, we set 


^ 


Q(z)W(z, 0) a B(z), B- (bki). 
Then 
Q(z) = B(z)¥- (a, 0), Ukilrs = —bii(x). 
Integrating the kth equation of (7.89) along the curve Li (z9,19), we obtain 


SOR J QU + BW-1(z,0)], dt, k,l =1,2,...,m. 
Li (x9,t9) 


(7.92) 
Using condition (7.90), from this we find that 


ba(z9) = I ool t PY Od, ki-Lis um. (193) 
k(Z", 


The system of equalities (7.92), (7.93) in the region II, = ((z9,19):0 < z? < 
h, O0 < t < h/u} is closed relative to the functions 0,;(2°,t®) and byi(x°). At 
the same time under the conditions of the theorem it is not hard to obtain 
for ô an estimate in II, which is uniform in C(II,). For this it suffices 
to construct for ô a system of integral equations by integrating a system 
of equalities analogous to (7.89) along the characteristics. The system so 
obtained for each fixed t is a system of integral equations of Volterra type. 
The kernels of the system are continuous and depend only on the functions 
Aj and the matrix Q(x). From this it is clear that for Q(x) € M(K), the 
norm in C of the function 0! is finite and depends on the constant K. Passing 
from (7.92) and (7.93) to the estimate, we find that 


5 h Z B x 
IV|« 5 (IT ITI + IBI IY= Ces OIF) 
h : B Z 
IBI <= (IIQUIT I + BI I7 Gs OT IV) (7.94) 


V = (du, ea as 2 am), V = (dni, bel S152) 285m). 


The matrix norms are here understood as follows: 
m 


II? — 3 max tlet). 


k,l- 1 z,t)ell 
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We set 
h* = u[K + |X (z,0)]|R(K)], 

where (K) denotes the constant bounding the norm of V (x, t) for Q € 9R(K). 
Then for h « h* the system of inequalities (7.94) has only the zero solution. 
Hence, ||B|| = 0. Therefore, Q = 0, i.e., Q = Q, and the theorem is proved. 

REMARK. Problem 2 can also be considered in a more general region than 
G = {(z,t):0 < £n < h, t > 0). In particular, for the region G it is possible 
to take the direct product of a compact region in r-space with the infinite 
segment |0, oo) in t-space. A theorem analogous to Theorem 4 is valid also in 
this case if in place of the conditions (7.86) it is required that the region D 
be uniformly convex and that 


$2 (z) >u>0, k=1,2,...,m. 
i=l 
The diameter of the region D here plays the role of the small parameter h 


[240]. 
PROBLEM 3. Find the matrix Q = Q(z) for given matrices A;(z) and 


vector F(z, t) if m solutions ul, | = 1,...,m, of system (7.72) are known on 
the two planes t = 0 and t =T (T > 0): 
ul(z,0) = t(x), ul(z,T) 2 W(z) l=1,2,...,m. (7.95) 


The following simple example shows that without indispensable assump- 
tions regarding the matrix Q(x) this problem does not have a unique solution. 
Let m = n = 1, and let u(x,t) be a solution of the homogeneous equation 


Ut + us 4 q(z)u — 0, (7.96) 
assuming values identically equal to one for t = 0 and t = T. Then any 
periodic function q(x) with period T whose integral over the periodicity in- 
terval is equal to zero is a solution of the problem. For example, for q(x) = 
sin(k2nz/T), k = 1,2,..., a solution of (7.96) satisfying the given conditions 
for t = 0 and t = T has the form 


u(z,t) — exp = COS bm — cos ks —t)}. 


Conditions distinguishing in a set of matrices Q sets of uniqueness for the 
solution of Problem 3 are connected with restrictions on the support of the 
matrix Q. 


THEOREM 5. Let A; = Aj;(z) and F = F(z,t) be continuous together with 
their partial derivatives, and suppose they are bounded in G = ((z,t): z € R^, 
t > 0); let Q(x), p! (x) and y! (x) be continuous and bounded in G, where 


| det V(z)| >a » 0, 
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W(x) being the matriz composed of the sj (x), L= 1,..., m, and suppose that 
the elements of the matrices A; = (aj,;) satisfy conditions (7.84) and (7.86). 
Then for each class of matrices Q(x) E IN(K) there exists an h* > 0 such 
that any function Q(x) c M(K) whose support is contained in the strip Dj, = 
{0:0 € z, € h}, h < h*, is uniquely determined by the information (7.95). 


For the proof we use an argument by contradiction and the notation adopted 
in the proof K inem 4. In this notation for the matrix V (zx, t) formed from 
the columns © = dl, | = 1,...,m, we have the equation 


V S A;V,, - QV + QV =0 (7.97) 
i=1 
and the conditions 


Vises = —Qé(z), Vlr = -QY (z). (7.98) 


Here (x) is the matrix composed of the columns p! (z), L= 1,...,m 

We denote by L,(z9,19) the segment of the kth characteristic contained 
between the point (z9,19) and the plane t = 0 with positive direction toward 
the point (29,19). We denote by (£*,0) the point of intersection of the curve 
Li (z9,19) with the plane t = 0. Thus, ¢* = ¢*(x°, t°). We additionally set 


B(x) = Q(z)W(z Q(z) = B(x) W~1(z). 
By the hypotheses of the theorem, the support of B(x) is contained in the 
region Dh. 
Integrating the kth row of the system (7.97) along Li (x9, 19), we find that 
Og (29,19) = -(B(£*)u- 1 (£*)8(£5))u 
-— [QV + BU !V]udt, k,l=1,2,...,m. (7.99) 


Ly (x9,t9) 
Setting t? = T and z? € Dj, in this equality and using conditions (7.98), we 
obtain a second group of integral relations: 
bia (2?) = [B(£^ (2°, TJY (£^ (22, T)) O(E* (25, T))]u 


[QV + BV-!V]udt, 2€ Dp, k,l-21,2,...,m. (7.100) 
Ly (z9,T) 


We henceforth assume that h < uT. Then for z? € D, the point £*(z9, T) 
lies outside Da, and hence B(£*(z?,T)) = 0. Therefore, equalities (7.100) 
assume the form 


b (x9) = J [QV + BWV) dt, 2° Dp; k,l=1,2,..., m. 
Ly (xz9,T) 
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We note that the system of relations (7.99), (7.100) is closed relative to the 
matrices V(z?,t) and B(z?) in the region 


Gy = {(x°, t°): -u,(T — t) < z? < h+ m(T - t), 0< t? < TY, 


where 


Hı = max ax [An (t Jl: 


1<k<m E 


Here, since Q = B = 0 outside the region D,, the integration in (7.99) and 
(7.100) goes only over that part of the characteristic lying in the region IL, — 
((29,19):0 < z? < h, O0 <t € T). The interval of variation of the variable 
of integration t here does not exceed h/p. In view of this circumstance, 
proceeding from relations (7.99), (7.100), we obtain estimates for V (z9, t?) 
and B(x?) in the region Gn: 


I? < IBI 838] + 7 (QUA + LBL I I). 
IBI < 7 (In PI + BI 7g). (7.101) 


For Q, Q € M(K) we have 
IQuixK  JVli < B(K). 
Choosing h* from the condition 
h* = min[pT, u(||V-7 ||B(K) + K(1 + |V-1J)] 7, 


we find that for h « h* the system (7.101) has only the trivial solution. Hence, 
B = 0; thus Q = 0, and so Q(z) = Q(z). 

REMARK. In the case where all the \,4(z) > p > 0, k = 1,...,m, under 
the conditions of Theorem 5 any matrix Q € M(K) whose support is con- 
tained in the region £n > 0 is uniquely determined by the information (7.95) 
1233]. 

PROBLEM 4. Let G = ((z,t,20:0 < £n < h, t > 0, z? € R"-!! and 
T? = (z9,...,29 ,), and let T be the boundary of G, where T = ro UI, Ula, 


To = {(z,t,°):0 < tn € h, t=0, Z? e R^, 

Ti = {(z,t, 2°): 2n 20, t > 0, Z? e RI}, 

D? = {(z,t,2°):2n = h, t > 0, z2 e R1; 
suppose that the matrices A; and Q depend only on z and that F = F(z — 
Z9,z4,0) and Z = (z1,...,24-1). Suppose, further, that the matrix A, is 


diagonal, and its diagonal elements k;,...,k,, have the property k, > 0 for 
s=1,...,randk, «Ofors-— r-4- 1,...,m. For! =1,...,2m we consider 
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2m boundary value problems for the system (7.72) consisting in finding for 
fixed | a solution of (7.72) in G = GUT on the basis of data on T: 


Usl|ro Sipat =T" Tn); s=1,2,...,m, 
Usi], = palt =7°,t), $2: 39; 
ualr, = Va(r—z9,0), s=rtl,...,m. (7.102) 


It is required to find matrices A; and Q in the region D, = {2:0 € tn < h} 
if the traces on T of the following components of a solution of problem (7.72), 
(7.102) corresponding to 2m distinct data (7.102) are known: 


ualr, = Xa(z,t,2°), s=r+l,...,m, 
usilr, = Xsi(z,t,F°), s=1,2,...,7. (7.103) 


We note that the data (7.102) and (7.103) complement one another on T, 
so that the traces of all components of the 2m distinct solutions of the system 
(7.72) are known on T. 

Following [235], we consider a linearized version of the formulation of this 
problem which consists in the following. We suppose that the matrices A; 
and Q can be represented in the form 


A; = A9 (zn) + Al (z), Q-Q9(r,)- Ql(r), $21,2,...,n, (7.104) 


where the matrices AP (z,) and QU (£n) are known and such that the system of 
equations (7.72) corresponding to them is t-hyperbolic, where the structure of 
the matrix A? is analogous to the structure of the matrix An, i.e., its diagonal 
elements k? are such that KÜ(z,) > 0 for s < r and k®(z,) < 0 for s > r, 
while the matrices A} and Q! are small (in the sense of smallness of their 
elements in the norm of C). Then any solution u! of problem (7.72), (7.102) 
can be represented in the form 


u' = (u9)! + v, 


where (u°)! is a solution of the equation 


ut + ` Auz, + Qu = F (7.105) 
1=1 
with data (7.102), while v! up to second-order smallness satisfies the equation 
(7.106) and the homogeneous conditions (7.102). 

We remark that because of the special form of the right side and the data 
(7.102) a solution of problem (7.102), (7.105) depends on Z and z? only in the 
combination z — z?: 

(u9)! = (u9)'(z — ZÌ, z, t). (7.107) 
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The linearized formulation of the inverse Problem 4 thus consists in finding 

the matrices A} and Q! from the traces of the components of the functions 
l ; 
v' on I: 


vallr, = Xai(z, t, Z?) — u9,(z — 29,0,t) = gaz, t, F°), 
s=r+1,...,m; l=1,2,..., 2m, 

vsilr; = xai(z, t, Z?) — uh (T — x9, h, t) = galz, t, x9), 

s—12..r1 1-L2.2m. (7.108) 


We denote by ®(z) the square matrix of dimension 2m x 2m composed of the 
system of functions y,,(z) that occur in (7.102), according to the following 
rule: the lth column of the matrix ® consists of the elements q11,..., mi, 
0911/0Zn, e , omi / O4. 

Let (À, £n) denote the Fourier transform with respect to the variable z of 
the matrix (x), x = (T, £n). 


THEOREM 6. Suppose the functions F(z,z4,t), os(x) and vy(z,t) con- 
tained on the right side of (7.72) and in the data (7.102) and the matrices A1 
and Q! are compactly supported in T for each fixed £n, t and together with A9 
and Q° possess sufficient smoothness for the existence of a classical solution 
of problem (7.72), (7.102). Suppose, moreover, that the functions (x) in 
the data (7.102) are chosen so that the square matriz ®(\,2n) possesses the 


property 


det$(0,7,) Z0, tn € [0, A]. (7.109) 
Then there exists h* > 0 such that for h < h* the matrices A} and Q! are 
uniquely determined by giving the functions gui, s = 1,...,m, L= 1,...,2m. 


We note that the set of functions ps, satisfying the conditions presented in 
the theorem is nonempty, as the following simple example shows. Let 

Psl = dswWR(Z), s,0L— 1,2,...,m, 

Psl = fs(l-m)(1 + 2n)wR(Z), s$=1,2,...,.m; l=m4+1,...,2m, 
where 6,; is the Kronecker symbol, and wp(Z) is a function of the type of the 


Sobolev averaging kernel: 
=12 
2) Pu. |Z|< R, 
ug(z) = z 
az) 0, z| > R. 
Then i 
| det (À, zn)| = |og (A) |?" 


and obviously | g(0)| Z 0. 
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We now proceed to the proof of the theorem. By the linearity of the 
inverse problem it suffices to prove that to functions gs, = 0 there correspond 

= Q! = 0. We thus set ga = 0, s = 1,...,m, 1 =1,...,2m. Using the 
fact that the v! satisfy the homogeneous conditions (7.102), we then obtain 


v'lp =0, [-12,..,2m. (7.110) 


From the existence for the system (7.72) of a finite domain of dependence 
and the fact that the right side of (7.72) and the data (7.102) are compactly 
supported in z, it follows that solutions u? of problem (7.72), (7.102) and 
solutions (u9)' of problem (7.102), (7.105) for each fixed z? have compact 
support in z. In (7.106) we change the variable 7 to the variable € = z—z?. To 
the function v(z? + £, tn, t, 29) = 6(£,z4, t, 2) it is then obviously possible to 
apply the Fourier transform with respect to z because of the compact support 
of the matrices A? and Q!, and the Fourier transform with respect to € 
because of the compact support in € of the functions (u9)'(£, £n, t). Denoting 
by p and A the parameters of the Fourier transforms of ó(£,z4, t, Z?) in the 
variables z? and € EI un and by ?(A,z4,t, u) its Fourier transform, we 
find that the function ò! satisfies the equation 


i, + AL ör, + C90 + Al (u, z,.)üO .(A 7 H, tn, t) 
-C!(A,u, za)(ü9)! (A — u,z4,t) 20. (7.111) 


Here 


C9(A, z4) = Ql (Tn) idum (ta) 


-1 
C! (A, H, z4) = Ql(u, zs) — 1 Y 0, — pj) A; (H, tn), 
j=l 
and A} (u, £n), Q! (u, £n) and (9) (u, r,t) denote the Fourier transforms of 
the corresponding matrices and vector-valued functions. 
To condition (7.110) there corresponds the condition 


(A En, t, y) m0, 1=1,2,...,2m, (7.112) 
where I is the projection of T onto the (zn,t)-plane. We further denote by G 
the projection of G and by Ix, k = 0, 1,2, the projection of I' onto the (Zn, t)- 
plane. We shall henceforth consider relations (7.111) in the region GUT' under 


conditions (7.112) on I’ for fixed values of the parameters À and u. Because of 
condition (7.109) and the continuity of (A, £n) there exists € > 0 such that 


[det (A, zn) Z0, z4,€[0,h], JA <e. (7.113) 
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Suppose |A| < ¢/2 and |u| € ¢/2. Then |A— u| < £, and by (7.113) there exists 
$-1(A— u,n). We introduce the matrix H = H(A — p, £n, t) of dimension 
2m x 2m whose columns are formed by the components of the vector (u9)! (A — 
H, Zn, t) and of its derivative with respect to £n: 


ð a, a, 


0 0 0 0 
Ub Ui mp. ad a. Volpe: Uml- 
n n n 


We note that, since the equalities (7.102) are satisfied, 


^v 


H(A — u, 2n,0) = 9(A — H, Tn). (7.114) 


We denote by B(A, p, £n) the rectangular matrix of m rows and 2m columns 
formed by the matrices C! and Al, 


B = (C!, AL), (7.115) 
and by V the matrix consisting of the ò, | = 1,...,2m. In this notation we 
have 

V, + AV, + C9V + B(À, p, z4)H(A — p, In, t) = 0, (7.116) 
V|; = 0. (7.117) 


We shall show that (7.116) and (7.117) imply B = 0 for A and y sufficiently 
small. This is most easily done by writing out the equalities for the function 
W = V; corresponding to (7.116) and (7.117). Differentiating (7.116) and 
using (7.114) and (7.117), we find that 


W: + AoW, + CÓW + PD — 0, (7.118) 
usum i P(A, H, Zn); (rn, t) = lo, y 
"rie | 0, (tn, t) E€ T1 UT». va) 


Here P and D are defined by 
P(A, H, Zn) = B(A, H, Tn) O(X ZH, Tn), 
D(A — h, £n, t) = & 1(A — H, En) Ai (A — p, £n, t). (7.120) 


We shall go over from (7.118) and (7.119) to integral relations for the 
components of the matrices W and P. For this we consider an arbitrary point 
(x? t?) € GUT and the characteristic passing through it corresponding to the 
sth diagonal element of the matrix A9; we denote by L,(z9,t) the oriented 
segment of this characteristic in accordance with the rule we adopted in the 
proof of Theorem 1. Integrating the s-component of (7.118), we find that 


wg (A, 29,19, u) = — J (CW + PD), dt, 


Ls(29,09) 
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Setting here t? = 0 and using (7.119), we have 


Pst (A, p, 22) =j (C9?W +PD)adt, s=1,2,...,m;1=1,2,...,2m. 
L,(z9,t9) 


(7.122) 
The system (7.121), (7.122) is closed relative to the functions wg; and pg; in 
the rectangle 


II, = f (tnst):0 € 2. <h, 0<t< zh). 
0 


where 


m QE onn. ks(zn)l. 


Carrying out the estimates in this region, we obtain 
h 
ODIETA (IC? )]HIW A, W) + IPO, a) DOS, wl) ; 


P(A, #)I| < = (C9 3) IW (A, 0l + IPO, AID, a)l) - 


Here the norms are computed for fixed A and p. 
Let 
ko 


|.D(0, 0)]| + ||C9(0)]]' 

Then for any positive h « h*, because of the continuous dependence of the 
matrices D and G? on À and p, it is possible to find £o = &o(A), 0 < £o < €/2, 
and +(h) > 0 such that 


h* = 


h 
E (COI + IDO, a)l) <1- (h), [Al < £o, Iul < eo. 
From these inequalities it then follows that 
P(A, pH, tn) =0, z4€l0,h], |A| € £o, |u| € £o. 


Using the notation (7.120) and (7.115) and the concrete form of the depen- 
dence of the matrix C! on A, we find that 


A} (u, Zn) = Q! (4, Tn) =0, mE (0, h], m < €0. (7.123) 


According to the assumptions of the theorem, the A} and Q! have compact 
support in Z, and hence their Fourier transforms ane analytic in p. From 
(7.123) it then follows that A}(u, £n) = Q! (u, £n) = 0 for any u. Hence, 


Aj(z) = Q(z) = 0, 4=1,2,...,m; zcD,, 


and the theorem is proved. 
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THEOREM 7. lf the conditions of Theorem 6 are satisfied and the number 
r > 1 while the elements of the last m — r rows of the matrices A} and Q! 
can be linearly expressed in terms of the elements of the first r rows of A} and 
Q1, then in the class of matrices continuous and compactly supported in Dn 
the matrices A! and Q! are uniquely determined by giving the functions gsi 
only on Ty UT [235]. 


PROBLEM 5. Suppose G = {(z,t):2 € R”, t > 0}, z = (T,£n), Z = 
(21,..., Zn—1), the matrices A; are symmetric, and A; = A; (7, t), Q = Q(Z, t) 
and F = F(z,t). Find one of the matrices A;, Q, given the others, if m 
solutions u! of the system (7.72) are known on the set T = To UT), To = 
{(z,t):2 € R^,t 20) T1 = f(z,0:24, 50, t > 0}: 


'Ir 2 y(z,t) [=1,2,...,m. (7.124) 


Problem 5 was investigated by S. P. Belinskit in [39] and [40]. We denote by 
Mt the class of matrices whose elements s;;(z,t) belong to the class C"(E") 
in z, v = [n/2]| + 2, and are jointly continuous on G in z and t; we denote by 
M(K) the class of matrices in Mt having C(G)-norm not exceeding K and by 
Mo the class of matrices S whose elements s;; can be represented in the form 


u 


Sij( T, t) = Y eale )bix (t 


Let A; € M(K), i = L,...,n. "i denote by Q = Q(K) the region of the 
space (x,t) bounded by the closed surface S = So U $1, where So is a portion 
of the plane t = 0 and 51 is a smooth surface based on the boundary of So, 
situated in the half-space t > 0, and such that 


(foz + » u, J 20 
i=1 


on Sı. Here (79,71,...,74) denotes the vector of the outer normal to S1; E 
is the identity matrix. Let Qı be the projection of Q onto the plane £n = 0, 
and let V be the matrix consisting of the columns y, | = 1,...,m. 


The following two theorems hold. 


THEOREM 8. Jf A, c M(K), V c 9m, QE MAM, and the functions F 
and F; have derivatives with respect to x to order v which are continuous in 
G, then under the condition 


det V(z,0,t) Z0, (z,t) € Q1, 


the matriz Q 1s uniquely determined in (14 for known matrices A; by giving 
V(z,t) on $9U 0. 
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THEOREM 9. fA € M(K), V c 9, QEM, and the vector F satisfies 
the conditions of Theorem 8, then a matriz Ay € M(K) n Mo is uniquely 
determined in Qı for known other matrices of the system (7.72) by gwing V 
on So U Qi af for (x,t) € Qı the following conditions are satisfied: 


det (58. V(,0,2)) £0, k n, 
det (Vy + DE} Ai, 4 QU - P) 40, kon. 


Here F denotes the square matriz, all m columns of which coincide with the 
vector of the right side F(z, t). 


The proof of these two theorems is based on using the machinery of energy 
inequalities for symmetric systems and the Sobolev imbedding theorems [39], 
[40]. 


95. Inverse problems for parabolic equations of second order 


In this section we consider some questions pertaining to the general theory 
of inverse problems, namely, the connection of inverse problems for equations 
of hyperbolic and parabolic types, the method of descent in inverse prob- 
lems, and questions related to the investigation of concrete classes of inverse 
problems for equations of parabolic type. 


1. The connection between solutions of direct problems for equations of 
hyperbolic and parabolic types and inverse problems. A connection between 
solutions of partial differential equations of different types was observed long 
ago. The usefulness of this connection in the investigation of inverse problems 
was first pointed out by K. G. Reznitskaya |207]. The essence of this consists in 
the following. Suppose we consider two problems of determining a uniformly 
elliptic operator L, with coefficients depending only on the variable z (in the 
present case the dimension of the space z plays no role) from two different 
but at the same time coordinated problems 


Utt — Lau T f(z, t), u|t-o = 0, utlt=0 zz p(z), ulm = g(z, t), 
| (7.125) 


v, = Lav + F(z,t), v|i-o = p(z), v|m = G(z, t), (7.126) 


in which M is the direct product of some surface S in z-space with the segment 
[0, oo) of the t-axis. We suppose that the class of solutions under consideration 
is such that the Laplace transformation in the variable t can be applied to the 
functions u, v, f, and F. Then their transforms u(z, p), $(z,c), f(z, p), and 
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F(z,c) are related by the correspondence 
p'ü(z, p) = Laŭ + f(z, p) + p(z), 
ci(z,c) = Lgv + F(z,0) + e(z). 
Therefore, if i 
f(z, p) = F(z,p°), (7.127) 
then 
ü(z,p) = v(z, p^). (7.128) 
In terms of preimages this corresponds to the relation 


F(z, um r exp( —7?/4t) f(z, 7) dr, (7.129) 
v(z,t lum] r exp( —7? /4t)u(z, 7) dr. (7.130) 


Because of this, the additional data of problems (7.125) and (7.126) intended 
for finding the un L4 are connected by the correspondence 


G(z,t rexp(—7?/4t)g(z,r)dr, (z,t) EM. (7.131) 


"AR ah 
Formula (7.131) makes it possible to compute the data of problem (7.126) from 
the data of problem (7.125). Since for each fixed z € S the set IM contains 
the segment |0, oo) of the t-axis, formula (7.131) is invertible (G(z,t) up to a 
factor is the Laplace transform of the function g(z,./z) with respect to the 
argument z with transformation parameter 1/4t). Hence, (7.131) establishes 
a one-to-one correspondence between the additional data of problems (7.125) 
and (7.126). Instead of investigating problem (7.126), we can consider problem 
(7.125) which has been studied more than problem (7.126). In particular, it 
is not difficult to paraphrase the results of 83 for the case of an equation of 
parabolic type. 


2. The method of descent in inverse problems. As is known, the method 
of descent consists in deriving from a known formula solving some problem 
in n-dimensional space a formula solving an analogous problem in a space of 
dimension n — 1. In inverse problems the idea of using the method of descent 
was stated by M. V. Klibanov in [126]. We present it for the example of 
problem (7.126). 

Suppose z € R"-! and o = ó(z — 2°). We introduce the fundamental 
solution H (y, t, y?) of the heat equation: 


A, = Ayy, H i-o = ó(y * y?). 
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It is not hard to verify that the product v - H = w satisfies the conditions 
we = Law + wy, + F(z, t) H(y.t, v 
wlt=o = 6(z — z^)6(y — 4°), 
w| = G(z,t)H(y,t,y°) = Gi(z, y, t y). (7.132) 


Here WM’ denotes the direct product of Mt with the product of the segments 
(—00,00) of the axes y and y®. If the inverse problem (7.132), consisting in 
finding the operator L,, has a unique solution, this means that L, can be found 
uniquely from Gi, i.e., in the final analysis from G(z, t); therefore, uniqueness 
of a solution of problem (7.132) in n-dimensional space implies uniqueness of 
a solution of problem (7.126) in (n — 1)-dimensional space. Since we showed 
above that problems (7.125) and (7.126) are equivalent, all that has been said 
with regard to problem (7.126) applies in equal measure to (7.125). 

We shall present an example of using the method of descent. In $1 we 
considered the following problem in three-dimensional space: find q(z) if a 
solution u(x, t, z?) is known for the equation 


(ui)u = Au; + q(z)uo(z, t, x?) (7.133) 


with zero initial data on the plane z3 = 0. Here uo(z, t, z?) is the fundamental 
solution of the wave equation with a singularity at the point (z0,0). It was 
indicated in 81 that for fixed z? this problem has a unique solution in a class 
of functions even in the variable z3. On the basis of this result and the above 
method of descent, we can assert that in two-dimensional space z = (z1, 2) 
the coefficient q(z) is uniquely determined (in a class of functions even in the 
variable z2) by giving the solution of (7.133) for z2 = 0. Indeed, first of all, 
we can assert that q(x), x = (11, £2, z3), is uniquely determined (in a class of 
functions even in z2) by giving the solution of the Cauchy problem 


(vi)e = Avi + q(z)vo(z, t, 2°), vili-o = 0, (7.134) 


for z2 = 0. In (7.134) vo(z,t,z9) is the fundamental solution of the heat 
equation with singularity at the point z?, 0. But if q does not depend on 73, 
the functions vp and vı for three- and two-dimensional space are related to 
one another by means of the factor 


1 (z3 — a 
—— e — —————————— : 
2J/mb Y | 4t 
Therefore, having data for the two-dimensional equation (7.134), we can al- 


ways obtain analogous data on the plane z2 = 0 for the three-dimensional 
equation (7.134). Since q(z) can be found uniquely from three-dimensional 
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data (in a class of functions even in z2), this implies the corresponding unique- 
ness theorem for the two-dimensional equation (7.134) and hence for the two- 
dimensional equation (7.133). 


3. Inverse problems for equations of parabolic type. A number of works 
have been devoted to the linear inverse problems of determining the right side 
of a parabolic equation or one of its coefficients in a linearized formulation 
(see [125]-[130], [156], [157], and [159]). We shall not touch on them here 
but concentrate our attention on the special class of inverse problems studied 
by A. D. Iskenderov [116]-[118] and N. Ya. Beznoshchenko [34]-[37]. At a 
descriptive level this class of inverse problems can be characterized as follows: 
we consider the problem of finding one or several coefficients of a linear (or 
quasilinear) parabolic equation which do not depend on one of the spatial vari- 
ables; to find them, information is given regarding the solution of the Cauchy 
problem or a boundary value problem of special type: in the formulation of 
Iskenderov the unknown coefficients occur in the additional condition; in the 
formulation of Beznoshchenko the additional condition is given on a plane or- 
thogonal to that variable on which the coefficients do not depend. This special 
prescription of the additional information makes it possible to obtain a closed 
system of integral equations of the second kind for the unknown coefficients 
and solution. It is curious to note that the method of Beznoshchenko is based 
on first obtaining an auxiliary problem in which the unknown coefficient 1s 
contained in the additional condition. The rest of the construction 1s actually 
based on the method of Iskenderov. 

In order to not encumber the exposition of the main idea with generality un- 
necessary here, we demonstrate the method of Beznoshchenko and Iskenderov 
with the example of finding the coefficient q(z1, z2, t) from the equation 


uz = Au + qu (7.135) 
under the condition 
ule=o = p(z) (7.136) 
on the basis of the given information 
itl eco = f(z, T2, t). (7.137) 


We shall assume that the functions q, o, and f are sufficiently smooth. We 
note that the consistency condition o(z1,z2,0) = f(z1,22,0) must be satis- 
fied. We introduce the function w = u;,;,. It satisfies the conditions 


wt = Aw + qu, tjrs m eva (7.138) 
w|z3=0 =fi- ERES m froze B qo(z1; 13, 0). (7.139) 
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It is not hard to show that problem (7.138), (7.139) is equivalent to problem 
(7.135)-(7.137) [36]. If o(z1,22,0) Æ 0, then relation (7.139) can be solved 
for q(21, I2; t): 


1 
q(z1, I2, t) = y = faz = z222 = w|;,—oJ. (7.139') 


(21, 22,0 
The equalities (7.138) define w as a nonlinear operator on q. In connection 
with this (7.139') can be considered a nonlinear integral equation for q in 
which the operator w|;,-—o is defined by (7.138). Another approach is possible, 
however; namely, we replace (7.138) by the integral equation 


w(e,t)= | Glat, £O) pests (E) dé 
+f dr I, G(z, t, &,T)a(&, £2, T)w(E, 7) dé. (7.140) 


Here G(z,t, €,7) is the fundamental solution of the equation w = Aw. In 
(7.139’) in place of w|z,=0 we substitute its expression found from (7.140). 
We then obtain two nonlinear integra! equations of the second kind with a 
small parameter t. It is clear that for sufficiently small t this system of two 
integral equations is solvable. We thus obtain an existence and uniqueness 
theorem for a solution in the small (see [36]). On the basis of these same 
equations it is also possible to find an estimate of conditional stability of the 
problem. 

More complex problems of determining the coefficients of the leading deriva- 
tives of a parabolic equation can be investigated in a similar way. 


96. An abstract inverse problem 
and questions of its being well-posed 


Many formulations of inverse problems for differential equations fit, in the 
framework of functional analysis, into the following scheme. There is a family 
of operators A, acting from a space X to a space Y. This family of operators 
depends on an element q belonging to some space Q as a parameter. Together 
with this there is an operator B acting from the space X to a space Z. It is 
assumed below that X, Y, Z, and Q are normed linear spaces. The problem 
of solving the equation 


Aor =y (7.141) 


for given y € Y and q € Q is called the direct problem for the operator A,. 
The problem inverse to it consists in finding a specific operator A, belonging to 
a family of operators A, (or, equivalently, the parameter q € Q) if regarding 
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it we know that the operator B assigns an element z € A to a solution of 
equation (7.141) for fixed y, i.e., if z is a solution of (7.141), then 


Br. (7.142) 


In many cases of practical importance the operator B does not have an in- 
verse, while the family of operators Ag possesses nice properties, namely, for 
each operator A,, q € Q, there exists a bounded inverse operator AL In 
connection with this it is easy to find a solution of the direct problem (7.141), 
and the inverse problem reduces to solving the operator equation 


Uq = BA; !y =z, (7.143) 


for g € Q and fixed y and z. 


It is known that many inverse problems for differential equations lead to 
problems which are classically ill-posed. A. N. Tikhonov suggested altering the 
concept of a well-posed problem for problems of this type. In application to 
equation (7.143) Tikhonov’s approach to the concept of well-posed problems 
consists in the following: we consider a set m C Q (as a rule, this is some 
compact set) and its image in the space Z under the mapping effected by 
operator U (y is fixed). Let Um = R C Z. The problem of solving (7.143) 
is called well-posed on the set m if 1) it is known a priori that z € R, 2) a 
solution of equation (7.143) is unique on the set m, and 3) the solution of this 
equation is stable with respect to small variations of z on the set R. The set 
m is here called a set of well-posedness for problem (7.143). Conditions 1)-3) 
generalize in a natural way the classical conditions of existence, uniqueness, 
and stability required of a well-posed problem and are physically justified 
for a large class of inverse problems. For problems well-posed in Tikhonov's 
sense (conditionally well-posed) there are rather well-developed methods for 
solvingthem |113], [145], [185], [266]. In connection with this, it is of primary 
importance to establish conditional well-posedness of a problem. As is evident 
from the very definition of conditional well-posedness, the central question in 
establishing that a problem is well-posed is the question of uniqueness of a 
solution of the problem. 


Investigation of the inverse problem (7.141), (7.142) is impeded by the cir- 
cumstance that equation (7.143), generally speaking, is nonlinear even in the 
case where the operators B and A, are linear. In this section we present two 
rather general methods of investigating the inverse problem (7.141), (7.142) 
by means of which, in our view, a large circle of specific inverse problems can 
be efficiently studied. The content of this section corresponds to [221]. 
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1. Reduction to the investigation of a two-parameter family of linear equa- 
tions. We shall here distinguish a class of inverse problems for which ques- 
tions of uniqueness and stability of a solution of the nonlinear equation (7.143) 
can be reduced to the investigation of analogous questions for a family of linear 
problems. The latter can often be studied much more simply. 

We consider the case where the operators A, and B are linear, and the 
family of operators A, admits a special representation. Let m be some set of 
the space Q. 


THEOREM 1. Suppose B 1s a linear operator, the operators Aq for q € m 
have inverses A71, and the family of operators Ag can be represented in the 
form 

Ag = A+ Aj, (7.144) 
where A 1s a linear operator and AD is a bilinear operator, 1.e., it 1s linear 
relative to z € X and q € Q. For uniqueness of the inverse problem (7.141), 
(7.142) on the set m C Q for fized y € Y and z € Z it is then sufficient that 
the two-parameter family of linear operator equations 


Taa;q = 9, (7.145) 
where qı and q2 are arbitrary elements of the set m and 
Taqa = BAZ AQAL y, (7.146) 


have no nontrivial solutions of the form q = qi — q2. 


PROOF. Suppose that for fixed y and z a solution of the inverse problem 
is not unique. Then there exist q1,q2 € m, qı # q2, for which BA;!y = z 
and BA;,'y = z. Hence, 


0= B(Aj = Aa, )y x BA! (Ag, = Aq Ag, y = T 91924) (7.147) 
where q = qi — q2 Æ 0, and we arrive at a contradiction. 


COROLLARY (a sufficient criterion for uniqueness of the inverse problem). 
Suppose the family of linear equations (7.145) has no nonzero solutions. Then 
a solution of the inverse problem (7.141), (7.142) is unique. 


The next theorem shows that the condition that there be no nontrivial 
solutions of the family of homogeneous equations (7.145) of the form q = 
Q1 — q2, where q1,q2 € m, is in a certain sense also necessary for uniqueness 
of the inverse problem (7.141), (7.142) on the set m. 


THEOREM 2. Suppose the operator B and the family of operators A, sat- 
tsfy the conditions of Theorem 1. Then for uniqueness of a solution of the 
inverse problem (7.141), (7.142) on the set m for fixed z € R and any fixed 
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y € Y it is necessary that the family of equations (7.145) have no nontrivial 
solutions of the form q = qi — q2, where qi, qo € m. 


PROOF. Suppose for some qı Æ q2 equation (7.145) has a solution q = 
qı — q2. Further, let BA; +y = zı and BA? y = z2. Then, using (7.147), we 
find that zı — z2 = —T4,4,q = 0. Hence, for given y also z = 21 = 22, and the 
solution of the inverse problem is not unique. 

Investigation of stability of the family of nonhomogeneous operator equa- 
tions corresponding to the operators 75,4, makes it possible to draw certain 
conclusions also regarding the stability of the inverse problem (7.141), (7.142). 


THEOREM 3. Suppose the operator B and the family of operators Ag sat- 
isfy the conditions of Theorem 1. Suppose, moreover, that the inverse problem 
(7.141), (7.142) for fixed y € Y has a unique solution on a set m C Q and 
the family of linear operators Tq,4,, 91,92 € M, possesses the property that a 
solution of the operator equations 


To1929 = 2 (7.148) 


is uniformly stable(with regard to distinct q1,q02 € m) with respect to small 
perturbations of the right side. Then solution of the inverse problem (7.141), 
(7.142) as stable with respect to small variations of the element z under the 
condition that they do not take a solution of the problem beyond the confines 
of the set m. 


We denote by R the set belonging to the space Z which is the image of 
the set m under the mapping effected by U (see (7.143)). We choose any 
two elements 21,22 € R. To them there then uniquely correspond elements 
q1,Q2 € m. Setting Z = zı — z2 and g = qı — q2, by computations analogous 
to those above we find that 

Tagi = 2: (7.149) 
We now choose an arbitrary € > 0. The uniform stability of a solution of 
(7.149) then implies that it is possible to find a 6 > 0, not depending on qi 
and q2, such that ||q|| < € for ||Z|| < 6. But this means stability of the inverse 
problem (7.141), (7.142) with respect to small changes of z which do not take 
the solution of the inverse problem beyond the confines of the set m. The set 
m is thus a set of conditional well-posedness for the inverse problem (7.141), 
(7.142). 

We shall consider some examples of concrete formulations of inverse prob- 
lems in order to illustrate the problems to which investigation of equations 
(7.145) can lead. 

EXAMPLE 1. Let X be the space of functions z(s,t), s = (81,.-., Sn), 
which are twice continuously differentiable with respect to their arguments 
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in the region D = {(s,t):|s| < oo, 0 € t < oo} and for t = 0 satisfy the 
conditions 

z(s,0) — 0, z:(s,0) = 0; (7.150) 
let Y be the space of functions y(s,t) continuous in the region D; let Q be 
the space of functions q(s) continuous in the region Do = {s:|s| < oo); and 
let Z be the space of functions 2(31,..., $41, t) which are twice continuously 
differentiable with respect to their arguments in the region D; = ((s,t): Sn = 
0, t > 0). 

We determine the operator A, from the equality 


Azt = zu — Asx q(s)z, (7.151) 
in which the symbol A, is the Laplace operator in the variables s;,..., Sn, 
and we determine the operator B from the equality 

Bz = z(s,t)|s„=0; (7.152) 


for these A, and B we consider problem (7.141), (7.142). 

For n = 1 and under the additional condition g(—s) = q(s) this problem is 
equivalent to the spectral formulation of the inverse Sturm-Liouville problem 
studied in detail by V. A. Marchenko, I. M. Gel'fand, B. M. Levitan, M. G. 
Krein, and other authors [165], [177]. For n — 2,3 this problem in a spectral 
formulation was first considered by Yu. M. Berezanskii |42]-[44]; later it was 
also studied in [217] and [223]. 

We denote by G,(s, s°,t—t°) the Green function corresponding to equation 
(7.141). Then (7.145) can be written in the form 


J| Cal (s, s9, t — t9)q Of [font ,£,00 — 7)y endear! ds? dt? = 0. 


(7.153) 
We recall here that the Green function G,(s,s°,t — t?) is nonzero only in the 
region t — t? > |s — s°|. Equation (7.153) then takes the form 


A gi q(s°)p(s,s°,t) ds? = 0, (7.154) 


where the weight function p(s,s°,t) is computed for fixed q1, q2, and y from 
the formula 


t—|s—s°| Pleas 
p(s, s°, t) «f an | & | Gq, (s, s9,t — t?) 
0 [£—s9| «t? 0 
«Gu (55,6, - r)u(E,r)dr.. (7.155) 


We thus arrive at the necessity of studying the following problem of integral 
geometry: it is known that for all spheres of arbitrary radius 0 « t « oo whose 
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centers belong to the plane s, — 0 the integrals of the function q in product 
with a known weight function p are equal to zero; does this imply that q = 0? 

If the answer to this question is positive for any q1,q» € m, then uniqueness 
of the solution of the inverse problem (7.141), (7.142) on the set m follows 
from Theorem 1. In the case p = 1 problem (7.154) is investigated in [139]; 
for surfaces of more general structure than spheres it is studied in [217] and 
[223] (see Chapter VI). 

It is interesting to note that in the special case where the function y(s, t) = 
ó(s—s!, t), where 6(s—s!, t) is the Dirac delta function (a generalized function) 
concentrated at the point (s1,0), s! = (s1,...,sl 4,0), the weight function 
p assumes the especially simple form 


t—|s—s°| 
p(s, 8°, t) = J Ga (5, 9°, t — t?)Ga (8°, 8t, t?) de, (7.156) 
| 


s0 —s1| 


and, since p = 0 for t? < |s? — t|, (7.154) reduces to the form 
J q(s°)p(s,s°,t)ds° 20, (s,t) € Dj. (7.154") 
[s9 —s|--[|s— s! | «t 


The problem arising here of determining a function in terms of integrals over 
ellipsoids of rotation having one focus fixed (at the point s!) while the other 
runs through a set of points of the plane sn = 0 is considered in [209]. 

Thus, investigation of inverse problems for hyperbolic equations is closely 
related to investigation of problems of integral geometry. In the case where 
q(s) is a function of a single variable, (7.154) is an ordinary one-dimensional 
Volterra equation of the first kind whose study is considerably simpler than 
investigation of problems of integral geometry. 

EXAMPLE 2. Let X be the space of functions z(s), s = ($1,.-.,$n), which 
are twice continuously differentiable in a finite region D with smooth boundary 
I’ and which vanish on T: 

z(s)|r — 0; (7.157) 
let Y be the space of functions y(s) continuous in D; let Q be the space of 
functions q(s) with support in Do C D and continuous in Do; and let Z be 
the space of functions z(s) defined and continuous in a region D; C D, where 
Dı N Do = Ø. Further, let 


Aqz = Lz + q(s)z, (7.158) 


where L is a given elliptic operator of second order in the variables $1,...,54, 
and let B be the projection operator assigning to a function z(s) its values on 
the set of points s € Dj, 


Bz = z(s), s€Dy. (7.159) 
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For problem (7.141), (7.142), the equality (7.145) then reduces by means of 
the Green function G,(s, s) to the form 


J q(s°)p(s°,s)ds°=0, s€ D, (7.160) 
Do 
where p is defined by 

p(s, s) = Ga, (s, 8°) E y(£)G,, (8°, £) d£. (7.161) 


The problem thus reduces to investigation of an equation of the type of a 
Fredholm equation of the first kind. We mention that equations similar to 
(7.160) were obtained in studying inverse problems for equations of elliptic 
type (see §1 of this chapter). Certain limit relations equivalent to linearization 
of the original inverse problem were here used to obtain equations of the type 
(7.160). 

Equation (7.160) is characteristic for the investigation of problems of find- 
ing the coefficients of linear differential operators of elliptic and parabolic 


types. 


2. The method of linearization in investigating the inverse problem. At 
the beginning of the section it was noted that under certain constraints on 
the family of operators A,, problem (7.141), (7.142) reduces to solving the 
equation 

Uq =z. (7.162) 

Here the operator U is nonlinear, generally speaking. In investigating the 
inverse problem, in many cases it is much simpler to investigate a linearized 
problem corresponding to the original nonlinear problem. If in a neighbor- 
hood of an element qo a continuous Fréchet derivative U, of the operator U 
exists and a bounded inverse operator Ua also exists, then, invoking a 
familiar theorem on the existence of an inverse operator (see, for example, 
[121]), it can be asserted that the nonlinear problem (7.162) is well-posed 
in a sufficiently small neighborhood of qo. However, investigation of specific 
multidimensional inverse problems for differential equations has shown that 
the linearized inverse problems are often not well-posed in the classical sense: 
generally speaking, the inverse operator [U} ]7} is not bounded. This makes 
it impossible to use the theorem on the existence of an inverse operator. In 
this connection the following question arises: if the linearized inverse problem 
is conditionally well-posed, then does the original nonlinear problem possess 
this property? À partial answer to this question is given below. It turns out 
that it 1s possible to distinguish a class of compact sets on which conditional 
well-posedness of the linearized problem implies conditional well-posedness of 
the nonlinear problem. 


262 VII. MULTIDIMENSIONAL INVERSE PROBLEMS 


DEFINITION. A set m C Q is called locally similar relative to an element 
go € Q if there exists a closed ball S(qo,r) C Q with center at go of radius 
r > 0 such that the set m,(qo) = mN S(go,r) is nonempty and the condition 
q € m, (qo) implies that the element q = qo + (q — qo)r/||g — qo|| also belongs 
to m; (qo). 

As is evident from this definition, for locally similar sets it is characteristic 
that together with elements q € m contained inside a ball S(qo,r) the set m 
also contains elements d which are obtained by means of similarity projection 
of elements q on the surface of S (qo, r) relative to a center of similarity located 
at qo. Indeed, ||g — qo|| = r. From this it is clear that sets such as a closed 
sphere with center at qo and a line passing through qo are sets locally similar 
relative to go. A line not passing through qo is an example of a set not 
possessing the property of similarity relative to qo. 

Below we shall consider compact sets in Q which are locally similar relative 
to an element qo. À large class of such sets can be obtained by the following 
construction: we choose a closed ball S(qo,r) and a compact set mo of ele- 
ments q lying on the surface of the ball, ||g — qol| = r, and we construct line 
segments joining the points qo and q for all q € mo; then the set m obtained 
by taking the union of all such segments |[go, q], q € mo, is a compact set in Q 
which is locally similar relative to the element gg. Suppose, for example, that 
Q = G(D), where D is a closed region of Euclidean space R”. Then the set 
of functions q € C(D) for which the inequalities 


lg- gle <r, — lIV(a—qo)lc € Klla—qollc, K » 0, (7.163) 


hold is a compact set in C(D) which is locally similar relative to qo. Compact, 
locally similar sets possess the following property: if Q is a Banach space and 
the linear problem defined by the Fréchet derivative U;, of the operator U is 
conditionally well-posed, then problem (7.162) is also conditionally well-posed. 
For the proof we first establish an auxiliary lemma. 


LEMMA. Suppose a linear operator À defined on a Banach space Q with 
range in a normed linear space Z possesses the following properties: 1) the 
operator A 1s continuous; 2) the equation Aq = 0 has only the trivial solution 
q — 0. Then on any compact set m in Q which 1s locally similar relative to 
an element qo € Q 


||.A(a — ao)ll 2 allg — goll, (7.164) 
where a 1s a positive constant depending only on the set m. 
PROOF. For the set m we consider the ball S(go,r) appearing in the 


definition of a locally similar set. Let mo be the intersection of m with the 
surface of this ball. Since the set mo is compact while the operator A is 
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continuous and its kernel consists of 0, 0 € mo, there exists a > 0 for which 
|| Ag|| = ar and q € mo. By the definition of a locally similar set for q € m 
the estimate (7.164) then holds. 

REMARK. From the proof of the lemma it is evident that to obtain the 
estimate (7.164) on a specific compact set locally similar relative to an element 
qo, it suffices that the operator A possess properties 1) and 2) only on the 
closure of the set m. 

Inequality (7.164) is obviously equivalent to boundedness of the operator 
A^! on the image Am of the set m. The next result follows from this in an 
elementary way. 


THEOREM 4. Suppose at the point qo the nonlinear operator U has a 
Fréchet derivative Uj, satisfying the conditions of the lemma. Then for any 
compact set m belonging to the Banach space Q which 1s locally similar relative 
to the element qo, there exists a closed ball S(qo,r), r > 0, such that on the 
set m, (qo) =m S(qo,r) the inequality 


[Ug — Ugoll = "lla — goll (7.165) 
holds, where ^, 1s a positive constant. 


The condition that the operator U have a Fréchet derivative at the point 
qo means that 
Uq = Uqo + U3 (4 — go) + w(q, qo); 


where ||w(q, qo)|| = o(||g — qol). By the lemma on the set m we then have 
[Ua — Ugo] > lUz (a — 40) Il — lea, go) 
O — 
> ola gol - olla- aol) = fa — a= o ay 
lla — goll 


From this it is clear that by choosing elements q € m for which ||q — qol| is 
sufficiently small it is possible to arrange, for example, that 


|Uq — Uqol| 2 allg — qol|/2. 


This proves the theorem. 


THEOREM 5. Suppose with regard to the operator U[Q — Z] the condi- 
tions of Theorem 4 are satisfied, and let Uqo = zo; then for each compact set 
m which 1s locally similar relative to the element qo there exists a closed ball 
S(qo,r), r > 0, such that on the set m,(qo) = mN S(qo,r) a solution of the 
equation 


Uq — 20 (7.166) 
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1s unique and stable relative to small variations of zo on the set R = Um, (qo) 
C Z. 


This theorem is a corollary of Theorem 4. Indeed, uniqueness follows im- 
mediately from (7.146). Stability of the solution relative to small variations 
of zo on the set R follows from the same inequality. Let z € R; then, denoting 
by q its preimage in the set m,(qo) (any preimage if there are several), from 
(7.165) we find that ||g — qo|| € ||z — zoll/y, which implies stability of the 
solution in the sense indicated above. 

From this theorem it follows that the problem of solving equation (7.166) 
on the set m,(qo) is conditionally well-posed. We further note a corollary of 
this theorem. 


COROLLARY. Jf the operator U satisfies the conditions of Theorem 4, then 
there exists a set M (qo) which is starlike relative to an element qo and contains 
elements q € Q along any direction issuing from qo on which a solution of 
equation (7.166) is unique. 


The corollary becomes obvious if we observe that any segment |qo, q] joining 
a pair of points qo, q in the space Q is a compact set which is locally similar 
relative to qo. 

In conclusion we note a connection between the equations to which we have 
reduced the investigation of the inverse problem (7.141), (7.142) and the equa- 
tion corresponding to the linearized inverse problem. It is not hard to verify 
that in the case studied in subsection 1 (a family of operators representable 
in the form (7.144)) the Fréchet derivative of the operator U (see (7.143)) has 
the form Uj, = Tgogo; where the operator Toqo is defined by (7.146). Thus, 
the equation arising in linearization of problem (7.141), (7.142) belongs to the 
two-parameter family of linear operator equations (7.148). 

In [228] a case is considered where the family of operators A, is not linear. 
It is shown that the method of investigating the inverse problem presented in 
subsection 1 can be generalized to a fairly large class of nonlinear operators 
Aq which includes practically all cases of interest in applications. 
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